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Abstract

This thesis explores the construction and computation of algebraic invariants
for filtered topological spaces. These invariants are derived from the classical
algebraic object of homology, which is invariant under homeomorphisms, i.e.,
continuous transformations of topological spaces with continuous inverses.
Filtered spaces, however, are richer structures that often encode geometric
information, and thus our algebraic constructions are invariant with respect
to isometries and scaling operations. We are also interested in the stability of
invariants with respect to small perturbations of the input data, including the
addition of noise.

Given a space with a poset-valued filtration function, the homology (with field
coefficients) of sublevel sets forms a functor from the poset to vector spaces:
this functor is called a persistence module, and is a central object in the field
of topological data analysis (TDA). In Paper A, we develop the theory of rel-
ative homological algebra for persistence modules, including the use of local
Koszul complexes as a tool for computing relative Betti diagrams, which are
a numerical invariant of minimal relative projective resolutions. In Papers
B and C, we study the case where the indexing poset is a total order. In this
case, persistence modules decompose as sums of simple bar modules, and we
introduce the notion of bar-to-bar morphisms between persistence modules
as an algebraic version of bar matchings. Moreover, we develop algorithms
for computing matchings induced by morphisms, passing through bar-to-bar



morphisms.

Papers D and E generalize a more classical invariant, the critical points of a
Morse function, to the setting of metric algebraic geometry, an emerging field
that combines (or reunites) algebraic and differential geometry. Specifically,
we develop a Morse theory for distance functions from an algebraic variety,
restricted to an algebraic variety, and show that, generically, such a distance
function is Morse. We define both geometric and algebraic notions of critical
points and provide upper bounds on their number. In this sense, we construct
and compute invariants for filtered algebraic spaces.



Sammanfattning

Denna avhandling utforskar konstruktionen och berdkningen av algebraiska
invarianter for filtrerade topologiska rum. Dessa invarianter harstammar fran
det Kklassiska algebraiska objektet, homologi, som ir invariant under home-
omorfismer, d.v.s. kontinuerliga transformationer av topologiska rum med
kontinuerliga inverser. Filtrerade rum &r emellertid rikare strukturer som ofta
kodar geometrisk information, och darfor ar vara algebraiska konstruktioner
invarianta med avseende pa isometrier och skalningsoperationer. Vi ar ocksa
intresserade av stabiliteten hos invarianter med avseende pa sma stérningar i
indatan, inklusive tilligg av brus.

Givet ett rum med en poméingdvarderad filtreringsfunktion, bildar homologin
(med filtkoefficienter) hos delniviméingder en funktor fran poméngden till vek-
torrummen: denna funktor kallas en persistensmodul och ar ett centralt objekt
inom omradet topologisk dataanalys (TDA). I Artikel A utvecklar vi teorin om
relativ homologisk algebra for persistensmoduler, inklusive anvédndningen av
lokala Koszulkomplex som ett verktyg for att berdkna relativa Bettidiagram,
vilka dr en numerisk invariant av minimala relativa projektiva upplosning-
ar. I Artiklarna B och C studerar vi fallet ddr indexeringspoméngden &r en
total ordning. I detta fall sonderfaller persistensmoduler som summor av enk-
la streckmoduler, och vi introducerar begreppet streck-till-streck-morfismer
mellan persistensmoduler som en algebraisk version av streckmatchningar.
Dessutom utvecklar vi algoritmer for att berdkna matchningar inducerade av



Vi

morfismer, som passerar genom streck-till-streck-morfismer.

Artiklar D och E generaliserar en mer klassisk invariant, de kritiska punkterna
for en Morsefunktion, till metrisk algebraisk geometri, ett framvixande omra-
de som kombinerar (eller aterforenar) algebraisk och differentialgeometri. Mer
specifikt utvecklar vi en Morseteori for avstandsfunktioner fran en algebraisk
varietet, begriansad till en algebraisk varietet, och visar att en sadan avstands-
funktion generellt 4&r Morse. Vi definierar bade geometriska och algebraiska
begrepp for kritiska punkter och anger 6vre grianser for deras antal. I denna
mening konstruerar och beréknar vi invarianter for filtrerade algebraiska rum.



Popular science summary

Consider the set of reference points in the bottom right corner of this page and
define the function that to every other point on the page associates the distance
from it to its closest reference point’. This defines a filtered space, where the
space is the page and the filtration is the distance function. The set of points
with distance at most some threshold value is called a sublevel set. Starting
from 0, we can increase the threshold value progressively, thus obtaining a
sequence of sublevel sets of the plane. Flip through the pages of this thesis to
see successive sublevel sets outlined in black (the additional shapes represent
a simplicial complex, see Definition 2.2).

We are interested in studying how the topology, or shape, of these sublevel sets
evolves over time: clusters can merge, loops can appear and disappear, and so
on. This study is central to the two fields covered by this thesis, Morse theory
and topological data analysis (TDA). Both fields use tools called algebraic
invariants to summarize the changes in topology. While there are an infinite
number of sublevel sets — one for each threshold value —, there are typically
only finitely many changes in topology. This finiteness of topological changes
translates to finite-sized invariants: for example, a finite number of critical
points (for Morse theory) or a finite barcode (for TDA). This leads to the ques-
tion of computing algebraic invariants, which this thesis also addresses. While

'For example, consider the dot on the i in point. Its closest reference point is the leftmost
one, and the distance to it is around 49 mm.
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Morse theory focuses more on formal computations, such as bounding the
number of topological features by the number of critical points, TDA’s success
is due to the computability of its invariants.

The results of this thesis can be sorted into three topics, with the first two per-
taining to TDA and the last to Morse theory. In Paper A, we define and compute
an algebraic invariant called a relative Betti diagram for a generalized form
of filtered space, where the filtration’s values belong to an arbitrary partially
ordered set instead of real numbers. In Papers B and C, we stick to standard
filtrations and study how functions between filtered spaces induce matchings
between barcodes. In Papers D and E, we define Morse theory for spaces filtered
by distance functions (the original theory is for smoother filtration functions).
In particular, we study distance functions between spaces called algebraic va-
rieties, where we show that, in general, the Morse theory behaves well: critical
points capture changes in topology and there are finitely many of them.

The study of algebraic invariants for filtered spaces is a rich topic in mathe-
matics at the intersection of theory and computation. This thesis provides a
glimpse into the various questions that interest researchers, and opens some
new directions to explore.
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Symbol | Description

K simplicial complex
k underlying field for vector spaces
M matching of sets or multisets
N set or poset of natural numbers
R set or poset of real numbers
t element of poset; start- and end-point of an interval
S, T subset of poset
v vertex
U, V, W | persistence module
X,y element of space
X,Y | topological space

o index
A element of k
o, T simplices

A note on reading this thesis

Defined terms are printed in boldface and are searchable in the index at the
back of this thesis. Relevant notations are also listed in the index. The ends of
numbered passages, such as definitions, examples, and remarks, are marked
by a black square (), as opposed to the ends of proofs, which are marked by a
white square ((J).

The notations used in the kappa sometimes differ from those of the included
papers, as it was impossible to harmonize all notations while avoiding ambigui-
ties. Notably, persistence modules here are denoted by V, W, and so on, while
they are denoted by F, M, etc. in Paper A and by X, Y, etc. in Papers B and C.
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1

Introduction

T'was of three minds,
Like a tree

in which there are three blackbirds.*

This thesis consists of three parts: the front matter, which you have just passed,
the kappa, which you are reading, and the included papers, which you will
get to shortly. This thesis is also the outcome of approximately three research
questions: one about computing relative homological algebra for poset-indexed
functors, another about inducing barcode matchings from morphisms of per-
sistence modules, and a third about generalizing Morse theory to distance
functions between algebraic varieties. All of these questions, their answers, and
the resulting further questions will be presented in this kappa. Most impor-
tantly, this thesis revolves around three mathematical trios: filtered topological,
algebraic, and combinatorial spaces; algebraic-topological, -geometric, and
-persistent invariants; and generic, algorithmic, and numeric computations.

There is no one-to-one correspondence between the research questions and
the mathematical concepts; each project involves each concept to some extent.
However, the results of this thesis can be split into those studying persistence
modules and those studying Morse theory.

"The chapter epigraphs are stanzas II, XII, IX, III, and XIII respectively, from the poem
“Thirteen Ways of Looking at a Blackbird” by Wallace Stevens (1879-1955) [47].
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4 CHAPTER 1. INTRODUCTION

In the words of Gunnar Carlsson, a foundational researcher in topological
data analysis (TDA), “data has shape and the shape matters” [14]. TDA
is a relatively new field, established around the turn of the 21% century, that
applies invariants from topology and algebraic topology to understand the
topological and geometric structure of data. One of the central objects in TDA,
which quantifies the shape of, and encodes information about, data is the
persistence module, which is the image of a homology functor applied to a
filtered topological space. In Chapter 2, we present persistent algebra, the
study of persistence modules, which will be relevant for Papers A, B, and C.

While the first two-thirds of this thesis revolve around persistence modules, the
last third studies filtered spaces form a different angle, namely that of Morse
theory. Morse theory was first developed by the eponymous mathematician
under the name calculus of variations in the large [40]. In Chapter 3 we give a
modern presentation of the original theory for smooth manifolds, as well as its
extensions to continuous selections, which are the basis for Papers D and E.

In Chapter 4 we summarize the results of each included paper, and in Chapter 5
we present some ongoing work and future directions of research.



Persistent algebra

The river is moving.
The blackbird must be flying.

Persistent algebra is my name for the study of persistence modules using
linear and homological algebra: see [12, 13, 33, 37, 50] for examples of this
study in the literature. This is a setting where the theory is at times familiar:
persistence modules often behave like vector spaces (Section 2.2), and their
homological theory is also quite simple (Section 2.3). Nonetheless, there are
subtleties that require attention and care, including the proper definition of
persistence modules (Section 2.1). The aim of this chapter is to showcase the
theory of persistent algebra as it will be used in the included papers.

Ten Ways of Looking at a Persistence Module

If you are familiar with TDA, then you may be aware of the perhaps excessive
number of resources introducing the field and its central tool, persistent homol-
ogy [17, 20, 25, 41, 42, and the “Preliminaries” section of many papers]. This
section is yet another presentation of TDA, through ten perspectives. The aim
here is not to be exhaustive, but instead to showcase the multifaceted nature
of persistence modules. You may skip to Section 2.2 and return as needed for
exact definitions and notational conventions.

g’
%@Q@G)
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6 CHAPTER 2. PERSISTENT ALGEBRA

If you are not familiar with TDA, then read on. In this section, we will explore
some of the field’s definitions, characterizations, generalizations, and invariants.
Along the way, we will cover key concepts in the so-called persistent homology
pipeline, including the barcode decomposition (Theorem 2.23), bottleneck
stability (Theorem 2.37), and the rank invariant (Definition 2.38).

As persistent homology

In TDA, persistence modules first appeared in the form of persistent homol-
ogy, an algebraic invariant for filtered topological spaces:

Definition. A filtered space is a topological space X equipped with a continu-
ous real-valued function f: X — R, called a filtration. Given a filtered space
(X, f) and a real number t € R, the sublevel set of X at level ¢ is the set

X_, = f 1 ((—oo,t].

Let (X, f) be a filtered space. Fix k a field and d = 0 an integer. The d®
persistent homology of (X, f) with coefficients in k is the collection of

1. homology (vector) spaces H,;(X_,;k) for all t in R, and
2. linear maps H,;(X,_;k): H;(X_;; k) — H;(X_,;K) induced by the inclu-

s<t> =s?

sion maps X_; — X_, forall s<tinR.

We often omit the coefficient field, writing H,;(X_,) and the like. |

In this section, we will detail what exactly this definition means in the case of
simplicial complexes, computing simplicial homology. First, some motivation
for studying simplicial complexes.

A typical persistent homology pipeline begins by viewing a point cloud as a
topological space X. This space X is then equipped with one or several filtra-
tions. For example, a subset X of a Euclidean space R" can be equipped with
the filtrations that project onto each coordinate, as a kinds of height maps:
see Figure 3.1 for such an example. Sublevel sets are of interest for tracking
topological changes in the data (see Morse theory in Section 3.1), but they are
somewhat trivial when the underlying space is discrete, as is the case for finite
point clouds. Instead, the main example of filtered spaces in TDA is filtered
simplicial complexes.
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2.2 Definition. An (abstract) simplicial complex is a set of sets K such that, for
every element o € K and subset T c o, T is also an element of K. An element
o of K with size |o| = d +1 is called a d-simplex, and we say that o is of
dimension d. A face of a simplex o is a subsimplex T ¢ 0. Conversely, a
coface of a simplex o is a supersimplex 7 2 o. For all d = 0, we denote by
K the set of d-simplices of K. Similarly to graphs, the 0-simplices are called
vertices, and the 1-simplices are called edges.

Let K and L be simplicial complexes. A morphism of simplicial complexes
f1 K — Lis a set-theoretic function that is monotone with respect to the face
relation: for T < o in K, we requires that f(t) < f(o).

A filtration on a simplicial complex K is a real-valued function f: K - R
such that, for all T c o in K, f(7) < f(0). The sublevel sets of K are then
K_ ={c€K|f(o)<t}forallt cR. [ |

2.3 Example. Given a set X, the full simplicial complex on X is 2 (X)), the set of
all subsets of X. This is indeed a simplicial complex, whose vertices are exactly
X (up to identification of singletons with their only element). [ ]

2.4 Remark. Itis notimmediate from the above definition that simplicial complexes
are topological spaces. To make this clearer, we view K as a poset for the
inclusion relation and equip it with the Alexandrov topology (Definition 2.18).
We can show that a continuous map for this topology is exactly a monotone
map with respect to the face relation. We will not be using this topology. B

We now present some typical constructions for filtered simplicial complexes in
TDA.

2.5 Example. Let (M, d) be a metric space, X a subset of M, and t = 0 a positive
number. The Cech complex at radius ¢ is the simplicial complex consisting
of all subsets o of X such that there exists a closed ball B(x, t) of radius t in M
containing 0. We denote this complex by Ct X):

)= {o cX

ﬂB(x,t);t@}.

XEOo

The Vietoris-Rips complex at radius ¢ is the simplicial complex consisting
of all subsets o of X that have pairwise distance at most t. We denote this

©
@ @@



8 CHAPTER 2. PERSISTENT ALGEBRA

(a) (b)

Figure 2.1: The Cech filtration of the flip book example (in the bottom corner of right-side pages),
which consists the the points (a) in R?, at threshold levels t = 0, 2.5, and 5mm, respectively.
0-simplices are represented as points, 1-simplices as edges, 2-simplices as lightly shaded
triangles, and 3-simplices as darker quadrilaterals. Higher-dimensional simplices are not
shown. The outline is the subset of R> whose distance from the points is the threshold level®.

complex by VR, (X):
VR, (X) ={occX |Vx,y€o0,d(x,y) <t}.

As we can see, these complexes are parameterized by the radius t. This leads
us to our construction of filtered simplicial complexes.

Let K be the full simplicial complex on X. The Cech filtration on K, denoted
by C(X), assigns to each simplex ¢ € K the minimal radius of a closed ball in
M that contains 0. The Vietoris-Rips filtration on K, denoted by VR(X),
assigns to each simplex ¢ € K the maximum of the pairwise distances of 0. We
denote the sublevel sets of C(X) and VR(X) by C,(X) and VR, (X), respectively,
and observe that they coincide with the Cech and Vietoris-Rips complexes
defined above. Note that the sublevel sets are empty for t < 0.

As an example, the flip book in the corner of the right-side pages is constructing
the Cech filtration on a set of vertices; see Figure 2.1 for details. [ |

We now define simplicial homology over the field of two elements F,, (for general
topological spaces, we may use singular homology [32]), which will give us
persistent homology for filtered simplicial complexes. The choice of field is
made to simplify the following constructions; these constructions exist over all
fields (see, for example, [32]).

2.6 Definition. A chain complex consists of a sequence of vector spaces (C,) ;-0
along with C_; (K) := 0, and a sequence of linear maps d,: C; — C,_; such that

The size of each point is purely cosmetic: the vertices are a plot of the brightest stars in the
Leo constellation (with some choices made to produce a more interesting topology), and their
sizes scale with the brightness of the corresponding stars.
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9;_,00, =0 forall d = 0. We call C, the space of d-chains and 0, the d™
boundary map. We denote such a chain complex by (C,,0).

A morphism of chain complexes f: (C,, 29 — D,, 0P) consists of a se-
quence of linear maps f;: C; — D, for all d = 0, along with f_, =0, such that
the following square commutes for all d = 0:

9
Cd — Cd—l

f d\L \Lf 41 (2.1)
Dy —57 Dg
d
For all d = 0, elements of Z; := kerd, are called d-cycles, and elements of
B, =imd,,, are called d-boundaries. By definition, we have 0, _, 00, =0 for
all d = 0, so d-boundaries are d-cycles. We therefore define the d™ homology
space of (C,,0) (over F,) to be the quotient vector space

H,:=Z,/B,.

Note that a morphism of chain complexes induces a morphism on homology:
in particular, we check that cycles map to cycles and boundaries to boundaries
using (2.1). [ |

2.7 Definition. Let K be a simplicial complex. For all integers d = 0, denote by
C;(K) = F,K, the vector space generated by formal linear combinations of
d-simplices. A simplicial d-chain is an element of C;(K). We define the
simplicial chain complex of K as the chain complex (C, (K), 0) where the
boundary operator 0 is the F,-linear map defined on d-simplices by

d
0,({vg, ..., v4}) = Z{vo, e Vil Vigts o> Vahs
i=0
and extended to all d-chains by linearity. We can check that d,;_,0, = 0 for all

d = 0. We define the d simplicial homology space of K (over F,) to be
the d™ homology H,(K) of the simplicial chain complex (C, (K),0). [ ]

We have thus defined simplicial homology for a single simplicial complex; we

®®®

now turn to the persistent version.
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2.8 Definition. Let (K, f) be a filtered simplicial complex. For each value t € R, we

212

consider the simplicial chain complex C,(K_,) on the corresponding sublevel
set. For all s <t in R, the natural inclusions of spaces of simplicial d-chains
Cy(K,.): Cy(K_,) — C4(K_,) commute with the boundary maps, and therefore
they extend to a natural inclusion of simplicial chain complexes C, (K_,) —
C,(K_,): this data is called a filtered chain complex. These inclusions in-
duce the linear maps (not necessarily inclusions) H,(K,_,): H;(K_,) — H,(K_,)
between homology spaces, and this is the ! persistent homology of the
filtered simplicial complex (K, f). [ ]

As the image of a functor

It turns out that persistent homology does not need to come from a filtered
topological space. It suffices to have a sequence of maps between spaces

X0_>X1_>..._>XN

and then apply a homology functor. First, we recall some category theory.

2.9 Definition. A category C is the given of

« a collection obj(C) of objects,
« for every two objects x,y in obj(C), a collection morg(x,y) of mor-
phisms,

for every three objects x, y, z in obj(C), a composition operation
o: morg(x,y) X morg(y,z) — morg(x,z)

that maps the pair (f, g) to a morphisms go f, and

- for every object x in obj(C), an identity morphism id, in mor¢(x,x),
such that

« composition is associative: for every four objects w, x, y, z in obj(C), f
in mor¢(w, x), g in mor(x,y), and h in mor¢(y, 2),

ho(gof)=(hog)of),

« identity morphisms are left and right units: for every two objects x, y
in obj(C) and f in mor¢(x,y),

foid, = f=id, of.
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In practice, we write x € C for an object of C, and f: x — y for a morphism in

morg(x,y). [ ]

2.10 Example. Categories encapsulate most common mathematical frameworks: for
example, we have the category Set, whose objects are sets and morphisms are
set-theoretic functions. Another example is the category Vect, , whose objects
are vector spaces over the field k and whose morphisms are k-linear maps. For
persistent homology, the relevant categories are Top and SCpx, consisting
of topological spaces and continuous maps on the one hand, and simplicial
complexes and morphisms of simplicial complexes on the other. [ ]

2.11 Notation. The subscript in mor, is often omitted when the ambient category
is clear. Additionally, for categories of algebraic objects such as groups, rings,
and persistence modules, the convention is to write hom(x,y) instead of
mor¢(x,y), and speak of homomorphisms (not homeomorphisms!) instead
of morphisms. We will adopt the notation but not the terminology in this
thesis. [ ]

2.12 Definition. A functor is a way to pass from one category to another. Formally,
let C and D be two categories. A functor F: C — D consists of

« for each object x in C, an object F(x) in D, and

« for each pair of objects x, y in C and morphism f: x — y, a morphism
F(f): F(x) = F(y),

such that

« composition is respected: for every three objects x,y,z in C and mor-
phisms f: x > yand g: y — 2, F(go f) =F(g) oF(f), and

* units are respected: for every object x in C, F(id,) =id,,-

Let F and G be functors from C to D. A natural transformation from F
to G consists of a collection {1, } .. of morphisms 7, : F(x) — G(x) in D such,
for every morphism f: x — y in C, the following square commutes:

Foo 9% Foyn

A

G(x) G—(f)> G(y)
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We denote such a natural transformation by : F = G. Natural transformations
serve as morphisms between functors, and thus we naturally obtain a category
of functors from C to D denoted by Fun(C, D).

Sometimes two categories behave very similarly. For example, we will see
several definitions of persistence modules, and some of these will be equivalent.
We formalize this notion as follows. An equivalence of categories between
two categories C and D consists of

 a pair of functors F: C— D and G: D — C, and

« natural isomorphisms (i.e., invertible natural transformations) FoG =
idp and GoF ~id,.

Two categories are equivalent if there is an equivalence of categories between
them. ]

2.13 Example. Fix a field k. An example of a functor is the one from Set to Vect,,

213

that maps a set X to the vector space kX generated by formal sums of elements
of X, and maps a set-valued function f: X — Y to the linear map that sends
each basis element x in kX to the corresponding basis element f(x) in kY. =

It can be shown that homology is a functor from Top to Vect, [32]. For exam-
ple, the construction of the homology spaces in Definition 2.7 is functorial. We
can thus view persistent homology more generally as the application of the ho-
mology functor to a subcategory of topological spaces (or simplicial complexes).
Specifically, let I be a totally ordered set, (X,),; a collection of spaces (or sim-
plicial complexes), and X__,: X, — X, a morphism for each s < t in I, satisfying
the composition and identity axioms for categories (see Definition 2.9). This
defines a category, which we denote by X, whose objects are the vector spaces

X, and morphisms are the linear maps X__,. For all integers d = 0, we then call

s<t*

the image of X by the functor H;(-) the d'" persistent homology of X.

As a collection of vector spaces and transition maps

The image of the aforementioned homology functors is interesting in its own
right. Abstracting the previous discussion, we can view persistent homology
as a collection of vector spaces and linear maps between them. This is how we
define persistence modules:
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2.14 Definition. Fixafield kand (I, <) atotally ordered set. A persistence module

over [ is a collection of k-vector spaces (V,),; indexed by I, along with linear
maps (V,_,: V,—V,)

o<t Vs called transition maps, such that

s<tel’

o forallr <s <tinR, we have the equality V__, oV, _ =V, _, and

— Vrse

e foralltin,V,_ = idvt'

Let V and W be persistence modules. A morphism from V to W is a collection
of linear maps (f;: V, — W,),, such that, for all s < t in I, the following diagram

commutes:
v, =y v,
fsl \Lft (2.2)
W, 5= W, u

The similarities between these conditions and those of functors (Definition 2.12)
is not a coincidence, and will be detailed further in Section 2.1.5.

As a graded module

Persistence modules have been extensively studied as graded modules over
polynomial rings [19, 38, 52]. To simplify things, we present here the case where
the indexing poset is N. We have the following equivalent characterization of
persistence modules:

2.15 Proposition. Let k be a field. A persistence module over N is equivalently a

graded module over the polynomial ring k[x].

Proof. LetVbe a persistence module. We construct the graded module ®&72,V,
where each V, has grade t, and the action of k[x] is determined by x acting on
V,asV

t<t+1°*

Conversely, let Vbe a graded module over k[x]. We define V, to be the summand
of Vof grade t, and, for all s < t, we define V__, to be the action of x'™* on V. We
check that this satisfies the associativity and unit conditions of Definition 2.14.

O

We remark that nothing prevents us from considering multigraded modules
over multivariate polynomial rings. This is the approach of [15], where the

(9
O,
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authors call such modules multidimensional persistence. Nowadays, they are
more commonly called multiparameter persistence modules, and we
immediately generalize this further to arbitrary posets.

As a functor itself

In Section 2.1.3, we noted that the definition of a persistence module closely
resembles that of a functor. In Section 2.1.4, we remarked that persistence
modules may be indexed by more general posets than totally ordered sets. We
formalize both of these observations here:

2.16 Definition. Let k be a field and (I, <) a poset. Note that (I, <) is a category

2.1.6

(Definition 2.9) where obj(I,<) = I and, for all s,t in I, mor; _y(s,t) = {x}
if s < t and @ otherwise. We define a generalized persistence module
indexed by (or over) I to be a functor V: (I, <) — Veect,.

A morphism of persistence modules is then a natural transformation
between persistence modules. [ ]

We check that this definition coincides with Definition 2.14 when I is totally
ordered. From now on, the term “persistence module” refers to this
functorial definition.

As a sheaf

Pushing the generalization of persistence modules even further, we can view
them through the lens of sheaf theory [6, 35]. Here we present a brief overview
of what this theory entails. We start with some preliminary definitions in
category theory.

2.17 Definition. Let C be a category. The opposite category of C is the category

C°? where obj(C°?) := obj(C) and, for all x,y in obj(C°"), morge, (x,y) =
mor(y,x). Composition is that of C, but inverted: writing f°°: y — x and
g°P: z — y as the elements in C° that correspond to f: x — y and g: y — zin
C, we define fo®® g:=gof. [ ]

For example, the opposite category of a poset (I, <), viewed as a category, is
the opposite poset (I,=).
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2.18 Definition. Let X be a topological space and denote by @ (X) the poset of open

sets of X. A Vect-valued presheaf on X is a functor F: ¢(X)°? — Vect. For
U an open set in 0 (X), the elements of F(U) are called sections of F over
U. For each containment of open sets V 2 U in @ (X), we get a restriction
morphism (-)|;: F(V) — F(U). The presheaf F is then a sheaf if it satisfies
the following two axioms:

1. Locality: for U an open set, {U,},., an open cover of U with U, c U
foralla € A,and v,w e F(U), if v|, =w|, foralla €A, thenv=w. In
other words, if two sections coincidg locall}z then they are equal globally.

2. Gluing: for U an open set, {U,},., an open cover of U with U, c U for
alla €A andv, € F(U) forall a € A, if va|UamUﬁ = vﬁ|Uo(nU/3 for all o, B in
A, then there exists v in F(U) such that v|U =v, for all @ € A. In other
words, if local sections coincide on their ove(;‘lapping parts, then they can
be glued together into a global section.

Now let us equip our poset (I, <) with a topology. The Alexandrov topology
on [ is the topology where open sets are upsets, that is, subsets S of I such that
S={tel|3seSs, s=<t}. We check that this is indeed a topology. [ |

2.19 Proposition ([6, Proposition 2.2.3], [35, Proposition 2.15(b)]). Let (I,<) be a

poset, equipped with the Alexandrov topology. Then persistence modules
indexed by I are equivalent (in the categorical sense, see Definition 2.12) to
Vect-valued sheaves over I.

As a barcode

We have strayed far enough our persistent homology pipeline. Let us return
to the one-dimensional case, that is, the case of generalized persistence
modules where the indexing poset I is a total order. The remarkable result that
gives persistent homology its expressive power is the fact that one-dimensional
persistence modules admit a decomposition theorem.

2.20 Definition. Let (I, <) be a totally ordered set. An interval of I is a subset S

such that, for all, s,tin S and r in I such that s < r <'t, r is also an element of S.

Suppose that (I, <) is a total order and S c I an interval. The interval module
or bar with support S is the persistence module kg defined functorially by,

()
©



16 CHAPTER 2. PERSISTENT ALGEBRA

foralls<tinl,

k iftes, idy, ifs,t €S,
k(1) = and Kki(s<t):= |
0 otherwise 0 otherwise.

2.21 Definition. A pointwise finite-dimensional (p.f.d.) persistence module
is a persistence module V indexed by a poset (I, <) such that, forall t € I, V (t)
is a finite-dimensional vector space. ]

2.22 Definition. A multiset is a set X equipped with a multiplicity function
my: X — N~ {0}. A multiset is finite if its underlying set is finite. We of-
ten omit the multiplicity function when writing multisets.

We can iterate over a multiset X by indexing its elements by a set. For instance,
we can write X = {x,},c, With A the indexing set. [ |

2.23 Theorem ([9, Theorem 1.2]). Let V be a pointwise finite-dimensional persis-
tence module indexed by a total order (I,<). Then there exists a unique

multiset of intervals {S,} of I such that

a€A

V @ksa.

a€A

2.24 Definition. We call this multiset of intervals the barcode of V, and denote it
by %(V). We call the isomorphism (and the direct sum of bars) a barcode
decomposition of V.

Suppose that I is the real line* and let S be an interval. We define the birth
or start-point of S to be s(S) :=infS and the death or end-point of S to be
t(S) :=supS. |

Note that the collection of intervals may be infinite and even uncountable: this
is the case when I = R. This is somewhat unwieldy, and oftentimes results are
shown for more finite (and numerically manageable) persistence modules.

2.25 Definition. A tame persistence module is a pointwise finite-dimensional
persistence module V over a total order (I, <) such that there exists a finite

2A bounded complete poset suffices, that is, a poset where every subset with an upper
bound admits a least upper bound.
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Barcode Persistence diagram
hd ’
- ° P
- 5 »
- /V
- - //
41 ’
— /
_— € e
—
—_— E3{, ,‘
— < ’
— i ‘ R
— R
— 24 /
—_— ' .
I /
— [ ] //
— 141 e ,
—— //’ o H,
— od 7 ® H
[0} 1 2 3 4 5 0] 1 2 3 4 5
filtration value (mm) birth (mm)

(a) (b)

Figure 2.2: Barcodes (a) and persistence diagrams (b) in degrees 0 and 1 for the flip book
example (see Figure 2.1).

sequence t; <--- <t such that, fors<tin I, V(s <t) is a non-isomorphism
onlyifs <t, < tforsomek € {1,...,n}. Inthis case, the barcode decomposition
must consist of tame interval modules: each interval is of the form [s,t), that
is, closed from below and open from above [52]. [ |

2.26 Example. For example, in the case where I is the real line and V is the persistent
homology of a finite filtered simplicial complex, V is tame. The bars of its
decomposition would then correspond to a topological feature (depending on
the degree of homology: a connected component, a loop, a cavity, etc.) that
appears at filtration level s and disappears at filtration level t. The further
these values are from each other, the longer the topological feature persists:
hence the name of persistent homology. See Figure 2.2a for an example of the
barcodes in degrees 0 and 1. ]

2.27 Remark. Barcode decompositions do not exist for more general persistence
modules. This statement was formalized in [15], which proved that there
is no complete, discrete invariant for multiparameter persistence modules.
Instead, the authors propose to look at the rank invariant, a discrete invariant
for arbitrary indexing sets: see Section 2.1.10 for more details. ]

QEFHo
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2.1.8 Asadiagram

Let V be a (pointwise finite-dimensional) persistence module indexed by R. We
can represent its barcode as a multiset of points in R2.

2.28 Definition. Let V be a persistence module indexed by R. Recall from Theo-

rem 2.23 that its barcode is a multiset of intervals {S,},.,. Recall that to each
interval S, we associate a start-point s(S,) and end-point t(S,). The persis-
tence diagram of V is the multiset of points 2(V) = {(s(S,),t(S,))}4ea I

R2. These points are all above the line y = x.

Persistence diagrams can also be viewed as discrete measures on R? [17]. Specif-
ically, the persistence measure of V is the sum of Dirac measures

o= (s, u
acA

2.29 Example. Figure 2.2b is the persistence diagram in degrees 0 and 1 of the

running Cech filtration example. ]

2.30 Remark. Persistence diagrams contain less information than barcodes. Specifi-

2.19

2.3

—_

cally, they forget about the inclusion of start- and end-points in the intervals.
For tame persistence modules, this is not an issue, as all intervals are of the same
form (closed below and open above), but this is relevant for p.f.d. modules. ®

As a point in a metric space

In TDA, not only are we interested in the topological features of a data set, but
we would also like to compare the topologies of different data sets. To do this,
we define (pseudo)metrics on the space of persistence diagrams.

Definition. Let X and Y be sets. A (partial) matching of X and Y is a subset
M of X X Y such that each element of X and each element of Y appears at most
once. We denote by Match(X,Y) the set of all matchings between X and Y.

A partial matching of multisets is defined similarly, as a sub-multiset M of X X Y
(where the multiplicity of (x, y) is my ., (x,y) := my(x)my(y)), such that each
element x of X (resp. y of Y) appears at most m, (x) (resp. m,(y)) times.

Let D and D' be persistence diagrams. Denote by A the diagonal {(¢,t) | t € R}
in R2. Fix p € [1,+o0] and denote by dp the p-norm distance in R?: recall that,
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for x,y € R?,

d, (e, y) = llx=yll,

. {((Xl =y P+ (x, —yz)P)zl’ if p < 0o,

max(|x; =y, |, [x,—y,1) if p=+oo.

Let M be a matching of D and D'. We define the p-cost of M to be the number

1

P

c,(M)i={ ). d,(a,b)P+) d,(a,M)P+ ) d,(b,A)P
(a,b)eM aeD beD’
unmatched unmatched

if p < 0o and

(a,b)eM aeD beD'
unmatched unmatched

max( sup d_(a,b), sup d_(a,A), sup doo(b,A))

if p = co. That is, ¢, (M) is the p-norm of the vector of distances between
matched pairs of points and distances between unmatched points and the
diagonal.

We define the p-Wasserstein distance between the persistence diagrams D
and D' to be

d (D,D") = inf c. (M).
p MeMateh(D,D") P

When p = +o00, we get the co-Wasserstein distance, which is more commonly
referred to as the bottleneck distance.

These distances between persistence diagrams lift to distances between bar-
codes: given persistence modules V and W and p € [1, +oco], we define

d,(BV), BW)) :=d,(2(V),2(W)). ]

2.32 Remark. The distance functions here are more formally defined as pseudo-
metrics: they satisfy the axioms of symmetry and triangular inequality for
metrics [24], but they do not necessarily separate points: for instance, a persis-
tence diagram whose points are all on the diagonal would be distance 0 from the
empty diagram. If we exclude the points on the diagonal, which is sometimes
done in the literature [16], then these distances become metrics in the formal
sense. [ ]

©
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2.33 Remark3. The name “Wasserstein distance” is due to [24], where the infimum
in the definition iterates over all total matchings (i.e., every point is matched)
of persistence diagrams unioned with the points on the diagonal with infinite
multiplicity. This is equivalent to our definition, but is more accurate to the
Wasserstein, or earth-mover’s, distance in optimal transport theory for mea-
sures, where matchings are total in a measure-theoretic sense. The “totality” of
the matchings in [24] is rather artificial, as we include the diagonal infinitely
many times. We will prefer our definition with partial matchings, but then the
more appropriate name might be Figalli-Gigli distance, named after [26]. See
[22] and [34, Remark 2] for further discussion about this point. [ |

A fundamental property of persistent homology is its stability: small perturba-
tions of the input filtered space result in small changes in the output persistence
diagrams. This is usually formalized as a Lipschitz-type inequality:

2.34 Theorem ([24], [46, Theorem 4.8]). Let X be a topological space or a simplicial
complex, f,g: X — R filtrations on X, and V and W the associated persistence
diagrams. Then, for all p € [1,00], we have the inequality

d,@(V),2(W)) <IIf ~gll,.

We can also define distances on persistence modules.

2.35 Definition. Let V and W be persistence modules over R and ¢ > 0 a real number.
The e-shift of V is the persistence module V [e], where, for all s <t in R,

VIelt)=V(t+¢e) and V[el(s<t):=V(s+e<t+e).

Given a morphism of persistence modules f: V — W, the e-shift of f is the
morphism f[e] where, for all t in R, f[e], = f,,,.

We denote by V(- <-+¢): V — V[e] the morphism defined, for all t in R, by
V(i<-+e),=VEt=t+e): V() = V[e](t) =V(t+e).

An e-interleaving between V and W is a pair of morphisms ¢: V — W[¢]
and y: W — V[¢] such that

Plelop=V(-<-+2¢) and o@le]lop=W(-<-+2¢).

3Thank you to Théo Lacombe for bringing this to my attention.
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Diagrammatically, we have the following two commuting triangles:

V(tst+e) V(t+e<t+2¢)

V(t) > V(t+¢) > V(t+2¢)
T~ T Qe —
e - Wi
\ \
w(o) W(t<t+e) » W(t+e) W(t+e<t+2e) W(t+2e)
The interleaving distance between V and W is then
d,(V,W) :=inf{e | Je-interleaving between V and W}. [ |

2.36 Remark. As with the distances defined between persistence diagrams and bar-
codes, the interleaving distance is not formally a metric. In particular, it does
not separate isomorphic persistence modules, which can be shown to admit
0O-interleavings. We will consider distances d between persistence modules as
pseudometrics satisfying the following axioms: for all persistence modules
uVv,w,

1. d(U,V)=d(V,U);
2. d(U,V)=0if Uis isomorphic to V;
3. d(U,W)<d(U,V)+d(V,W). n

Remarkably, the interleaving distance on persistence modules and the bottle-
neck distance on the corresponding persistence diagrams and barcodes are
equal:

2.37 Theorem ([3, Theorem 3.5]). Let V and W be two (pointwise finite-dimensional)
persistence modules over R,. Then

d,(V,W)=d_(B(V),BW)).

One of the results of this thesis is the proof of similar results for other p-
Wasserstein distances. To do this, we need to define an algebraic p-Wasserstein
distance for persistence modules: this is the content of Papers B and C, which
provide an alternative proof that the construction of [46] is indeed a pseudo-
metric.
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2.1.10 As its rank function

As noted in Remark 2.27, generalized persistence modules do not have barcodes.
However, if we allow ourselves to forget some information, then we can instead
study the rank function of a persistence module instead.

2.38 Definition. Let V be a persistence module indexed by (I, <). The rank func-

2.2

tion of V is the function

Qo - N

rankV:
{(sst) — rankV (s <t),

where Q(I) is the set {(s,t) €I XI | s<t}. [ |

In the one-dimensional case, the rank function is equivalent to the barcode in
the sense that either one can be recovered from the other [15]. In the general
case, rank functions decompose as the signed sum of rank functions of simple
modules, such as rectangles [10].

Persistent linear algebra

Having defined persistence modules, we now turn to their study through the
lens of linear algebra. Recall that a persistence module is a functor from a
poset (I,<) to Vect. In particular, this means that many notions that are
defined for vector spaces also apply to persistence modules. We begin with
some preliminary notions:

2.39 Definition. Direct sums, kernels, and cokernels of persistence modules all exist

and are defined pointwise*. That is, given persistence modules V and W, a
morphism f: V — W, and t € I, we have

e (Ve W)(®)=V(t)e W(L),
o (kerf)(t) =ker(f;: V(t) = W (1)),
* (coker f)(t) = coker(f;: V(t) = W(t)).

There are equivalents of injective and surjective maps: a morphism f is

« a monomorphism if eve is injective, and
t

4This is true in general for functor categories (Definition 2.12) with values in Vect or any
other abelian category.
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- an epimorphism if every f, is surjective. [ ]

Persistence vectors and generators

Considering persistence modules that are graded modules (Section 2.1.4), there
is an immediate notion of an “element” of a persistence module, which we will
call a persistence vector. We first define this for tame persistence modules
over R. This section is in part inspired by the framework of [50]; compare also
with [13, Section 6]. First, we define the notion of persistence vectors.

2.40 Definition. Let V be a tame persistence module over R. A persistence vector

2.4

—_

of Vis an element v in V (s), for some s € R. Equivalently, it is the given of a

map v: k. — V, since such a map is determined by its value at s: for all
t=s,wehavev,=V(s<t)ov,andforall t s, we have v, = 0. We call s the
grade of v, and write grade(v) :=s. Viewing v as a function, we denote by

death(v) :=inf{t = I | v(t) = 0} the death time of v. [ ]
Next, we define persistent versions of generating sets and linear independence.

Definition. Let S :={v,} ca
s, the grade of v, for all « € A. We say that S is a generating set of V if, for

be a set of persistence vectors of V and denote by

every (standard) vector w in the vector space V (s), there exists a subset A' c A
and coefficients 1, € k for all « € A’ such that

w= Z AV (s, =5)(v,). (2.3)

agA!
In particular, each « in A’ must satisfy the inequality s, <s.

We say that S is linearly independent if, for all t € R, the set {v,(t) | a €
A, v, (t) # 0} is linearly independent as standard vectors in V (¢). [ |

Recall from Definition 2.25 that we have a barcode decomposition of V, which
is an isomorphism, of the form

@: @k[swta) —V.
acA

Note that ¢ decomposes into a sum of morphisms ¢, : k[smta) — V. Each

morphism ¢, necessarily lifts to a morphism ¢|,: k — V, where, for

[54,+00)
allt = b,, (¢)), is determined by the value of ¢, at s,. Thus ¢ can be seen
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as the sum of persistence vectors in their functional definition. Moreover,
by construction, these persistence vectors ¢, generate V. This motivates the
following definition.

2.42 Definition. Let V be a tame persistence module over Rand B:= {v,: k;, |, —
V} 4ea 2 collection of persistence vectors of V. For each a € A, denote by ¢, the

death time of v,. Then v, factors through ¢, : k; ) —V.

The collection B is a persistence basis of V if the morphism

Z (p(X: @ k[sa,ta) -V

aEA acA

is an isomorphism. We also refer to this isomorphism as a persistence basis. H

2.43 Remark. The equivalent notion in [50] is called a barcode basis. In addition, a
collection of persistence vectors is a persistence basis if, and only if, it generates
V and is linearly independent [50, Proposition 3.11]. [ ]

Persistence vectors can be generalized to persistence modules over arbitrary
posets and to p.f.d. (pointwise finite-dimensional) persistence modules over R,
but these two generalizations to do not necessarily coincide.

2.44 Definition. Fix (I, <) a poset and s an element of I. The free module at s is
the persistence module kUZt}, where {I =s}:={t €I | t = s} is an upset of I
(Definition 2.18).

Let V be a persistence module over I. A persistence vector of V is an element
vin V(s). As before, we call s the grade of v, and write grade(v) :=s. Unlike
before, there is no generalized notion of death time (or not a unique one, at
least). The notion of generating sets is the same as that of (2.3).

Now let V be a p.f.d. persistence module over R. A persistence vector of V
is amap v: k; — V, where U is an upset (Definition 2.18). Explicitly, U is an
interval of the form [s,00) or (s,00). We denote by £ (v) :={t R | v(t) # 0}
the support of v. By the properties of persistence modules, £ (v) is an interval
with either closed or open ends.

For p.f.d. modules over R, the notions of grade and death time can defined
as the start- and end-point of the support of the persistence vector, but these
definitions are not so useful, as they do not encode the closed or opened nature



222

2.2. PERSISTENT LINEAR ALGEBRA 25

of the support £ (v). The notion of generating sets is almost that of (2.3),
except that we use the functional notation:
w= Z )LaVsassova.
a€eA’

Moreover, we recover the notion of persistence bases from the barcode
decomposition isomorphism

»: Dk —V
a€A
of Theorem 2.23: we write ¢ as a sum of morphisms ¢, : k; — V, each of which
lifts to a persistence vector v,: K, — V,withU,:={t€R|3s€S,, t = s} the
upset generated by S,. These persistence vectors form a persistence basis of
V. ]

Matrix representations

Just as there are many ways of looking at persistence modules, there are also
many ways of looking at morphisms of persistence modules. In this section, we
consider the matrix perspective for morphisms of tame persistence modules
over R. The first idea behind representing morphisms of persistence modules
as matrices comes from the isomorphism

hom(Pk, , Pk, ) =~ Phomk ,k; ).
ier ' jes i€l v
j

2.45 Remark. A similar isomorphism holds for p.f.d. persistence modules over R,

except that the righthand side is [T; & i hom(ksi, ij) instead of the above direct
sum. In fact, the isomorphism with the product holds for all abelian categories
by the universal properties of products and coproducts. The direct sum holds
for tame modules only because the product is finite.

As an example where the product is not direct sum, consider the morphism of
p.f.d. modules f: k¢, ) — @ o4
the vector of all 1’s in Kk, 1, (). Matrix representations for p.f.d. modules are
studied in Paper C. ' ]

k(o,%) where, for every t € (0,1), f, maps 1, to

2.46 Definition ([4]). Let S and T be intervals of R. We say that T overlaps S

above (and S overlaps T below) if SNT = &, every element s € S satisfies the
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inequality s <t for some t € T, and every element t € T satisfies the inequality
s <t for some s € S. ]

The second idea behind matrix representations is the isomorphism, for intervals
Sand T of R,

k if T overlaps S above,
hom(ky, k;) =~ ) (2.4)
0 otherwise.

When T overlaps S above, the morphisms of hom(kg,k;) are all of the form
Afy, where A € k and f;: kg — k; has identity components over SNT. We
choose the isomorphism to k that maps f, to 1. We now define our matrix
representations.

2.47 Definition. Let f: V — W be a morphism in Tame with fixed persistence bases
@ Bk py=Vand p: @,k 4y =W (note the inverted indices). For
7] (]
alliinIand jinJ, denote by f; the restriction of the morphism

fe™: Dk, ) = Dk,
jes iel
tokp, ) and Ky, ¢ explicitly, f; := () fcp_1)|k[aj’bj).

A matrix representation of f is a labeled matrix F = (F;), ; in k"’ where
F;e k is the identification of fij via (2.4). Row i is labeled by the i'" element of
the persistence basis of W, which we denote by its support [c;, d;). Similarly,
column j is labeled by the j™ element of the persistence basis of V, which we

denote by its support [a;, b)).

A matrix representation is ordered if the intervals {[aj, b}.)} i and {[c,, di)}j
are ordered in a way that is compatible with the product order on start- and
end-points®. In particular, for all j,j' in J, if [aj,,bj,) overlaps [aj,b.) above,
then j' >j.

Matrix multiplication is not exactly the same as in linear algebra. Let f: U — V
and g: V — Wbe morphisms of tame persistence modules with fixed persistence
bases EBkk[yk,zk) ~U, @jk[aj,bj) =~ V, and EBik[Ci’di) ~ W, and F and G matrix
representations of f and g, respectively. The overlap multiplication GF is
given by

(GF)y =) .GyF;M{a; <y, <b; <z},
J

°The product order <, , is given by (a;, b)) <,,,4 (¢;;d}) if ¢; < c; and b; = d,.
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V (azybz) (aljbl)
a, b2
l f F= (Cl’dl) 1 1
6 —> ¥ 4 (cydy) | O 1
G ————~ d, w

Figure 2.3: Representation of a morphism f: K(a,,b;) ® K(a,,b,) — K(c;,d;) ® K(c,,d,)
and its only ordered matrix representation F (with coefficients in F,). An arrow between two
bars K (aj, bj) and K (c;,d;) corresponds to a nonzero coefficient Fij.

where I{aj <y < bj < z;} = 1 if the inequalities hold and 0 otherwise. We
show in Proposition C.16 that this corresponds to a matrix representation of

gof. L

2.48 Example. See the right-hand side of Figure 2.3 for an example of an ordered
matrix representation. In this case, the morphism f: K(a,,b;) ® K(a,,b,) —
K(cy,d;) ® K(c,,d,) only has one ordered matrix representation. |

2.49 Remark. This matrix theory works to some extent for persistence modules
over arbitrary posets when the morphism f: V — W is between direct sums of
modules. For instance, a free persistence module is a sum @ [kfliss} of
free modules at poset elements, where f is the multiplicity of k. , in the sum.
We can do a similar analysis to (2.4) on the hom-space hom(k,,. ,, k. ,), and
then the matrix representation of f would have rows and columns labeled by
the summands of V and W. This is useful when reasoning about projective
resolutions: see Paper A, and in particular the implementation [44]. ]

2.50 Notation. Extending the representation of barcodes in Figure 2.2, we represent
morphisms between barcode decompositions schematically by arrows between
bars. Given two barcode decompositions V := @ ,c kg and W= @ g kTﬁ
and a morphism f: V — W, we place a representation of V above one of W, on
the same horizontal scale, and then draw an arrow from the segment S, to the
segment T, if, and only if, the restricted morphism f |t:f : ksa — kTB is nonzero:
see the left-hand side of Figure 2.3 for an example. This representation can be

seen as a continuous version of the commutative diagrams (2.2) for morphisms
of persistence modules. u
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Matrix reduction and the pairing uniqueness lemma

In this section, we consider the persistent homology of filtered simplicial com-
plexes. In this context, matrix representations appear naturally in the persistent
homology pipeline when passing from filtered (simplicial) chain complexes
(Definition 2.8) to persistent homology. Observe that a filtered chain complex
(C,,0) can be viewed equivalently as a chain complex of persistence modules.
Persistent homology then fits in the short exact sequence of persistence modules
(Definition 2.52)
0—Cyy ﬁiker(?d - H;— 0.

Note that C;_ ; and ker 9, are free modules: once a simplex is added as a d-chain,
it never vanishes.

Now consider a matrix representation A of d,,, and write C; = @2 Kk,
and Gy, =@, k[tj,oo). Suppose that a subset I < {1,...,m} of rows generate
kerd, c C,; and that the matrix A has at most one nonzero coefficient in each

row and column. In this case, the restricted morphism d,, , |**"% decomposes

as
@ (k[tj,oo) - k[si,oo)) ® @ (0 - k[si,oo))’
iel iel
J,A;j#0 A =0

where each summand is seen as a morphism from C,, ; to kerd,. The cokernel
of this map is easy to compute, and we deduce that the persistent homology is
the direct sum of bars

which directly gives the barcode.

As it turns out, there is an algorithm for reducing matrix representations to
this ideal form. Consider Algorithm 2.1 where, given a matrix A € K™*", A, ,
denotes the i row of A, A, ; denotes the 7™ column of A, and low () := max{i =
1] A;; # 0} denotes the index of the lowest nonzero element of A, ;.

In the first while loop, we reduce A so that its lowest nonzero coefficient is not
on the same row as the lowest nonzero coefficient of a previous column. In
the second while loop, we clear all nonzero coefficients above the lowest one.
We check that both types of operations — left-to-right column addition and
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Algorithm 2.1: Standard reduction algorithm.

Input: matrix A € k™*" representing a morphism f: V — W of free tame
modules.

forj=1,...,ndo

while 3j' < j, low(j") =low(j) do

A = Atow(i il Aown,ji

A*)j — A*J- — 1A

end

while 37" <i, 4, ; #0do

A=Ay /A ;

Ay — Ay —AA;

end

"

end

return A

bottom-to-top row addition — return valid matrix representations. Indeed,
adding column j' to j with j' < j corresponds to multiplying the matrix A on the
right by the matrix (I, + E; ;), where E; ; is the matrix with all 0’s except for
a 1 in position (j',j). Since the rows and columns of this matrix are ordered
increasingly by their label’s birth time, and j' < j, we deduce that we can have
a nonzero coefficient at (j',j). We reason similarly for bottom-to-top row
operations.

The output matrix has at most one nonzero coefficient in each row and column,
and while the algorithm does not specify exactly in which order to do matrix
reductions, we have the following fundamental result:

Theorem (Pairing uniqueness lemma, [18, 36]). The output of Algorithm 2.1
does not depend on the ordering choices of the while loops. In other words, it
does not matter how the columns j' and rows i' are chosen.

Moreover, applying Algorithm 2.1 to a matrix representation of d; will also
give a basis of ker d,;, namely the generators whose columns are 0. In this way,
applying Algorithm 2.1 to the boundary maps of a filtered chain complex gives
the barcode of the persistent homology as follows: given the reduced matrix of
04,4, and arow i,

« if there is a column j such that low(j) = i, then we have a bar starting at
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the grade of row i and ending at the grade of column j;
« otherwise, if the i™ column of the reduced matrix of 0, is zero, then we
have a bar starting at the grade of row i and ending at +oco.

« otherwise, row i ends a bar in d,; but does not create a bar.
Matrix reduction is a key computational tool that we use in Papers B and C. In

the latter paper, we also generalize the reduction algorithm to p.f.d. modules.

Persistent homological algebra

In this section, we recall the homological algebraic theory for persistence mod-
ules, considered as functors over posets.

Projective modules

Let (I, <) be a finite poset. Recall from Definition 2.44 and Remark 2.49 that a
free module is a direct sum of persistence modules of the form k. , for some
sin I. The term free is justified by considering k., , to be the composition of
the following functors

I — Set — Vect
t — mor(s,t) — kmor(s,t),

where the second functor is the functor that takes a set and returns a vector
space of formal linear combinations of the set elements (Example 2.13).

2.52 Definition. A sequence of morphisms U Lviwis exact if the following

sequence of vector spaces

hom(F,f) hom(F,g)
e e

hom(F,U) hom(F,V) hom(F, W)

is exact for every free functor F. That is, the image of the linear map hom(F, f)
that post-composes with f is the kernel of the map hom(F, g) that post-com-
poses with g. A longer sequence of morphisms -+ -V, ; = V; =V, _; —--is
exact if every pair of consecutive morphisms is exact.

Note that a morphism f: V — W is an monomorphism (resp. epimorphism) if,
and only if, the sequence

0-vEw  (resp.vEW—0)
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is exact.

A persistence module F is projective if, for every exact sequence UL vEw,
the following sequence of vector spaces is exact:

hom(F,f) hom(F,g)
- -

hom(F,U) hom(F,V) hom(F, W)

It turns out that all projectives are free [Paper A, Proposition 3.4].

Let V be a persistence module. A projective cover of V is an epimorphism
F — V where F is projective. This cover is minimal if all of its endomorphisms
(morphisms F — F that commute with the epimorphism F — V) are isomor-
phisms. The minimal cover exists and is unique up to isomorphism [Paper A,
§2.4]. A projective resolution of V is an exact sequence

02 a1 aO
B F LF, SV -0

where the F;, d = 0, are projective. Similarly to covers, a resolution is mini-
mal if its endomorphisms (morphisms F, — F, as chain complexes) are iso-
morphisms, and this minimal resolution exists and is unique up to isomor-

phism. [ ]

2.53 Remark. One way of presenting a persistence module V is by the first two terms

2.3.2

of a projective resolution. Indeed, given a projective resolution (F;) ., of V,
the cokernel of the map d,: F; — F, is isomorphic to V. Since F, and F, are
free, we can construct generating sets (Definition 2.44). For example, writing

[500) Fo}gen
We call this generating set of F, the set of generators of V, and the analogous

Fy=@® ca k[swm), we have the immediate generating set {k

generating set of F; the set of relations of V. The matrix representation of 9,
is called a presentation matrix of V. [ ]
Betti diagrams and local Koszul complexes

Minimal projective resolutions provide an alternative to the barcode decompo-
sition theorem that does not hold for arbitrary posets. Indeed, as alluded to in
Section 2.2.3, barcode decompositions can be expressed as resolutions

0— @k[tj’oo) - @k[sim) -V —=0.
Jj i

One way of extracting numeric invariants from more general minimal resolu-
tions is to consider the multiplicities of free modules in the resolution.
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2.54 Definition. Let V be a persistence module over (I, <), (F,,0) its minimal pro-
jective resolution, and d = 0 an integer. Recall that all projectives are free: thus
the minimal resolution of V looks like

® Bl (1) ® ()
T ®k{12t} - ®k{125} —V—=0.

tel sel
The d™ Betti diagram is the function 8¢: I — N that gives the multiplicity of
each k., s €1, in the free module F ;. |

The naive way of computing Betti diagrams is the computation of the entire
minimal resolution of V and then extracting the multiplicities. There is a more
efficient way in the case where the indexing poset I is minimally well-behaved.
We present this strategy over the field of two elements F, for simplicity; the
strategy works over every field with extra signs in the constructions [Paper A,

§3.71.

2.55 Definition. Let (I, <) be a finite poset and t an element of I. A parent of I is an
element s < t such that there is no element u satisfying s < u < t. We denote
the set of parents of t by 2 (t).

Now suppose that I is an upper semilattice, that is, every pair of elements
s,t admits a minimal upper bound s At called the meet. Let V be a persistence
module over I and ¢ an element of I. The (local) Koszul complex of V at ¢ is
a chain complex of vector spaces (#,V) defined as follows. For all d = 0, we
define
V(t) ifd=0,
(ZV)g= &b V(/\ S) otherwise.

Scu(t),1S|=d
S has lower bound

For example, (%, V), = @ 4, V(s). The boundary maps are defined as fol-
lows:

« Define 0,: @4y V(s) = V(t) as the linear map ¥ ., V(s <1).

» Ford > 0, define 0,: (%,V); — (#,V),_, as the sum, for each subset
S ={sy,"*+,54} € (t) of size dand sin S, of the transition maps V(A S) —
VIAS N {s}). u

The Betti diagrams of a persistence module V can then be computed as the
dimensions of the homology of the Koszul complex:
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2.56 Theorem (Paper A, Theorem 3.8). Let I be a finite upper semilattice, t an

2.4

2.4.1

element of I. Then, for every persistence module V over I and every d = 0, the

following equality holds:

BV (t) = dimH,(Z,V)

This result is extended to the case of relative homological algebra in Paper A:
see Chapter 4 for details.

Metric persistent algebra

In this section we continue the study of distances on persistence modules
introduced in Section 2.1.9.

Algebraic Wasserstein distances

Here we present a generalization of the isometry between interleaving and bot-
tleneck distances (Theorem 2.37) to p-Wasserstein distances (Definition 2.31).
The p-Wasserstein distance, like the bottleneck distance, is defined combinato-
rially on the space of persistence diagrams. We are interested in characterizing
this distance algebraically.

There is a strategy for algebraically defining pseudometrics on persistence
modules via so-called noise systems. In particular, this method works for
general persistence modules, where we do not have barcode decompositions.
The strategy decides which persistence modules will be considered as “small”.

2.57 Definition ([28, 45]). Let (I,<) be a poset. A noise system is a sequence

S ={F,}eer0,00) Of cOllections of persistence modules such that

1. 0., forall € € [0,00),

2. FcSforalld<¢g and

3. for all short exact sequences 0 — V, — V; —V, —0,
. ifV,isin %, then V, and V, are in #;
« ifV,isin % and V, isin %, then V, isin % .

For V a persistence module, we call a (V) :=inf{e = 0 | V € #,} the amplitude
of V.
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Let £ = 0 be a number. Two persistence modules V and W are e-close if there
exist a persistence module U and a pair of morphism V L U W (called a
span) such that

a(ker ) + a(coker f) + a(kerg) + a(cokerg) <e. (2.5)

We then define the pseudometric induced by .% to be

d,(V,W):=inf{e =20 | Vand W are e-close}. [ |

2.58 Definition. Let p € [1,00] be a number. Given a p.f.d. persistence module

V = @ 4ea K , we define the p-norm of V to be the nonnegative number

VI, = | (665D = 5(5)) gen

p B
that is, the p-norm of the vector of lengths of the intervals S,,.

We then define the noise system (Definition 2.57) P where, for all € = 0,
S ={vePfd|IVI,=<e}.

In other words, the amplitude of a persistence module is its p-norm. Following
Definition 2.57, this defines a distance

dy,(U,V) =

inf{sZO

To check that this is indeed a distance, we need to check the noise system

wiwiy, .
iker fIl, + Il coker fll , + [lkergll , + [l cokergll , < & )

axioms.

2.59 Theorem (Paper B, Theorem 4.16). .#? is indeed a noise system, for all p €

[1,00]. As a consequence, d.,, is a pseudometric on p.f.d. persistence modules.

A similar statement of this result appears in [46] (version 5 specifically of this
arXiv submission) as Theorems 7.27 and 7.28.
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Induced matchings

As we have seen in Definition 2.31, matchings of barcodes and persistence dia-
grams play an important role in the construction of bottleneck and Wasserstein
distances. Computing matchings between barcodes of datasets has also been
explored in the training of topologically robust image segmentation models
[48, 49]. One natural way of constructing matchings between barcodes is to
induce them from morphisms between persistence modules. In this section,
we will present two methods of inducing matchings from morphisms: the % -
matching by Bauer and Lesnick [3] and the 2-matching by Gonzalez-Diaz,
Soriano-Trigueros, and Torras-Casas [29].

2.60 Notation ([3, §2.3]). We denote intervals of RU +oo as follows: for all s,t in

2.6

iy

R U 00, we write

(s7,t7):=1[s,0), (s7,tT)=1s,t],
(s7,t7) = (s,0), (s7,t7) 1= (s, t].
When the inclusion of the endpoint is unknown, we write s*. [ ]

Definition ([3]). Let f: V — W be a monomorphism of p.f.d. modules over R.
Recall that the barcodes 2(V) and (W) consist of intervals of R that may be
open or closed on either end. In this definition, we consider these barcodes to
be sets instead of multisets: intervals that appear multiple times are formally
distinguished (for example, by adding an indexing to each interval).

For all t in R and 7 € {—, +}, consider the submultiset ((r{,t%),...,(rX,t")) of
bars in 28(V) whose end-point is t excluded (if T = —) or included (if T = +),
sorted by increasing start-point (with s~ smaller than s*). Similarly, consider
((sli, %, ..., (s:f,tr)) in 28(W). It turns out that m < n [3, Theorem 4.2], and so
we can construct a matching

L ={{rE ) (st | 1<i<m}.

The Z-matching of the monomorphism f, denoted by 2 (f), is defined
as the union

Z(f):= U Z,« € Match(2(V), B(W)).

teR,te{—,+}
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We dually define the Z-matching & (f) for an epimorphism f: V — W, where
we sort bars in %(V) and %(W) by start-point instead of end-point.

Now let f: V — W be an arbitrary morphism of p.f.d. modules, and consider
f =moean epi-mono factorization: that is, e is an epimorphism, m is a
monomorphism, and we have the composition

f:VSim(fH) S w.

Note that this epi-mono factorization is only unique up to isomorphism on
im(f). Then the Z-matching of f is

Z ()= (m)oX (e)
={(a,c) | Ib € B(m(f)), (a,b) € X (e), (b,c) € X (m)},

and this matching does not depend on the choice of epi-mono factorization. H

The % -matching is functorial on monomorphisms and epimorphisms [3, Propo-
sition 5.7] but is not additive. That is, 2’ (f @ g) is not necessarily equal to
Z ()L X (g). Moreover, it does not really conserve information about the
underlying morphism, especially for mono- and epimorphisms: it only re-
quires the existence of such a morphism in order to be defined; the matchings
themselves just match longest bars to longest bars. These limitations were a
motivation for the definition of 22-matchings of [29]:

2.62 Definition ([29]). Let f: V — W be a morphism of tame modules with fixed
bases and let A be the ordered matrix representation of f where the columns
are ordered lexicographically® by start- then end-point and the rows by end-
then start-point. We apply Algorithm 2.2 to A: the output matrix has unique
pivots, and we define the Z22-matching of f to be the matching 22 (f) in
Match(%(V),2(W)) consisting of the pairs of labels of the pivots’ rows and
columns. ]

As opposed to the Z-matching, the 22-matching is additive but not functorial on
mono- or epimorphisms. In fact, we show in Proposition C.40 that an operator
that induces matchings from morphisms cannot be both functorial on mono-
and epimorphisms and additive.

SThe lexicographic order <,__is given by (a,b) <., (a',b") ifa<da'orifa=a'and b <b'.
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Algorithm 2.2: Reduction algorithm from [29].

Input: matrix A € k™ " representing a morphism f: V — W of tame modules.
forj=1,...,ndo

while 3j' < j, low(j") =low(j) do

A= Agwi, i/ Aowin i

A=A A
fori=1,...,mdo

*,J'?

if label of column j does not overlap label of row i above then

| A —0;
end
end
end
end
return A

In Papers B and C, we study other methods of inducing matchings from mor-
phisms. In particular, we introduce the notion of bar-to-bar morphisms in
Paper C, which we use to construct induced matchings. See Chapter 4 for more
details.
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Morse theory and metric algebraic
geometry

When the blackbird flew out of sight,
It marked the edge
Of one of many circles.

In the previous chapter, we presented a general theory for algebraically studying
filtered spaces using the tools of persistent homology. In this chapter, we
present tools from a slightly older theory, namely Morse theory, for studying
filtered manifolds. We cover preliminaries on Morse theory and related studies
of critical points of distance functions in metric algebraic geometry.

A combinatorial encoding of topology

Definition. Let X be a smooth manifold and f: X — R a smooth function. A
critical point of f is a point x of X where the differential 0 _f of f is 0. A
critical value is the image f(x) of a critical point.

The Hessian of f at x is the matrix of second partial derivatives of f at x,
denoted by H(f)(x). A critical point x of X is nondegenerate if H(f)(x) is
nonsingular, and degenerate otherwise. Recall that the Hessian is a symmet-
ric real matrix, and therefore is diagonalizable. The index of a nondegenerate

39
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critical point is the number of negative eigenvalues of its Hessian. A Morse
function is a smooth function on a smooth manifold that has no degenerate
critical points. [ |

The index of a nondegenerate critical point has the following interpretation in
terms of normal forms.

3.2 Proposition ([39, Lemma 2.2]). Let X be a smooth manifold of dimension n,
f: X — R a smooth function, and x € X a nondegenerate critical point with
index 1 € {0,...,n}. Then there exists a neighborhood U of x and a homeomor-
phism ¢: R" — U such that

FQty, ) =fX) =t — o =242+ + L2 (3.1

Viewing the filtration f: X — R as a height function and considering the nor-
mal form (3.1), we can then interpret the nondegenerate critical point x as
a saddle point of X where the manifold slopes downwards in ¢ directions and
upwards in n — directions.

This algebraic encoding of the geometry of a filtered manifold can be developed
further by the Morse lemmas, which we present as a theorem:

3.3 Theorem ([39, Theorems 3.1 & 3.2]). Let X be a smooth manifold, f: X — Ra
smooth function, and s < t in R. Recall the notation X_, := F1((~o0,t]).

1. Iftheinterval [s,t] contains no critical values, then X__ is diffeomorphic
to X_, and X_, deformation retracts onto X__. In terms of homology, we
get H (X_,) ~H, (X_,).

2. Suppose that there is a unique nondegenerate critical point x € X whose
value f(x) is in the interval [s,t], and let t be the index of x. Then X_, is
homotopy equivalent to X_, with an i-cell attached (i.e., an 1-disk glued
to X_, along their boundaries). In terms of homology, this means that

HX_ ek ifk=1,

H (X_,) = )
H (X)) otherwise.

3.4 Example. Consider Figure 3.1, where we equip a torus with a height map as
its filtration. In this case, there are four critical points. From bottom to top
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_,o00

Figure 3.1: Sublevel sets of a torus filtered by a height map, after passing each of its four critical
points (marked in orange).

(following the filtration), these critical points have index 0, 1, 1, and 2, respec-
tively, and we can see that passing from one sublevel set corresponds to the
attachment of a cell of corresponding dimension. [ ]

In addition, we have the following homological results.

3.5 Definition. Let X be a smooth manifold. For all integers d = 0, we call b,;(X) :=

dimH,(X) the d Betti number of X. ]

3.6 Theorem ([39, §5]). Let X be a smooth manifold and f: X — R a smooth

3.2

Jfunction whose critical points are isolated and nondegenerate. For all integers
d =0, denote by C? the number of critical points of f of index d. Then, for all
d = 0, we have the inequality

Cl—C¥ 4+ (=10 2 by(X) — by, (X) + -+ + (=1) by (X).
In particular, for all d = 0, we get

C4=by(X).

When the set of critical points is easy to compute, this gives powerful upper
bounds on the homology of the manifold X.

Morse theory for continuous selections

Morse theory was originally developed for smooth function on smooth mani-
folds. However, it has been generalized in many directions, including Morse-
Bott theory [2], stratified Morse theory [30], and discrete Morse theory [27].
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In Paper D we develop Morse theory for continuous selections, as presented in
[1]. We recall the original theory here.

3.7 Definition. Let X be a smooth manifold and {f,,...,f,} < ¢*(X,R) a set of
€¢? functions. A continuous selection from { fo»--»fn} is @ continuous
function f: X — R such that, for every x in X, there exists i in {0, ...,m} such
that f(x) = f;(x). We denote by CS(f, ..., f,,) the collection of all continuous
selections from {f;, ..., f,,}.

Let f € CS(f;, ..., f,) be a continuous selection. The subdifferential of f at a
point x € X is (see [1] or Paper D for a more general definition)

df (x) :=conv{Vf,(x) | i€I(x)},

where I(x) is the set of indices i € {0,...,m} such that x € int{f(y) = £,())},
i.e., x is in the closure of the interior of the set where f is equal to f.

A point x in X is a eritical point of f if 0 belongs to its subdifferential o f (x).
A critical point x € X is nondegenerate if the following two conditions hold:

1. For every i € I(x), the set of differentials {D, )5 | j €I(x)\{i}} is linearly
independent.

2. Denote by (1,);¢;(,, the unique list of nonnegative real numbers such that

i€l(x

Y. A4=1 and ) AD.fi=0

i€l (x) i€l (x)

and by Af: X — R the function Af(y) =3,
differential of A, is nondegenerate on

A.f;(y). Then the second

i€l(x)

V(x):= ) ker(D,f).

i€l(x)

We write k(x) := #I(x) — 1 and call this number the piecewise linear index
of x. We denote by ((x) the number of negative eigenvalues of the restriction of
the second differential of Af to V(x), and call it the quadratic index of x. See
Figure 3.2 for an illustration of nondegenerate and degenerate critical points
of disty |, and Figure 3.3 for an illustration of different indices for dist,|,. ™

For a nondegenerate critical point, we recover the second Morse lemma: writing
k =k(x) and ¢ = 1(x), there exists a neighborhood U of x and a locally Lipschitz
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(c) degenerate critical point for the
second condition

Figure 3.2: Examples of critical points of f = dist and their degeneracy. (a) and (b): X is the

plane R? and Y is a finite set of points in the plane. (¢): X and Y are lines.

X X
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Yie X °), X

(a) indices (1,0) (b) indices (0,0)

X
yl@

(c) indices (0,1)

Figure 3.3: Examples of dist and x € X with different piecewise linear and quadratic indices,

written as (k(x),((x)). (a) and (b): X is a line and Y is a set of points. (c): X is aline, Yis a

circle, and y, is the closest point of Y to x.
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homeomorphism 1: R x R"~% — U (where n is the dimension of the manifold
X) such that

k+t n
FOplty, et =FO)+ L0ty )= ) 4 ) 7,
j=k+1 j=k++1
where £(t) € CS(t,,...,t,,—(t; + - +1t;)) is a continuous selection of linear
functions, making it piecewise linear. From this result, the rest of Morse theory
follows: see [1] for the general theory and Paper D for results specific to distance
functions.

Distance functions between algebraic varieties

For algebraic spaces, the notion of critical points of distance functions has
been studied extensively in the past few decades, as part of the growing field of
metric algebraic geometry [11, 51].

3.8 Definition. A real algebraic variety is the set of solutions of a system of

multivariate polynomial equations over the real numbers.

Consider the space R" for some n = 1 and an integer d = 0. Denote by &, ,
the space of real polynomials in n variables, of degree d. Given polynomials
P=Dy,-.-,P; in P, 4, we denote by V (p) the algebraic variety that is the set of
solutions of the equations p;(x) =0, foralli € {1,...,k}.

The dimension of a variety X is its dimension around any nonsingular point,
seen as a manifold. We denote it by dim X. Its codimension is codimV :=
n —dim X where n is the dimension of the ambient real or complex space.

An algebraic variety X is a complete intersection if there exist codim V many
polynomials p,, ..., Peogimx SUch that X =V (p,,..., Peodimx)- u

Algebraic geometers are often interested in integer invariants for algebraic
varieties, and metric algebraic geometers are no exception. We present two of
these degrees:

3.9 Definition. Let X be a real algebraic variety and u an arbitrary point in R".

Consider the function

2
x = Jlu=xIlj

X — 0
dist, : { [0, c0)
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defined as the squared Euclidean distance. It turns out that the number of
critical points of dist, is constant for a dense open subset of choices of R": the
Euclidean distance degree (EDD) of X is then this constant number [23].
An interpretation of the EDD is as a measure of the complexity of finding the
closest point on X to a given point u in R".

The bottlenecks of X are pairs (x, y) of distinct points of X such that the line
passing through x and y is normal (orthogonal) to X at both points. Equiv-
alently, bottlenecks are the nontrivial critical points of the squared distance
function on X, that is, the critical points of the function

g [ XXX = 10,00
Tl ey~ lx=ylZ,

with the extra condition that x # y. The bottleneck degree (BND) of X is
the number of bottlenecks, under some regularity conditions on X [21]. [ ]

Both the Euclidean distance degree and the bottleneck degree fit within the
framework of critical points of the distance function from an algebraic vari-
ety, restricted to another algebraic variety. In Papers D and E, we study this
generalized notion for generic varieties.







Papers and contributions

The blackbird whirled in the autumn winds.
It was a small part of the pantomime.

Koszul complexes and relative homological algebra of functors over
posets

In this paper, we study persistence modules over a finite poset (I, <) using the
functorial perspective (Section 2.1.5). We extend the results of Section 2.3 to
the relative homological case. Instead of approximating functors over I by
projective resolutions, where each term is a sum of free functors, we approx-
imate them by other “simple” functors. Given a collection 2 of such simple
functors, we define &?-exactness, 2-projectives, Z-covers, and Z-resolutions,
which are the relative versions of the “absolute” notions defined in Section 2.3.
A P-free functor is a functor that is isomorphic to a direct sum of elements
of 2. The collection 22 is then acyclic if every &2-projective is 2-free. Under
this condition, we can then define Betti diagrams relative to &2: given a
functor M: I — Vect and an element a € J such that 9 (a) # 0, we denote by
,B;M (a) the multiplicity of  (a) in the d'" term of the minimal 2-projective
resolution of M.

The principal result of this paper is that, under reasonable conditions on 2, we
can compute the relative Betti diagrams using local Koszul complexes. First,
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assume that the collection £ is parameterized by a functor 9: (J, <) —
Fun(I Vect) where (J, <) is a finite upper semilattice (see Paper A, §3.6) and

={9(a) | g (a) # 0, a € J}. The parameterization functor J is thin if,
for all a < b in J, the space of natural transformation Nat(J (b),J (a)) is of
dimension at most 1. In this case, the collection 22 is acyclic, and so we can talk
about Betti diagrams relative to &. Given a functor M: I — Vect, we define
the functor indexed by J

J - Vect
RM:
a +— Nat(9 (a),M).

The main result is the following; compare with Theorem 2.56.

4.1 Theorem (Paper A, Corollary 5.20). Let (J, <) be an upper semilattice and 9~
a thin parameterization functor. Assume that

1. theset {a €J | 7 (a) =0} is closed under joins, and
2. forall a,bin J, if b is minimal > a such that Nat(9 (b),J (a)) =0, then
T (a) =0.

Then, for all functors M: I — Vect, all ain J such that  (a) # 0, and all d = 0,

BHM () = dim H, (% M).

In other words, under the listed conditions, we can compute the Betti diagrams
relative to & using the standard Koszul complexes defined on ZM: J — Vect.

Paper A ends with an extensive list of examples of collection ? and parame-
terization functors 9 where the conditions of the theorem hold. This includes
examples that have been studied in previous works, including rectangles,
lower hooks [10], and single-source spread modules [8]. In fact, this
work was in part motivated by the study of exact structures for persistence
modules, in particular relative to lower hooks, in [10, Section 4]. We have
also implemented the computation of Betti diagrams relative to lower hooks in
Python [44]: see Figure 4.1 for a sample output.

Erratum

Thank you to Tada Shunsuke for pointing out the following mistake.
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Bo ) B2

%// A

o 25 50 75 100 [ 25

[J 25 50 75 100 [ 25 50 75 100

Figure 4.1: Sample output of Lowerhooks. Leftmost: free presentation of a two-dimensional
persistence module. Black points correspond to generators, white to relations, and lines
correspond to nonzero coefficients in the presentation matrix (see Remark 2.53). Right: Betti
diagrams relative to lower hooks. Lower hooks are parameterized by ordered pairs of points; a
segment corresponds to a nonzero Betti number for the pair corresponding to the segment’s
endpoints. Dotted segments correspond to the Betti diagram one degree lower, for easier
comparison between the degrees.

In §4.4, we write that a functor F: J — Veect is isomorphic to a subfunctor of
k; if, and only if, F is a filtration and dim F (a) < 1 for every a in J. This does
not hold in all generality: consider the functor F defined by

1

w

Ju

i

—
<_

1

w

where A e k\ {0,1}. Then F is a filtration with pointwise dimension at most
1, but is not isomorphic to a subfunctor of k;. As a correction, we restrict the
claim to the case where J is an upper semilattice. There is no impact on the rest
of the paper.

Contributions

In this paper I co-wrote the main results, was the main contributor to the
analysis of examples in the last section, and wrote the software Lowerhooks
[44] that applies our theoretical results to the specific case of lower hooks.

CRediT classification. Isaac Ren: conceptualization (equal); formal analysis
(equal); software (lead); visualization (lead); writing — original draft prepara-
tion (equal); writing — review & editing (equal).
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B Algebraic Wasserstein distances and stable homological invariants of
data

In this paper, we define algebraic p-Wasserstein distances for tame persistence
modules, proving that the sequence of collections ¥ = {#,.} ., of Section 2.4.1
is indeed a noise system. This is an alternate proof to that of [46].

The difficult noise system axiom to prove is the exact sequence one (Defini-
tion 2.57), and specifically the following result (a simplified version of [Paper
B, Lemma 4.15]):

4.2 Proposition. Let 0 — UL VE W — 0bean exact sequence of tame persistence
modules, and p € [1,00] a number. Then

IVIL, < IUNL,+ W1,

Our proof strategy is to observe that the morphism f is a monomorphism and
that W = coker f, and then study cases where the p-norm of coker f is easy to
compute. We identify the following notion.

4.3 Definition. A morphism f: V — W of tame persistence modules is bar-to-bar
when there exists a matrix representation of f such that each row and column
has at most one nonzero coefficient. ]

In other words, for a bar-to-bar morphism, there exist barcode decompositions
of the domain and codomain such that each bar of the domain maps to at most
one bar of the codomain. The key result is the following.

4.4 Theorem (Paper B, Theorem 3.14). Let f: V — W be a monomorphism of tame
persistencemodules. Then there exists a bar-to-bar monomorphism fi: V. — W
such that || coker f, Il , < Il coker f1l, for all p € [1,00].

Proof sketch of Proposition 4.2. If f: U — V is bar-to-bar, then we know the
barcode of W = coker f from the barcodes of U and V, and the inequality follows
from the triangular inequality for usual p-norms.

For arbitrary f: U < V, let f,: U — W be a bar-to-bar morphism as in Theo-
rem 4.4. Then

IVIL, < UL, + llcoker £yl < UL, + W],
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The first inequality comes from the previous observation, and the second from
Theorem 4.4. O

In this paper, we also introduce additional parameterizations on p-Wasserstein
distances. First, in the definition of e-closeness, we can replace the sum in (2.5)
with any g-norm, q € [1,00]:

lla(ker ), a(cokerf),a(kerg),a(cokerg)llq <e.

Moreover, when taking the p-norm of a persistence module V =~ @ , kSa’ we
can apply a nondecreasing function T: R — R to intervals S, before computing
their length:

VI, = (T (8,00 = T (s(S )Nl .

This allows us to weight the importance of bars at different points of the indexing
set R. Given these parameterized pseudometrics, we are able to explicitly
compute the hierarchical stabilization of persistence modules, which are
real-valued functions that we can feed into machine learning frameworks [31,
45]. In the paper, we apply this analysis pipeline to classification tasks for
a synthetic dataset, as well as a dataset of brain vessel models of patients of
various ages. The classifying model learns the optimal parameters p and T
in order to, for example, classify patients by age based on their brain vessel
structure. The parameter q is fixed equal to 1, the standard value, and T is the
cumulative density of a mixed Gaussian model. The key observation is that,
when p is large, then the model focuses on long bars, and when p is close to 1,
then it focuses on short bars. It had been observed that short bars are more
relevant for this dataset [5], and we recover this result.

Contributions

In this paper I was a main contributor to Section 3, which contains the funda-
mental theoretical results that allow for the results and computations in the
rest of the paper.

CRediT classification. Isaac Ren: conceptualization (equal); formal analy-
sis (lead); visualization (equal); writing — original draft preparation (equal);
writing — review & editing (equal).
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C Barcode matchings and p-norms of persistence modules

In this paper, we refine the tools introduced in Paper B. In particular, we
extend the notion of bar-to-bar morphisms (Definition 4.3) to pointwise finite-
dimensional persistence modules and prove analogous results to those of Paper
B. In particular, we develop a simpler method of constructing bar-to-bar mor-
phisms from mono- and epimorphisms. We present the results here for tame
persistence modules; see Paper C for the full results for p.f.d. modules.

4.5 Definition. Let V = @k, ,, and W = @,k ;, be tame persistence modules
17T (R
with fixed persistence bases. For every morphism f: V — W, we define Af: V —
W as the projection of f along the map of vector spaces

hom(X,Y) = @hom(k[aj,bj)’k[ci,di))
i.j

- @ hom(k[aj’bj),k[ci,di))
LJ
by=d;
— hom(X,Y).
In other words, considering a matrix representation of f, we only keep the

nonzero coefficients whose row and column are labeled by bars with the same
end-point. [ |

4.6 Theorem (Theorem C.35). For every morphism f in Tame, the morphism Af
is bar-to-bar.

We also prove that p-Wasserstein distances are pseudometrics for p.f.d. persis-
tence modules using the noise system approach. Our approach to proving the
inequality of p-norms of cokernels uses the integral of the rank function. In
particular, by Proposition C.59, for all p € (1, 00),

||VII§=/ p(p—1)(t —s)P2rankV (s < t)dsdt.

Q(R)
In this more general setting, we also prove the isometry theorem between the
algebraic and combinatorial Wasserstein distances.

4.7 Theorem (Theorem C.68). For all p € [1,00] and all V and W in Pfd, we have

dgyp (V,W) =d,(B(V), B(W)).
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In addition to this new proof of the isometry result, we also study the properties
of matchings induced by morphisms. Note that a bar-to-bar morphism can be
seen as an algebraic representation of a barcode matching: by Definition 4.3,
such a morphism has a matrix representation with at most one nonzero coeffi-
cient in each row and column. The set of coordinates of nonzero coefficients
defines a matching between the persistence bases, and therefore the barcodes,
of the domain and codomain. We thus define matchings induced by morphisms.
Building on the results of [3, 29], we show that our matchings are additive
but not functorial (Definition C.38). In fact, we show that an operator that
associates to each morphism a matching cannot be both additive and functorial
(Proposition C.40).

Using the strategy of [3], we define the induced matching of a morphism f: V —
W by taking an epi-mono factorization f = m o e, inducing matchings on m and
e, and then composing them together. In particular, there exists an algorithm
that computes the epi-mono factorization such that the resulting matching 1 (f)
is that of [29] (Section C.3.4).

Contributions

I was an equal contributor throughout the conceptualization and writing of the
paper.

CRediT classification. Isaac Ren: conceptualization (equal); formal analysis
(lead); writing — original draft preparation (equal); writing — review & editing
(equal).

D Morse theory of Euclidean distance functions from algebraic hypersur-
faces

In this paper we generalize Morse theory to distance functions f := disty |, from
a subset Y < R" restricted to a subset X < R". We show that, under certain
conditions, the distance function f is a continuous selection:

4.8 Proposition (Proposition D.36). Suppose that Y is smooth and let x € R" be
a regular value of the exponential map ¢: NY — R", where NY denotes the
normal bundle of Y*. Then

At every point y in Y, the normal space N ,Y is the orthogonal space to the tangent space
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1. B(x,dist, (x))NYis a finite set {y,,..., Y}
and for all € > 0 small enough, there exists § > 0 such that

2. for every i €10, ..., k}, the function f; :=distp(, .y IS €* on B(x,8);
3. the function disty | B(x,5) 1S a continuous selection of the f;: specifically,
disty |, 5) = min, f.

We can therefore apply the results of [1] to distance functions dist, |, where
all critical points are regular points of the exponential map on Y. Recall from
Definition 3.7 that a nondegenerate critical point x of a continuous selection
has two indices, a piecewise linear index k (x) and a quadratic index ((x). Given
a pair (X,Y) of subsets of R" such that disty |, only has nondegenerate critical
points, we denote by C . (X,Y) the critical points with indices (k, (). We recover
the Morse lemmas and inequalities presented in Section 3.1. Moreover, we can
exchange the roles of X and Y: if dist, |, also only has nondegenerate critical
points, then combining the resulting Morse inequalities gives the following
equality relating the Euler characteristics of X and Y and the number of critical
points (Corollary D.44):

XN+ ) CDM#C (X, Y) = x ) + ) (—D*#C (Y, X).

k,t=0 k,t=0

In the second half of the paper, we study the case where X and Y are generic
algebraic hypersurfaces, i.e., zero sets of polynomial functions. By generic
we mean that the results hold for a dense open subset of polynomials. We
summarize our results as follows:

4.9 Theorem. Letp € Py, and q € Py, be generic polynomials, and let X = Z(p)
and Y = Z(q) be their zero sets. Then, depending on the values of d, = deg(X)
and d, = deg(Y) the following is true:

1. ifd, 2 3 and d, = 4, then the function dist is a continuous selection near
each of its critical points (Corollary D.63);

2. if d,,d, = 4, then every critical point of dist not in Y is nondegenerate
(Theorem D.69);
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3. ifd;,d, = 3, then for every k € {1, ...,n}, the number of k-critical points
of disty |, can be bounded by

#Ck,* (X,Y) <c(k,n)deg(X)" deg(Y)”(kH),
Jfor some number c(k,n) > 0 depending on n and k only (Theorem D.60).

We get analogous results when X = R" (Remark D.70).

Contributions

In this paper I was the main contributor to Section 4, which applies the theory
of the previous sections to algebraic hypersurfaces, and I contributed to Section
2 with the proofs and example figures.

CRediT classification. Isaac Ren: conceptualization (equal); formal analysis
(lead); visualization (lead); writing — original draft preparation (equal); writing
— review & editing (equal).

Nondegeneracy of distance functions between complete intersections

This paper is a direct generalization of Paper D’s results on algebraic hyper-
surfaces to complete intersections. There are no surprises when extending the
results, but the computations require some extra care.

Contributions
I was the sole contributor to this paper.

CRediT classification. Isaac Ren: conceptualization (lead); formal analysis
(lead); writing — original draft preparation (lead); writing — review & editing
(lead).







Conclusions and outlook

It was evening all afternoon.
It was snowing

And it was going to snow.
The blackbird sat

In the cedar-limbs.

In this thesis, we explored several ways in which algebraic invariants for filtered
spaces can be defined and computed. On the one hand, we contributed to the
theory of persistent algebra, a collection of research efforts applying linear
and homological algebra to the study of persistence modules. Paper A develops
relative homological algebra for general poset-indexed persistence modules
and demonstrates the computational power of local Koszul complexes in the
computation of relative Betti diagrams. Papers B and C use linear algebra,
and in particular matrix representations of morphisms, to pass from algebraic
persistence modules to combinatorial barcode matchings.

On the other hand, we contributed to the emerging field of metric algebraic
geometry with our study of Morse theory for distance functions between al-
gebraic varieties in Papers D and E. In particular, we identify two indices for
nondegenerate critical points, which encode the topological and algebraic prop-
erties of filtered spaces, and we show that generic distance functions between
algebraic varieties are “Morse,” i.e., their critical points are all nondegenerate.
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Both persistent algebra and metric algebraic geometry are open and actively
developing fields. As we improve our understanding in these fields, we will
obtain broader applications in mathematics and other sciences, as well as more
effective computational methods. We now present some ongoing work and
interesting partial results in the study of persistence modules and algebraic
distance functions. We freely use the notations and results of the included
papers.

Replacing kernels with cokernels

Following discussions with Andrea Guidolin and Bjernar Gullikstad Hem.

Recall from Example F of Paper A that for the lower hook parameterization, we
have Nat(J (a,b),F) =kerF(a < b). Denote by 7, and 7, the two projections
Q) — I. We get two functors Frr; and Fi, and a natural morphism a: Fm; —
Fm, between them. The long exact sequence in Fun(Q(I), Vect)

0—kerF(-=-)—Fm, i>F71'2 — cokerF(—-<-)—0
induces the following short exact sequences:

0—kerF(-<-)=Fm, —»ima — 0,

0 —ima — Frr, - cokerF(—<—-) — 0.

Now suppose that I is a two-dimensional grid (this should generalize to higher
dimensions). Let (a < b) be an element of Q(I) with at least 3 parents: in other
words, a and b share at most one coordinate (of the two). Then we can show
that the Koszul complex of Frx;, for i = 1,2, is a product of chain complexes,
one of which is contractible, and thus the homology of the Koszul complex is 0
in all degrees.

Short exact sequences induce long exact sequences in homology: using the 0’s
of the homology of Frx;, we get the following isomorphisms for all d = 0:

Hy(kerF(—<-))~H,, ,(ima) ~H,, ,(cokerF(— < -))

Therefore, in order to compute Betti diagrams relative to lower hooks, we can
study the Koszul complex of coker F(— < —) instead of ker F (— < —). This has



5.1. REPLACING KERNELS WITH COKERNELS 59
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(a) Result of computing the homology of the cokernel complex; compare with Figure 4.1.

4 700 4
1501 cokemnel
| — kemel 600

BN cokernel
W kernel

8000

N
&

500 1

3
)

6000 -
400

~
o

300 - 4000 +

avg. sum of dims

a
o

200 4
2000 +

N
a

avg. computation time (s)

100 +

o

T T T T 0-
5 10 15 20 o) 2 4 o] 2 4 10
number of generators chain complex degree chain complex degree

(b) Average (of 5 runs) time to compute rela-  (c) Average (of 10 runs) sum of dimensions per degree in the Koszul
tive Betti diagrams with respect to the num-  complex of kernels and cokernels for randomly generated persis-
ber of generators. tence modules with 5 (left) and 10 (right) generators.

Figure 5.1: Results of the cokernel approach to computing Betti diagrams relative to lower
hooks.

some theoretical computational advantages: in order to compute a kernel basis,
we need O(n?) space, where n is the ambient dimension. In order to compute a
cokernel basis, we only need O(n) space, because we can choose representatives
in the quotient space that correspond to canonical basis elements.

I have implemented this cokernel approach in Python, to middling success: see
Figure 5.1 for some experimental results. In Figure 5.1a, we observe the exact
same relative Betti diagrams as in Figure 4.1, except translated by 2 degrees. In
Figure 5.1b, we see that the time required to compute relative Betti diagrams
does not change when switching to cokernels, and in fact worsens a little bit.
This may be explained by the fact that the cokernel complexes are larger in
general than the corresponding kernel complexes: see Figure 5.1c. It is unclear
where this is by nature or by the synthetic way in which they were constructed
for this experiment, and this is worth exploring further.
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Space of rank functions

With Wojiech Chacholski, Andrea Guidolin, Christina Kapatsori, Woojin Kim,
Francesca Tombari.

The rank function rankV of a persistence module V over a poset I (Defini-
tion 2.38) satisfies the following inequalities. For all chainsa <b <c¢ <din
I

1. (monotonicity) rankV (a < d) <rankV (b < ¢), and
2. (chain-supermodularity) rankV (a <d) + rankV (b <c¢) <rankV(a <
¢)+rankV (b =<d).

The name chain-supermodularity comes from supermodularity, a notion
studied in probability and order theory [43]. Monotone, chain-supermodular
functions form a positive convex cone. The broad aim of this project is to
study this cone and investigate if we can express rank functions as convex

combinations of extremal rays.

As a first step, we study chain-modular functions, which satisfy the chain-
supermodularity condition but with an equality instead of inequality. An inter-
esting question is: which functors have rank functions that are chain-modular?
This is ongoing work.

Rank-based noise systems for multiparameter persistence

With Havard Bakke Bjerkevik, Andrea Guidolin, and Martina Scolamiero.

In Paper C, we show that the p-norm for a one-dimensional persistence module
can be computed using the integral of its rank function (Proposition C.59). Here,
we generalize this to multiparameter persistence. For p > 1 and V: R" — Vect
an n-dimensional persistence module, consider the following integral:

1

p
i, = (/ p(p—l)(yl—xl)P_”_lrankV()_ESj;)) ,
X=<yeQ

where Q:= {(X,¥) € (R")? | X < y} for the product order on R". We have the
following result:

Proposition. Let p € (1,00). The p-norm on n-dimensional persistence mod-
ules defines in amplitude. In other words, the p-norm defines a noise system.
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Sketch of proof. The first short exact sequence axiom (see Definition 2.57)
comes from Proposition C.65, as in the one-dimensional case.

To prove the second, harder short exact sequence axiom, we proceed as follows.
We restrict the rank function of V to lines in R" parameterized as ¢: t — td + B,
where d = (1,a,,...,q,) and b= (0,b,,...,b,). Then we parameterize our pairs
of points (X, y) in Q by scalars s and t in R:

$=si+b, y=td+b.
Then we have the change of parameters

IIV||§=/ p(p—1)(y; —x)? " 'rank V(X < )
(#<y)eQ
+oo  [+4oo R (5.1)
- / / / p(p—1)(t —s)P~2rankV (5, §)dedsdbda,

a=0 JbeR" t=s

§=—00

where the Jacobian of the change of parameters is

s t a, b, a, b,
pp[(1 0 \
q; 0o 1
Py ag 0 s

Jop=qy | 0 ay t

Pnla O s
g, \0 a t

n

In particular, we have | detJ,, | = (t - L

For a given line £: t — td + l;, we apply the result that the p-norm gives a noise
system in the one-dimensional case. In particular, given a short exact sequence
0— U — V — W — 0 of n-dimensional persistence modules, we use the char-
acterization of p-norms as integrals of the rank function Proposition C.59 to
obtain the following triangular inequality:

+00 +00 1
(/ / p(p—1)(t—s)P 2rankV (¥ < y)dtds)p
s=—oo Jt=s§
1

Eee] “+o00 1
< (/ / p(p—1)(t—s)P2rankU (X < i)dtds)p
s=—oo0 Jt=s
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+oo +oo 1
+(/ / p(p—l)(t—s)P_ZrankW(?csi)dtds)p.
s=—oo Jt=s
Let
£@@,b) = (/ / p(p—1)(t —s)P2rankU (¥ < 7)dtds)?,
and define g and h similarly. Then the previous equations rewrites as f < g + h.

We can apply Minkowski’s inequality, which states that ([ (f+g)?) »<( I fP)% +
([ g?)? holds for 1 < p < co. We get

1 1 1
(//f(a,z?)?dz?da)" s(//g(a,B)PdBda)” +(//h(a,1§)f’d5da)”.
aJb aJb aJb

By (5.1), this exactly says that
VI, = 1ull, + 1w,

and this is the hard axiom of noise systems. O

From here, we can study the pseudometric induced by this noise system, in-
cluding its computation and applications. We can also compare with existing
notions of £P-distances on multiparameter persistence modules [7].

p-norms of extensions

This is the content of Hugo Akesson’s Masters thesis [53], which I co-supervised
with Wojciech Chachdlski.

Let V and W be persistence modules. An extension of V by W is a persistence
module E that fits into a short exact sequence

0—-W—-E—-V-—O0.

We denote by Ext(V,W) the collection of extensions up to isomorphism (a
morphism of extensions is one that commutes with the maps from W and to
V), and it turns out that this collection forms a vector space. The question that
Akesson studied is: what is the maximal p-norm of an extension? We have
results if W is a single bar:
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5.2 Theorem ([53, Theorem 3.1]). Let V be a tame persistence module and [a,b)
an interval of R. Write

FPW)={(c,d)e2(V) |a<c<b<d}.
Then there exists explicitly constructed bijection
: {antichains in F*b(V)} =~ %(Ext(k[a’b), ),

where antichains are defined in [Paper A, §4.6] and %(—) is the set of barcodes
of elements of the argument.

Moreover, we can equip antichains with a partial order < (see again [Paper A,
§4.6]) such that the following result holds.

5.3 Theorem ([53, Theorem 3.2]). We use the notations of Theorem 5.2 and fix
p € [1,00]. The function A — ||} (A) IIPfrom antichains in F (V) to p-norms
is monotone. In other words, for antichains A and B in F,

A<B = IIpAIl, < lIp®BI,.

Notably, the poset of antichains of F has a greatest element, the antichain of
maximal elements of F?°. By Theorem 5.3, the bijection 1 sends this antichain
to the extension barcode with the greatest p-norm.

When W is arbitrary, Akesson provides a recursive formula [53, Theorem 4.1]:
if W =W, @ W, with Ext(W,,W,) = 0 (this is always possible), then

B(Ext(W,V)) = U B(Ext(W,,7 (B))), (5.2)
BEB(Ext(W,,V))

where 7 (B) is a persistence module with barcode B. This gives an iterative
strategy for computing 2 (Ext(W,V)): sort the bars of W compatibly with the
product order on the start- and end-points, set W, equal to the first bar and
W, to the sum of the rest: by construction, we get Ext(W,,W,) = 0.

It is still an open problem to determine the extension with largest p-norm. This
is useful, for example, in the study of the noise system axioms for p-norms.
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Pair degree

Following discussions with Emil Horobet.

In Papers D and E, we defined notions of algebraic critical points, and bounded
their number. The number of algebraic critical points could define a new
numerical invariant that generalizes the Euclidean distance degree [23] and
the bottleneck degree [21]. Here we sketch its definition:

5.4 Definition. Let X and Y be real complete intersections defined by polynomials p

and g, respectively. We define the pair degree of X and Y to be the cardinality
of the set C, (P, ) of algebraic 1-critical points of the distance function dist, |
(see Definition E.19). [ |

When X is the entire space R", this is the Euclidean distance degree, and when
X is equal to Y, this is the bottleneck degree. Future works includes numerically
computing the pair degree on examples, studying properties such as stability
with respect to perturbations of X and Y, and studying algebraic k-critical points
with k = 2.
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1 Introduction
1.1 Relative Homological Algebra and Koszul Complexes

Recently, there has been intense research activity [1, 5, 6] relating topological data
analysis (TDA) with relative homological algebra [3, 4, 10, 11, 13] of finite dimen-
sional vector space representations of finite posets. One way of thinking about such
representations is as modules over certain finite dimensional algebras, allowing to
phrase homological properties of modules in terms of homological properties of the
algebra. This is also a common way for expressing relative homological properties
of representations. In this case, endomorphism algebras of some chosen modules
are often utilized (see e.g. [3, 5]). We however take another perspective, central in
TDA, and study representations as functors. Local Koszul complexes [9] (see also
[18, Sect. 6] and [20, Sect. 1]) are the key reasons why viewing representations as
functors is particularly convenient in TDA. In favourable situations, these complexes
can be used for calculations of Betti diagrams without explicitly constructing global
minimal resolutions, especially if we have some control over the sets of parents of
elements in the indexing poset.

The aim of this article is to show that Koszul complexes can also be used to calculate
relative Betti diagrams. To do this, we translate from a relative homological algebra
of functors indexed by a given poset to the standard homological algebra of functors
indexed by a new poset. We are interested in translations for which the homology of the
Koszul complexes over the new poset computes the relative Betti diagrams in a way that
can be implemented in software (see for example [23]). One of our main contributions
in this article is a translation construction which allows us to characterize the set of
poset elements (called the degeneracy locus) where local Koszul complexes fail to
calculate the relative Betti diagrams. Importantly, in all examples that are currently
relevant for TDA the degeneracy loci are negligible.

Aiming at a self-contained presentation, and believing that the tools we introduce
may be of interest to a broader audience, we favor an explicit classical formulation of
relative homological algebra [10].

1.2 Relative Homological Approximations

One way of understanding an object is by approximating it. In this article we focus on
approximations coming from relative homological algebra (see [13]), where arbitrary
objects in an abelian category are approximated by finite direct sums of objects of a
chosen collection P. For example, one may ask whether a given object M is isomorphic
to a finite direct sum of elements in P. To answer this question we look at the category
PP |y of morphisms from finite direct sums of elements in P into M. We are
interested in situations where this category has a certain distinguished object Cy — M:
for example, a terminal object. However, cases where the category @ P | has a
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terminal object are not that common. More common is the existence of Co — M in the
category @ P | i satisfying the following two conditions. The first condition requires
that every object in @ P |y maps to Cy — M, in which case Co — M is called a
‘P-epimorphism (see 2.2). This of course holds if Co — M is terminal in P |y,
where not only the existence but also the uniqueness of morphisms into Co — M is
required. The second condition substitutes this uniqueness by a minimality condition:
every endomorphism of Cy — M is anisomorphism. A morphism Cy — M satisfying
these two conditions (being a minimal P-epimorphism) is called a minimal P-cover
of M (see 2.4). If itexists, then the minimal PP-cover of M is unique up to isomorphism.
We regard the minimal P-cover of M as an approximation of M by finite direct sums
of elements in P. In particular, M is isomorphic to such a direct sum if, and only if,
its minimal P-cover is an isomorphism.

If finite direct sums of elements in P are uniquely determined by the multiplicities
of their summands, then we say that P is independent (see 2.1). In this case, there is
a unique function ,B%M : P — N whose value at A in P is the multiplicity of A in
the minimal P-cover Cy of M. The function ,B%M is called the 0™ P-Betti diagram
of M and is a numerical descriptor of the approximation of M by finite direct sums of
elements in . This is only the 0 step. We can continue by considering the minimal
P-cover of the kernel of Cy — M. By doing this inductively we obtain a chain
complex - -+ — C, — --- — Co — M called a minimal P-resolution of M. Each
object Cy in this complex is described by a function ,B%M : P — N called the 4
‘P-Betti diagram of M, where, for all A in P, the number ﬁ%M (A) is the multiplicity
of A in Cy; (see 2.6).

Thus every independent collection P, for which all objects admit minimal P-covers,
leads to numerical invariants in the form of P-Betti diagrams. The focus of this article
is to provide a method of constructing such collections P and to discuss a strategy
to effectively compute the associated Betti diagrams in the category Fun(/, vectg) of
functors indexed by a finite poset  with values in finite dimensional K -vector spaces.

1.3 Related Work

Since vector space valued functors indexed by posets have played an important role
across many areas of mathematics, their categories are well studied, and in particular
their homological properties are well understood: see for example [3] and references
therein, where such functors are interpreted as modules over finite dimensional alge-
bras. Recently there has also been a growing interest in independent collections in
Fun(l, vectg) [2, 5, 6] and associated numerical invariants coming from the TDA
community, where such functors are commonly called persistence modules, and the
poset I is usually R” with the product order. In particular, there are several publica-
tions and implementations of various algorithms to calculate numerical homological
invariants of such functors (e.g. classical Betti diagrams, rank functions, generalized
Euler characteristics) and using them in applications, see for example [15-17, 21, 22,
24].

The idea of approximating persistence modules by objects in a chosen collection
appearsin[1,2, 5, 6, 14]. In [14], without relying on homological algebra, approxima-
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tions in terms of the intervals in the poset are shown to yield a generalization of rank
functions, an invariant of persistence modules. In [1], the authors approximate persis-
tence modules in a Grothendieck group generated by interval modules (called spread
modules in [5] and in our work, see Example D) using quiver representation theory
without resorting to homological algebra methods. Decompositions of rank functions
into linear combinations of rank functions of simpler modules, such as rectangles and
lower hooks, are explained in [6]. Importantly, one such decomposition (called min-
imal rank decomposition) is defined via relative homological algebra of persistence
modules with respect to the collection of lower hooks, which we consider in Example
F. In [2], relative homological algebra with respect to interval modules is studied using
the language of representations of finite dimensional algebras. For homological alge-
bra results for persistence modules over more general posets, we can also look at [8]
and [19]. In the former, the authors prove various standard homological algebra results
for persistence modules, with a focus on the one-parameter case (where the poset is
the real line). In the latter, the author studies presentations of persistence modules,
with focus on infinite posets, and concludes with a Hilbert syzygy-type theorem. The
authors of [5] present a way of obtaining relative projective resolutions from standard
projective resolutions by considering modules over the ring End(€5 P)°P and finding
aresolution of hom(€) P, M). This gives an automatic correspondence of exact struc-
tures, but there is no reason for the standard projective resolution of hom(Ep P, M)
to be more easily computed than the relative projective resolution of M.

Our original motivation was to find a homological interpretation of the approxima-
tions presented in these articles that would allow for explicit calculations. This article
builds on the realization that local Koszul complexes can be used for this purpose.
Koszul complexes of modules are well studied, see e.g. [18, Sect. 6]. Koszul complexes
of graded modules, as presented in [20], have a direct interpretation in terms of persis-
tence modules, based on the equivalence between the category of n-graded modules
over the polynomial ring S:=K[x1, ..., x,] and the category Fun(N", vectg ), where
N" is endowed with the product order. Here we sketch this connection, referring to
[12, Sect. 3] for more details. The Koszul complex K as defined for example in [20,
Def. 1.26] is a minimal free resolution of the field K in the category of n-graded
S-modules [20, Prop. 1.28]. Given an n-graded S-module M, the Koszul complex of
M at a € N" is the grade a part of the n-graded chain complex M ®g K. Its d™
homology module is the grade a part of the n-graded S-module Toris (M, K), whose
dimension is the d™ Betti diagram (with respect to the standard projectives) of M at
a. This value of the Betti diagram can be computed, for a grade a € N, by looking
only at M restricted to the grades in a small subposet of N isomorphic to {0 < 1}
for some k < n, whose elements are a together with its parents and all their meets.
In this work, we study local Koszul complexes of functors indexed by more general
finite posets (see 3.7), more details on which can be found in [9], and use them in the
context of relative homological algebra.

The above approach starts with a global resolution of K and considers local parts of
M ®s K at different grades. Such a global resolution however may not have an explicit
formula, which typically would require global regularity assumptions on the indexing
poset. Requiring local regularity only at some grades is a much weaker assumption.
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In such grades we have an explicit Koszul complex construction which we exploit.
For that purpose, the functorial perspective is more advantageous than the language
of representations of finite dimensional algebras used in [2, 5, 6]. Our aim is to use
Koszul complexes not only as a theoretical tool, but as a computable construction to
determine relative Betti diagrams.

1.4 Koszul Complexes and Thinness

Homological algebra characterizes relevant objects by universal properties, regardless
of the category to which they belong, instead of by concrete constructions which may
vary greatly with the category. This offers a powerful language in which to express
and solve mathematical problems. However, extracting calculable invariants, which
is essential in TDA, from universally defined objects is often difficult, costly, and
sometimes not even feasible. Therefore the challenge is to introduce a version of
homological algebra which retains some conceptual power while allowing for some
of the relevant invariants to be described explicitly and algorithmically.

We strike a balance between mathematical and computational effectiveness by using
a strategy built on the following two observations. The first is related to the standard
independent collection S = {K (a, —) | a € I} consisting of all free functors on one
generator (see beginning of Sect. 3). This collection is always independent and, when
I is finite, every functor in Fun(/, vectx) admits a minimal S-resolution. The first
key observation is that under additional assumptions, for example that / is an upper
semilattice, for every element a in I and every functor F': I — vectg, there exists an
explicit chain complex /C, F', called Koszul complex (see 3.7 and discussion in 1.3),
whose homology in degree d has dimension equal to the value of the Betti diagram
ﬂgF(K(a, —)) (see Theorem 3.8 and [9, Section 10]). Because of its explicitness, the
Koszul complex is an effective tool for computing the values of the Betti diagram with
respect to the collection S.

To have an analogous construction for a more general collection P in Fun(Z, vectg),
we require a grading of its elements. Thus, instead of an unstructured collection, our
starting point is a functor 7 : J°° — Fun(/, vectg) indexed by a finite poset (/, <).
Such a functor leads to a collection P := {7 (a) | a € J, T (a) # 0}. This grading
allows for a translation between functors indexed by / and functors indexed by J via
a pair of standard adjoint functors (see 5.2 and 5.3):

R
Fun(7, vectg) Fun(J, vectg)
L

where R := Nat; (7, —) assigns to M : I — vectg the functor Nat; (7 (—), M) :

J — vectg. The functor 7 is called thin if the unit of this adjunction n,: K (a, —) —

RLK (a, —) is an epimorphism for every a in J. The second key observation is rec-

ognizing the importance of the thinness assumption. This assumption enables us to

translate between the homological properties of M in Fun(/, vectg) relative to P and
the standard homological properties of RM in Fun(J, vectg).
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1.5 Results

Let I and J be finite posets, and 7 : J°P — Fun(/, vectg) a thin functor. We give a
self-contained proof that the collection ? = {7 (a) | a € J, 7 (a) # 0}isindependent
(5.13). Moreover, we prove that the adjunction between £ and R leads to a one-to-
one correspondence between minimal covers: for every functor M in Fun(/, vectg),
a natural transformation Cyp — RM is a minimal cover in Fun(J, vectg) if, and
only if, its adjoint LCy — M is a minimal P-cover in Fun(/, vectx) (Theorem
5.14). Although we show that every functor M in Fun(/, vectx) admits a minimal
P-resolution (Corollary 5.16(1)), this resolution cannot in general be obtained via
the adjunction. This means that in general the P-Betti diagrams of M differ from
the standard Betti diagrams of RM. Elements of J where this happens are called
degenerate and form the degeneracy locus (5.18). If J is an upper semilattice, our
main result (Corollary 5.20) identifies elements outside the degeneracy locus, for
which we can use Koszul complexes to calculate the values of P-Betti diagrams.
From a computational perspective, we obtain Algorithm 1 for computing relative
Betti diagrams, given a thin functor.

Algorithm 1: Betti diagrams relative to a parameterization 7°

Input: / finite poset, J finite upper semilattice,

T : J°P — Fun(/, vectg) satisfying the conditions of Corollary 5.20,

M : I — vectg functor,

a € J poset element such that 7 (a) # 0.

Output: the relative Betti diagrams of M at 7 (a) relative to {7 (b) | b € J, T (b) # 0}.

U(a) < {ay, ..., ay} parents of a; // parents defined in 3.7
Jo < {2}

ford=1,...,ndo J; < {S CU(a) | S bounded below, |S| =d}for S € UZ:O Jq do

RM(A S) < Nat(T (A S), M); // N9 =a by convention

ford =0,...,n—1do
for S € Jg, 8 € Jyr1,and S C ' do
Write ig < - < ig such that &' = {a;, ..., a;,};
kg g7 < ksuch that 8"\ S = a;,;
b<— AS;c<AS;
dg. 57 < (Nat(T(b >c),M): RM(c) — RM(b));
end
end
// Construction of chain complex (K,d) from 3.7

K« (@Sejd RM(A\ S)>d=0 2

.....

. kg or .

d < (ZSeJd, ety CDSS 3s.s’)
B <« dim H.(KC, 3);

return 8

d=0,...n—1"

Furthermore, we produce examples of thin functors 7 : J°° — Fun(/, vectg),
and we apply our results to explicitly calculate the associated relative Betti diagrams.
We observe how numerical invariants introduced in other works, such as the rank
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invariant over lower hooks of [6] (Example F) and the single-source homological
spread invariant of [5] (Example E), are included in our general framework.

1.6 Organization

We begin in Sect. 2 by introducing the theory of relative homological algebra, including
the notions of independence and acyclicity, covers and resolutions. Next, in Sect. 3 we
recall standard homological algebra for functors indexed by finite posets. In particular,
when the poset is an upper semilattice, we show how to compute Betti diagrams
explicitly via Koszul complexes. In Sect.4, we discuss in more depth resolutions and
Betti diagrams of certain functors called filtrations. In particular, we study subfunctors,
and discuss several important notions: supports of functors, upsets, and antichains.

Section 5 is the central part of this work, where we introduce gradings of the form
T : J°° — Fun(l, vectg). We define the key properties of thinness and flatness, which
will allow us to compute relative Betti diagrams over I from standard Betti diagrams
over J.

Finally, we connect to other works in Sect.6 by exhibiting how rectangles, lower
hooks, and spread modules, among others, are handled in our framework.

2 Relative Homological Algebra

In this section we recall a setup for relative homological algebra in an abelian category
M. This subject, initiated by Hochschild [13], has been extensively developed in the
context of the representation theory of finite dimensional algebras (see for example
[3, 4]). The explicit and self-contained treatment we provide here has the advantage
of not assuming familiarity of the reader with such theory. We fix a collection P of
objects in M. What follows are fundamental notions of homological algebra relative
to P.

2.1 Freeness An object in M is called P-free if it is isomorphic to a finite direct sum
of elements in P. For example, the zero object is P-free. The collection P is called
independent if, for every P-free object F, there is a unique function g: P — N
whose support supp 8 := {A | B(A) # 0} is finite and for which F is isomorphic to
P AcP ABA) £ P s independent, then all of its elements are nonzero, and if two of
its elements are isomorphic, then they must be equal. For example, if M is a Krull-
Schmidt category and P is a collection of indecomposables, then it is independent if
and only if no two elements in P are isomorphic.

2.2 Exactness Two composable morphisms f: M — N and g: N — L in M are
said to form a P-exact sequence if the following sequence of abelian groups is exact
for every A in P:

h h
hom(A, M) —2" D0 pom(A, Ny 22248 hom(A, L).
FoC™M
.
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A sequence of composable morphisms - - - — My — My_1 — --- is called P-exact
if every two of its consecutive morphisms form a P-exact sequence.

If the sequence M L N — 0 1is P-exact, then f is called a P-epimorphism. A
morphism f: M — N isa’P-epimorphismif, and only if,hom(A, f): hom(A, M) —
hom(A, N) is surjective for every A in P (i.e. every g: A — N can be expressed as
the composition of some morphism A — M with f).

2.3 Projectives An object C in M is called P-projective if, for every f: M — N
and g: N — L that form a P-exact sequence, the following is an exact sequence of
abelian groups:

hom(Co, M) ™01 om(Co. N) 2208, pom(Co. L).

Note that if M is P-projective, then f: M — N and g: N — L form a P-exact
sequence if, and only if, the composition g f is null and the induced morphism M —
ker(g) is a P-epimorphism. Every P-free object is P-projective. If every P-projective
is P-free, then the collection P is called acyclic.

2.4 Covers A P-cover of an object M is a P-epimorphism Cy — M where Cp is
‘P-projective. We say that the category M has enough P-projectives if every object
has a P-cover.

A morphism between a P-cover Co — M and a P-cover Dy — M is a morphism
f: Co = Dg in M for which the following diagram commutes:

Co\
1 P

Dy

Such a morphism is an isomorphism if f is an isomorphism in M. There is always a
morphism between two P-covers Co — M and Dy — M, since Cy is P-projective
and Do — M is a P-epimorphism.

A P-cover Cy — M is called minimal if all its endomorphisms are isomorphisms.
Every two minimal P-covers of M are isomorphic: if Cy — M <« Dy are two
minimal P-covers, then in any sequence Co — Dy — Co — Dy of morphisms of
the P-covers, the first and second ones compose into an isomorphism by minimality,
as well as the second and third ones, which implies that all these morphisms are
isomorphisms.

2.5 Resolutions A sequence of composable morphisms in M of the form - - - — C; —
Co — M — 0is called a P-resolution of M if it is P-exact and, for every d > 0, the
object Cy is P-projective. Equivalently, the sequence --- — C; — Co — M — O'is
a P-resolution of M if the following three conditions are satisfied: (a) for every d > 0,
the object C, is P-projective; (b) the composition of every two consecutive morphisms
is 0; and (c) for every d > 0, the induced morphism C; — ker(Cy—; — Cy4—2) is a
P-epimorphism, where C_, = 0and C_; = M.
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A P-resolution of M is also written as a morphism of chain complexes, by C — M,
where M denotes a chain complex concentrated in degree O and C = (--- — C; —
Co). An object M for which there is a P-resolution C — M is called P-resolvable.
If there are enough P-projectives, then all objects are P-resolvable.

A morphism from a P-resolution C — M to a P-resolution D — M is a sequence
of morphisms f;: Cq4 — Dy for d > 0 for which the following diagram commutes:

o — C1 — Gy
]

.- — D — Do

Such a morphism is an isomorphism if f; is an isomorphism for every d > 0. As with
‘P-covers, there is always a morphism between every two P-resolutions of M.

A ‘P-resolution C — M is called minimal if all of its endomorphisms are iso-
morphisms. A P-resolution C — M is minimal if, and only if, for every d > 0,
the morphism Cy — ker(Cy—; — Cg4—») is a minimal P-cover, where C_; = M
and C_» = 0. Thus, if every object has a minimal P-cover, then every object has a
minimal P-resolution that can be constructed inductively by taking minimal P-covers
of successive kernels. Every two minimal P-resolutions of M are isomorphic.

2.6 Betti diagrams Suppose P is independent (see 2.1) and acyclic (see 2.3). Let C —
M be a minimal P-resolution. By acyclicity of P, for every d > 0, the object Cy is P-
free. Thus, by independence of P, there is a unique function, denoted by /S%M P —
N and called the d™ P-Betti diagram of M, for which Cy is isomorphic to

@ ABPM(A)

AeP

Since any two minimal P-resolutions of M are isomorphic, the P-Betti diagrams of
M do not depend on the choice of a minimal P-resolution, and are invariants of the
isomorphism type of M. One should note however that P-Betti diagrams are only
defined for objects that have minimal PP-resolutions.

To calculate the values of the d™ P-Betti diagram of M, a standard strategy is to
develop tools to calculate the 0" P-Betti diagram and then use the fact that, for a
minimal resolution C — M, we have the following sequence of equalities:

BEM = B ker(Co — M) = B *ker(C; — Co)
=...= ﬁ% ker(Cy—1 — Cy-2).

Building a minimal resolution is an inductive procedure involving constructing mini-

mal P-covers of successive kernels, which typically requires a description of the entire
0™ P-Betti diagram of these kernels.

One approach to calculating Betti diagrams that avoids this costly inductive pro-

cedure is the construction, given an object M in M and an element A in P, of a
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chain complex V = (--- — V| — Vj) of vector spaces such that, for all d > 0,
dim Hy (V) = ,B%M (A). Ideally, this construction is systematic, or even functorial in
M. This is the case for standard homological algebra for functors indexed by finite
upper semilattices, discussed in the next section, where such chain complexes are
given by Koszul complexes.

3 Standard Homological Algebra

Fix a field K, choose a finite poset (J, <), and consider the abelian category
Fun(J, vectx) whose objects are functors indexed by J with values in the category
vectg of finite dimensional vector spaces. Morphisms in Fun(J, vectg ) are the natural
transformations. For an element a in J, denote by K (a, —): J — vectg the compo-
sition of the following functors, where the symbol set denotes the category of finite
sets:

homy (a,—)
J ! s set free o vectg

S s @5k

That is, K (a, b) = K if b = a and 0 otherwise, and K (a, b < ¢) = idg if b = a and
0 otherwise. The functor K (a, —) is called free on one generator in degree a.

In this section we are going to describe the homological algebra of Fun(J, vectg),
as presented in Sect.2, relative to the collection S := {K(a,—) | a € J}. This
corresponds to standard homological algebra and all the following statements are well
known: see for instance [3, 26].

3.1 Independence The collection S is independent since its elements are indecom-
posable (see 2.1). This can be also shown using radicals, as in [3]. Recall that
the radical of a functor F: J — vectx is a subfunctor rad(F) C F given by
rad(F)(a) =), _,im(F (s < a)) fora in J. The quotient functor HyF := F /rad(F)
is semisimple: that is, for every ¢ < b in J, the morphism HyF(a < b) is the
zero morphism. For a and b in J, (HyoK (a, —))(b) is 1-dimensional if @ = b and
0 otherwise. Thus, if F is free and isomorphic to @K(b,—)es K (b, —)ﬂ(K(b'_)), then
B(K (b, —)) = dimHy F (b) and hence the number (K (b, —)) is uniquely determined
by the isomorphism type of F'.

3.2 Exactness By the Yonedalemma, for every functor F: J — vectg, the linear map
Naty (K (a, —), F) — F(a),which assigns to a natural transformation¢: K (a, —) —
F theelement ¢, (a < a) in F(a), is abijection. Consequently, morphisms f: F — G
and g: G — H in Fun(J, vectg) form an S-exact sequence if, and only if, for
every a in J, the linear maps f,: F(a) - G(a) and g,: G(a) - H(a) form an
exact sequence of vector spaces. Thus, being S-exact is the same as being exact. In
particular, f: F — G is an S-epimorphism if, and only if, it is a standard categorical
epimorphism, which means f,: F(a) — G(a) is surjective for all a in J. To detect
this we can again use the radical:
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3.3Lemma Let J be a finite poset. A natural transformation f: F — G in
Fun(J, vecty) is an epimorphism if, and only if, the composition of f with the quotient
G — G/rad(G) = HyG is an epimorphism.

Proof The only if part of this equivalence is clear. Conversely, suppose that the com-
position is an epimorphism and consider the set of all a in J for which f, is not a
surjection. If this set is nonempty, then it contains a minimal element a (since J is
finite). Minimality of ¢ means that rad( f), : rad(F)(a) — rad(G)(a) is surjective.
This, combined with the surjectivity of the composition F(a) — G(a) — HyG(a),
implies that f, is surjective, which contradicts the assumption. O

Since S-epimorphisms are the categorical epimorphisms, S-projectives are the
standard projectives, and it turns out that all of them are (S-)free.

3.4 Proposition Let J be a finite poset. The collection S in Fun(J, vectg) is acyclic
(see 2.3).

Proof We again use the radical. Let F be projective in Fun(J, vectg). Consider Hy F
and the free functor Co := P, ; K (a, —)dim HoF(a) Note that HyC and Hy F are iso-
morphic. We then use projectiveness to construct the following commutative diagram
where all of the vertical arrows represent the quotient natural transformations:

F > Co > F

l l l

HyF ~ HyCy =~ HyF

The vertical natural transformations in this diagram are epimorphisms, so by
Lemma 3.3 the horizontal natural transformations are as well. Since the values of
the functors are finite dimensional vector spaces, the horizontal natural transforma-
tions must therefore be isomorphisms. O

3.5 Minimal covers, resolutions, and Betti diagrams Let F: J — vectg be a func-
tor. As in 3.4, consider HyFF = F/rad(F) and the free functor Co = @,;
K (a, —)dimHoF(@) Since HyCy and HoF are isomorphic, we can use the projective-
ness of Cy to lift the natural transformation Cy — HgF to a natural transformation
Co — F which makes the following square commute, where the vertical arrows
represent the quotient natural transformations:

Co —— F

l l

HyCy =~ HyF

The resulting natural transformation Cp — F is an epimorphism (see discussion
in 3.2) and hence it is an S-cover. It is also minimal by the same reasoning as in 3.4.
It follows that there are enough S-projectives and every functor F': J — vectg has
a minimal S-cover, and hence also a minimal S-projective resolution. We refer to
Eo[:;”
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S-covers and S-projective resolutions simply as covers and resolutions. Since every
functor admits a minimal resolution, S-Betti diagrams in all degrees are always defined
for every functor. We also refer to them simply as Betti diagrams and denote them as
B4F: J — N, omitting the symbol S. A consequence of the above construction of a
minimal cover of F' is the equality:

B°F = dim HyF.

The sum ), BYF (a) is called the number of generators of F.
The Betti diagrams of F are not independent from each other. For example, consider
a differential in a minimal resolution of F':

Ca1 Cy

a5 Kb, =)o) 0, &) K(a, —)P'F@
besupp(B4+! F) aesupp(8F)

By minimality, each summand K (b, —) of C441 must map nontrivially onto at least
one summand K (a, —) of C,. This means that every element in supp(,Bd“F ) is
bounded below by some element in supp(8¢ F). Relations between Betti diagrams are
easier to describe when the indexing poset J is an upper semilattice. In this case, to
calculate Betti diagrams one can use Koszul complexes. Describing this is the content
of the rest of this section.

3.6 Upper semilattices Recall that the join of a subset S C J is an element in J,
denoted by \/; S or \/ S when the poset is understood, satisfying the following uni-
versal property: s < \/ S for every s in S, and, if s < @ in J for every s in S, then
\/ S < a. The join is the categorical coproduct in J. Dually, the meet of S is an
element in J, denoted by /\ ; S or /\ S, satisfying the following universal property:
A S < sforeverysin S, and,ifa < sin J forevery s in S, thena < /\ S. When they
exist, joins and meets are unique. If every nonempty subset of J has a join, then J is
called an upper semilattice. If J is an upper semilattice, then every subset S which
is bounded below (i.e., for which there exists a in J such that a < s for every s in §)
also has a meet, given by \/{a € J | S is bounded below by a}.

A subset L C J of an upper semilattice is called a sublattice if, for every
nonempty subset S C L, the join \/ S belongs to L. For S € J, we denote by
(S) := {\/ T|T#9,TC S} C J the smallest sublattice containing S.

3.7 Koszul complexes Let a be an element in J. Recall that an element s in J is called
a parent of a if s < a and there is no element » in J such thats < b < a. We also say
that a covers s. We denote the set of parents of a by U (a) or U (a) when the ambient
poset is understood.

Suppose that a has the following property: every subset S C U/(a) that is bounded
below admits a meet A S. If J is an upper semilattice, then every element a € J
satisfies this property. Fix a total order < on the set of parents I/ (a). We then assign to
every functor F: J — vectg a chain complex of K -vector spaces, called the Koszul
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complex of F at a, defined for all d > 0 by

F(a) ifd =0,
(KaF)a = D FNS ifd>o.

SCU(a), |S|=d
S has lower bound

For example, (K, F)1 = @, U(a) F(s). We define the differentials as follows:

e Ford =0, define 3: (K F); — (KyF)o = F(a) as the linear map which on the
summand F(s) in @Seu(a) F(s) = (K F)1 is given by F(s < a).

e For d > 0, define 9: (KK;F)g+1 — (KyF)4 as the alternating sum 9 =
Zf’zo(— 1)/ 3;, where 8; : (KyF)ay1 — (K4 F)y is the function mapping the sum-
mand F(A S) in (K;F)g+1, indexed by S = {so < -+ < sq4} € U(a), to the
summand F (/A (S\{s;})) in (K, F)4, indexed by S\{s;} C U(a), via the function
FINS < AGS\(si)).

The linear functions d form a chain complex as it is standard to verify that the com-
position of two consecutive such functions is null.
For a natural transformation f: F — G, define:

fa ifd =0,
Ka .
KaFrg —2005 0,6y =) @ frs ifd>o0.

SCU(a), |S|=d
S has lower bound

These linear maps form a chain map denoted by £, f : K, F — K, G. The assignment
f = K, f is a functor from Fun(/, vecty) to the category of chain complexes called
the Koszul complex at a. Its fundamental property is the following.

3.8 Theorem Let J be a finite poset. Let a be an element in J such that every nonempty
subset S C U(a) that is bounded below admits a meet )\ S. Then, for every functor
F: J — vectg and every d > 0, the following equality holds:

BYF(a) = dim Hy(K,F).

The assumption on the element a in Theorem 3.8 is local, depending only on the
parents of a. Under this assumption, which is satisfied for example if J is an upper
semilattice (see 3.6), in order to calculate the Betti diagram ﬂdF (a) of a functor F
at a, we do not need to construct the minimal resolution of F'. Instead, it suffices to
calculate the homology of the Koszul complex K, F', which can be done for each a
and each degree d independently.

Proof of Theorem 3.8 The proof is based on three observations and follows closely
what is presented in [9, Section 10].

Observation 1. For every natural transformation f: F — G, the linear map

Hy(KC, f) is isomorphic to (Ho f),. In particular, the vector spaces Hy(K, F) and
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(HoF)(a) = (F/rad(F))(a) are isomorphic. Moreover, if Cop — F is a minimal
cover, then Hy(K;(Co — F)) is an isomorphism.

According to Observation 1, BYF(a) = dim(HyF)(a) (see 3.5) coincides with
dim Hy(/C, F'), which is the statement of the theorem in the case d = 0. To prove this
statement for d > 0, we need two additional observations:

Observation 2. For b in J:

Gim Ho (K (b, —)) — {1 ifd=0anda=b,
0 otherwise.

Indeed, if b £ a, then I, K (b, —) = 0 and the statement holds. Otherwise, if b = a,
then (K;K (a, —))o = K and (KK (a, —))q = 0 for d > 0, and again the statement
holds.

Otherwise, b < a. Then (K,K (b, —))o = K and, for every nonempty subset
S C U(a) that is bounded below, K (b, A S) is 1-dimensional if S is a subset of
b x Ua)) = {s € U(a) | b X s}, and 0 otherwise. Consequently the complex
KqK (b, —) is isomorphic to

- @ K — @ K — K,

SS(b=sU(a)) SS(b=sU(a))
|S|=2 1S|1=1

which is the augmented chain complex of the standard (| < U/ (a)| — 1)-dimensional
simplex, whose homology is trivial in all degrees. Thus in this case the statement also
holds.

Observation 3. Since taking direct sums is an exact operation, the Koszul complex at
a is an exact functor in the following sense: if f: F — G and g: G — H form an
exact sequence, then the following is an exact sequence of chain complexes of vector
spaces:

K, F Xy g Kk e g

According to Observation 3, the Koszul complex functor at a commutes with direct
sums, which, combined with Observation 2, implies that for a free functor Cyp =

Dpe, Kb, )PP,

Bla) ifd =0,

dim Hy; (K,Cp) =
a(KaCo) 0 otherwise.

Let F: J — vectg be a functor and Cy — F its minimal cover. This minimal
cover fits into the following exact sequence:

0 s Z > Co s F s 0,

FolCTl
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which, according to Observation 3, leads to an exact sequence of chain complexes:

0 > KaZ > KCaCo > Ko F > 0,
which in turn leads to a long exact sequence of vector spaces:

)

(-> H\(KyZ) — H1(KCo) — H1(KyF) j

[—> Hy(KyZ) — Ho(K,Co) — Ho(K,F) — 0.

According to Observation 1, the function Hy(K,Co) — Ho (K, F) is an isomorphism,
and Hy(K,Z) is isomorphic to Hy(Z), whose dimension is ,31F (a). Observation 2
gives the vanishing of Hy(K,Co) for d > 1. Consequently, for d > 1, the map
Hy(KyF) — Hy—1(K4Z) is an isomorphism. The case d = 1 then gives the equal-
ity between dim Hy(K,Z) = B°Z(a) = B'F(a) and dim H;(K,F), which is the
statement of the theorem for d = 1. The theorem for d > 1 follows by induction by
applying what we already have proven to the functor Z. O

Theorem 3.8, combined with the long exact sequence argument in its proof, implies
the following.

3.9 Corollary Let J be a finite upper semilattice and 0 — Fy — F| — F» — O an
exact sequence in Fun(J, vecty). Let a be an element in J such that ﬁdFo (a) =0 for
everyd > 0. Then BeFi(a) = ,Bsz(a)for everyd > 0.

4 Filtrations, Subfunctors, and Their Standard Betti Diagrams

In this section, we discuss in more depth resolutions and Betti diagrams of certain
filtrations. Recall that a functor F': J — vectg is called a filtration if, foralla < b
in J, F(a < b) is a monomorphism. For example, free functors and constant functors
are filtrations, and in particular the constant functor Ky : J — vectg, whose values are
the 1-dimensional vector space K, is a filtration. Since subfunctors of a filtration are
filtrations, the kernel of a cover Cy — F' is a filtration. Two results of this section are
of particular interest to us. One is Corollary 4.3, which describes relations between the
supports of Betti diagrams of a filtration whose 0™ Betti diagram has support bounded
below. The other one is Corollary 4.9, which describes a similar, but weaker, relation
for any subfunctor of the constant functor Ky, even if its 0" Betti diagram does not
have a support bounded below.
The following theorem follows from results in [9] (see also [25, Lemma 2.1]).
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4.1 Theorem Let J be a finite upper semilattice and F: J — vectg a functor. Then
the following containment holds:

| supp(8? F) < (supp(B°F) U supp(B' F)).
d>0

Proof Consider a minimal presentation of F given by an exact sequence:

@ K(a’_)ﬂlF(a) _ @ K(a’_)ﬂOF(a) . F s 0,
aesupp(B'F) aesupp(BOF)

Using the vocabulary of [9], we can discretize the functors of this sequence by the
sublattice (supp(,BOF) U supp(,B1 F)). By [9, Corollary 10.18.(2)], we conclude that
the Betti diagrams of F indexed by J are isomorphic to those of F restricted to the
sublattice (supp(8°F) U supp(8' F)) C J, and consequently

| supp(8? F) < (supp(B°F) U supp(B' F)).
d>0

O

As a consequence, if ,BdF(a) # 0, then there is a subset S C supp(,BOF) U
supp(B' F) for whicha = \/ S. This gives a considerable restriction on what elements
of the upper semilattice J can belong to supp(8¢ F) ford > 1.

4.2 Corollary Let J be a finite upper semilattice and F: J — vectg a functor for
which supp(,BOF ) is bounded below (the meet |\ supp(,BOF ) exists). Then

-+ C (supp(B*F)) C (supp(B*F)) < (supp(B' F)).

Proof Let by = A\ supp(,BOF). For all a in supp(,BOF), we have a = bg, so there
is a monomorphism K (a,—) < K(bg, —). These monomorphisms, for all a in
supp(B° F), fit into the following pushout square where the top horizontal arrow rep-
resents a minimal cover of F':

P K@ 'O — F
aesupp(8OF)

P Ko " — G
aesupp(BOF)

Then the natural transformation represented by the bottom horizontal arrow is a mini-
mal cover of G. Furthermore, since the kernels of the top and bottom horizontal natural
transformations coincide, we get:

EIO C ';rl
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> pes BOF(b) ifd =0anda = by,
BG(@) = {0 ifd =0and a # by,
BIF(a) ifd > 0.

In particular supp(8°G) = {by} and supp(8¢G) = supp(BF) for every d > 1.
Since every element in supp(82G) is bounded by some element in supp(8'G), and
every element in supp(8'G) is bounded by some element in supp(8°G) = {bo}, we
can use Theorem 4.1 to conclude that supp(82G) C (supp(8'G)) and consequently
(supp(,B2G)) C (supp(B 1G)). We then proceed by induction on d. m|

For a filtration, Corollary 4.2 can be extended to include also the 0" Betti diagram.

4.3 Corollary Let J be a finite upper semilattice and F : J — vecty a filtration such
that supp(B°F) is bounded below. Then

-+ C (supp(B*F)) C (supp(B' F)) < (supp(B°F)).

Proof The assumptions on F are equivalent to F being a subfunctor of G := K (b, —)"
for some b in J and a natural number n. Consider the exact sequence F — G — G/F.
Since G is free, 1 (G /F)(a) < B°F (a) and B4T1(G/F)(a) = B4 F(a) ford > 0and
every a in J. Consequently, supp(8' (G /F)) < supp(B°F) and supp(8¢t1(G/F)) =
supp(B¢F) for d > 0. By applying Corollary 4.2 to the quotient G/ F, we obtain the
desired containments. For example,

(supp(B' F)) = (supp(B2(G/F))) < (supp(B'(G/F))) < (supp(B°F)).
O

4.4 Subfunctors Next we focus on subfunctors of the constant functor K;: J —
vectg. Given a subfunctor F of K, we denote by FF € K the inclusion natural
transformation. Note that a functor F: J — vectk is isomorphic to a subfunctor of
K if, and only if, F is a filtration and dim F'(a) < 1 for every a in J (compare with
assumptions in Corollary 4.3). We denote by Sub(J) the set of all subfunctors of K.
We consider two ways of parameterizing this set by posets: via upsets and antichains.

4.5 Upsets An upset of a poset (J, <) is a subset U < J such that, for all a in U
and b = a, the element b is in U. The set of upsets of J is denoted Up(J) and comes
naturally equipped with a distributive lattice structure where the order relation is the
inclusion <, joins are unions, and meets are intersections. An example of an upset is
the support of a subfunctor F C K, defined as the subset supp(F) := {a € J |
F(a) # 0}. In fact, the function F +— supp(F) is a bijection between the collections
of subfunctors of K; and upsets in J. Its inverse sends an upset U to the subfunctor
Ky C K defined as, for all @ in J,

Ku(a) K ifaeU,
vla) = .
0 otherwise.
FolCT
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Thus Ky C K is the unique subfunctor for which supp(Ky) = U. The inclusion of
subfunctors F € G C K defines a poset relation that makes this bijection a poset
isomorphism, between (Sub(J), ) and (Up(J), <). We are however more interested
in the opposite poset to (Sub(J), €). This is because of its relation to antichains.

4.6 Antichains An antichain of aposet (J, <) is asubset of J whose elements are pair-
wise incomparable. In particular, singletons of J are antichains. The set of antichains
of J is denoted by Anti(J). Given an upset U of J, the set Min(U) of its minimal
elements is an antichain. In fact, the function U +— Min(U) from upsets to antichains
is a bijection, and so we could equip antichains with the induced poset structure from
Up(J). However, we would like for the subposet of singletons in Anti(J) to coincide
with the poset J. For this reason, we define the relation on antichains by the opposite
order on upsets. Thus, given two upsets U and V, we write Min(U) < Min(V) if
V C U. Explicitly, for two antichains S and T in J, the relation S < T holds if, and
only if, for every 7 in T, there is s in S such that s < ¢ in J. In this way, (Anti(J), <)
is a distributive lattice whose restriction to singletons coincides with J.

To a subfunctor F € K we associate the antichain Min supp(F’), which coin-
cides with supp(8°F). The function F +— supp(B°F) is a bijection between the
collection Sub(J) of subfunctors of K; and the set of antichains Anti(J). Its inverse
sends an antichain S to the subfunctor K (S, —) := K<) € K, where (S < J)
denotes the upset {a € J | Is € S, s < a}. This induces a distributive lattice struc-
ture on subfunctors of K;: given two subfunctors F, G C K, we write F < G if
supp(B°F) < supp(B° G), which is equivalent to the inclusion supp(F) 2 supp(G).
We denote this poset by (Sub(J), ).

4.7 Global Koszul complexes We now discuss free resolutions of subfunctors of K
under the assumption that J is an upper semilattice. Let F C K j be a subfunctor. Fix
a total order < on the antichain supp(8°F). This order is used to construct a chain
complex called global Koszul complex of F. For d > 0, define:

KFa= P KNS .

SSsupp(BOF)
|S|=d+1

For example, (KF)o = @;cqupp(por) K (5. —), which coincides with the minimal
cover of F (see 3.5). Set 9: (KF)q+1 — (KF)4 to be the alternating sum 0 =
Zil:()l (—1)'9;, where 9;: (KKF)g41 — (KCF)q is the function mapping the summand
KO/ S,—) in (KF)441, indexed by S = {so0 < -+ < sg41} € supp(ﬁOF), to
the summand K (\/(S\{s;}), —) in (K F),, indexed by S\{s;} < supp(ﬂOF), via the
inclusion K(\/ S, —) € K(\/(S\{si}), —). Finally define 3: (KF)9 — F to be a
minimal cover of F. It is standard to verify that the natural transformations d form a
chain complex.

4.8 Proposition Let J be a finite upper semilattice and F C K j be a subfunctor. Then
KF — F is afree resolution of F.

Proof We need to show that, for every a in J, the complex of vector spaces (K F)(a) —
F(a) is exact. Consider the set T := {s € supp(B°F) | s < a}. If this set is empty,
FolCT
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then the complex (CF)(a) — F(a) is trivial and hence it is exact. Otherwise, the
complex (CF)(a) — F(a) is isomorphic to

~~~—>@K—> @K—>K,

SCT SCT
IS]=2 IS]=1

which is the augmented chain complex of the standard (| 7| — 1)-dimensional simplex,
whose homology is trivial in all degrees. O

The global Koszul complex XF — F is a free resolution of F which may fail
however to be minimal. A minimal resolution of F is a direct summand of the global
Koszul complex, which gives:

4.9 Corollary Let J be a finite upper semilattice and F C K j be a subfunctor. Then
the following containment holds:

| supp(B! F) < (supp(8° F)).

d>0

5 Constructing Relative Homological Algebra

Let (I, <) be a finite poset. In this section we present a strategy for defining an inde-
pendent (see 2.1) and acyclic (see 2.3) collection for relative homological algebra in
the category Fun(/, vectg). Our starting point and the standard assumption through-
out the entire section is a functor 7 : J°° — Fun([/, vectg) where (J, <) is a finite
poset.

We define the collection P := {7 (a) | a € J, T (a) # 0}. Although no structure
on the collection P was needed in our description of the homological algebra relative
to P in Sect. 2, in this section we illustrate the advantage of having the grading on P
given by the poset structure on J. The functor 7 is used to translate between the P-
relative homological algebra on Fun(/, vecty ) and the standard homological algebra
on Fun(J, vectg). This translation is done via a pair of adjoint functors.

5.1 Example Throughout this section, we consider the following running example. Let
(I, <) be the set {0, 1} with the product order, J the set {(u, v) € I? | u < v} with
the product order, and

T JP Fun(/, vectg)
" | (u,v) — coker(K (v, —) = K(u, —))
FolCT
b
@Sprmger 004



94 Foundations of Computational Mathematics

the translation or parameterization functor. Explicitly, we have the Hasse diagrams
(where the order goes up and to the right)

01,0101, 11 11,11
01 11
1= and J = 00,01----00,11 ----10, 11,
00 10
00,00 00, 10---- 10, 10

The image of J by 7 is then

where we have represented each nonzero functor 7 (a): I — vectg in P by their
support: the dotted squares correspond to the poset /, the shaded vertices correspond to
the support of the functor, where the functor is equal to K, and the transition functions
are all implicitly of maximal rank. The position of each functor 7 (a) corresponds to
the position of a in the Hasse diagram of J.

Finally, we have the collection

-l =B e®)

This example is a specific instance of lower hooks, introduced in [6], which we
study in general in Example F.

5.2 Adjunction The functor 7 induces the following pair of adjoint functors:

R
Fun(7, vectk) - Fun(J, vectg)
P
L
where
e R := Nat;(7, —) assigns to M : I — vectg the functor Nat; (7 (—), M) : J —
vectg,

e Lassignsto F: J — vectg the following colimit in Fun(/, vectg):

d
LF := colim @ T (a1) ® F(ag) :0; @ T@QF@) |,

ap=<aj in J A qinJ
FolCT
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where the summand 7 (a1) ® F(ap), indexed by ag < a;, is mapped

— by dp to the summand 7 (a1) ® F (a1) via the morphism id7(,,) ® F(ap < a1);
— by d; to the summand 7 (ap) ® F (ap) via the morphism 7 (ap < a1) @1dF(4y)-

5.3 Proposition The functor L is left adjoint to R.

Proof Let F: J — vectg and M : I — vectg be two functors. By the universal prop-
erty of the colimit and the tensor-hom adjunction, the set Nat; (LF, M) is in natural
bijection with the set of sequences of linear maps {f,: F(a) — Nat;(7 (a), M)}scy
making the following square commute for every ap < aj in J:

fa
F(ao) —2 Nat; (7 (ag), M)

F(ao<a1)l ; lNatI (T (ag=ay),M)
F(ar) —% Nat;(7 (a1), M)

Thus this set of sequences is in bijection with Nat; (F, Nat; (7, M)) = Nat; (F, RM).
In this way we get a natural isomorphism between Nat; (LF, M) and Nat; (F, RM),
which gives the desired adjunction. O

Let a be in J and consider the free functor K (@, —): J — vectg. By the adjunc-
tion between £ and R, for every M: I — vectg, the set Nat; (LK (a, —), M) is
naturally isomorphic to the set Nat;(K (a, —), RM), which is in natural bijection
with RM (a) = Nat;(7 (a), M). Consequently LK (a, —) and 7 (a) are isomorphic
functors for every a in J, and the collection P = {7 (a) | a € J, 7 (a) # 0} can be
identified with {LK (a, —) |a € J, LK (a, —) # 0}.

5.4 Example Continuing our running Example 5.1, consider the functor M: I —
vectg represented as follows:

Then, using the same representation conventions for functors indexed by J, the
functor R M is represented as

5.5 Adjunction unit and counit For M: I — vectg, the counit e3,: LRM — M
is the natural transformation adjoint to id: RM — RM. For F: J — vectg, the
unit ng: F — RLF is the natural transformation adjoint to id: LF — LF. If
F = K(a, —) for some a in J, then nF is also denoted by 5,. The adjunction between
L and R implies the commutativity of the following diagrams, which in particular
implies that Re s and € £  are epimorphisms, and 7 3y and L1 are monomorphisms:
Eo[:;”
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L
RM % RLRM LRLF &5 LF
J/RSM S[,FJ/
RM LF id
The functor R can be used to translate between P-exactness in Fun(/, vectg ) and
the standard exactness in Fun(J, vectg):

5.6 Proposition Let I and J be finite posets. A pair of natural transformations
f:M — Nand g: N — L in Fun(l, vectx) form a P-exact sequence (see 2.2)
if, and only if, the natural transformations R f and Rg form an exact sequence in
Fun(J, vectg).

Proof By definition of the functor R = Nat;(7, —), the pair Rf and Rg forms
an exact sequence if, and only if, Nat; (7 (a), f) and Nat; (7 (a), g) form an exact
sequence for all a in J, which corresponds to P-exactness in Fun(/, vectg). O

5.7 Corollary A natural transformation f: M — N in Fun(l, vectg) is a P-
epimorphism if, and only if, R f is an epimorphism in Fun(J, vectg).

For example, consider a functor M: I — vectx and the natural transformation
ey LRM — M. Since Reyy is an epimorphism, gy, is therefore a P-epimorphism.

To translate between minimal P-covers in Fun(/, vecty) and standard mini-
mal covers in Fun(J, vectg), an additional assumption on the functor 7: J°P —
Fun(/, vectg) is required. Here is the key definition of our paper.

5.8 Thinness The functor 7 : J°° — Fun(l, vecty) is called thin if, for every a in J,
the unit natural transformation n,: K(a, —) — RLK (a, —) is an epimorphism.

Our primary examples of thin functors are given by the following result:

5.9 Proposition Let I and J be finite posets and T : J°? — Fun(l, vectg) a functor.
Suppose that

e forallain J, the functor T (a) has at most one generator, i.e. ), ; BT (a)(v) <
1.
e foralla,bin J, Nat(7 (b), T (a)) #Oonlyifa < b.

Then the functor T is thin.

Proof Letabein J.If T (a) =0, then RLK (a, —) = Nat(7 (—), 7 (a)) = 0, so the
unit natural transformation 7, : K (a, —) — RLK (a, —) is surjective.
Otherwise, let b be another element of J. If 7 (b) = 0, then Nat(7 (b), 7 (a)) = 0.
If @ # b, then by hypothesis we also have Nat(7 (b), 7 (a)) = 0. Otherwise, we
have ¢ < b and 7(b) # 0. Using the hypothesis on 7, write supp(8°7 (b)) =
{xp}. Every natural transformation ¢: 7(b) — 7 (a) is then determined by
@x,: T(b)(xp) = T (a)(xp). Since dim 7 (b)(xp) = 1 and dim 7 (a)(xp) < 1, we
get dim Nat(7 (b), 7 (a)) < 1. Moreover, since a < b, we have dim K (a, b) = 1,
and so the natural map n,(b): K(a,b) — Nat(7 (b), 7 (a)) is a surjection. Thus
the unit natural transformation 7, : K (a, —) — RLK (a, —) = Nat(7 (—), 7 (a)) is
surjective, and we conclude that 7 is thin. O
EIOI::’”
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5.10 Example In our running Example 5.1, the functor 7 is thin. Lower hooks fit into
the setting of Proposition 5.9, but we can also check thinness by hand: for instance,
for a = (00, 10) in J, we have

=K@, ™ RLK(@, ) =R| | = ||,

so the unit natural transformation n,: K (a, —) — RLK (a, —) is indeed an epimor-
phism.

Among thin functors there are functors that satisfy a stronger requirement.

5.11 Flatness The functor 7 : J°P — Fun(/, vecty) is called flat if the unit natural
transformation 7, : K (a, —) — RLK (a, —) is an isomorphism for every a in J for
which 7 (a) # 0.

Every flat functor is thin. Since both left and right adjoints commute with direct
sums, if 7 is thin, then, for every free functor Cy in Fun(J, vectg), the unit natural
transformation nc,: Co — RLCy is also an epimorphism. If 7 is flat and Cyp in
Fun(J, vectg) is a free functor, then the unit natural transformation ¢, : Co — RLCy
is an isomorphism if, and only if, 7 (a) # O for every a in supp(8°Co).

5.12 Proposition Let I and J be finite posets. If the functor T : J°° — Fun(l, vectg)
is thin (resp. flat), then, for every subposet L C J, the restriction of T to L°P < J°P
is also thin (resp. flat).

Proof For all a in J, the functors RLK (a, —), R7 (a), and Nat; (7, 7 (a)) are iso-
morphic. Thus 7 is thin if, and only if, both of the following conditions are satisfied:

e fora £ bin J, Nat; (7 (b), 7T (a)) =0,
e fora < bin J, every natural transformation 7 (b) — 7 (a) is of the form A7 (a <
b) for some X in the field K.

This characterization implies that if 7 is thin, then its restriction to L°P is also thin.
Similarly, the functor 7 is flat if, and only if, both of the following conditions are
satisfied:

e fora £ bin J, Nat; (7 (b), 7T (a)) =0,
e fora < bin J,if T (a) # 0, then Nat; (7 (b), 7 (a)) is 1-dimensional and 7 (a <
b) is nonzero.

As before, this characterization implies that if 7 is flat, then its restriction to L°P is
also flat. O

Thinness is important because it implies that all the elements in the collection P
are indecomposable (as their endomorphism algebras are 1 dimensional), and conse-
quently this collection is independent (see 2.1). Nevertheless we find the following
proof insightful.
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5.13 Proposition Let I and J be finite posets. If the functor T : J°° — Fun(/, vectg)
is thin, then the collection P = {T (a) | a € J, T (a) # 0} is independent (see 2.1).

Proof Choose a in J. The functor RLK (a, —) = Nat; (7,7 (a)) = R7 (a) is the
zero functor if, and only if, 7 (@) is the zero functor. Thus, if 7 (a) is nonzero, then
the surjectivity of n,: K(a, —) — RLK (a, —) (7 is assumed to be thin) implies that
N, 1s a minimal cover in Fun(J, vectg ), in which case the standard 0th Betti diagram
BORT (a) = BPRLK (a, —): J — N has the following values:

0 1 ifa=0>b,
FRT@)®) = {0 otherwise.

Let B: J — N be a function whose support is finite and such that, if f(a) # 0,
then 7 (a) # 0. Consider the functor @, ; T (@)P@ | which is a finite sum because J
is finite. Since R is right adjoint, it commutes with finite direct sums and consequently
R (Buey T (@)P@) is isomorphic to P, ; RT (a)P@. According to the calculation
above, f is the 0" Betti diagram of R (Bucs T (@)P@). The function B is therefore
determined uniquely by the isomorphism type of the functor @, ; 7 (@)?@, which
gives the independence of 7. O

If 7: J°° — Fun(/, vectk) is thin, then we also have an effective way of con-
structing (minimal) P-covers in Fun(/, vectg) using standard (minimal) covers in
Fun(J, vectg).

5.14Theorem Let I and J be finite posets and T : J°P — Fun(l, vectx) a thin
functor (see 5.8). Then, for every M : I — vectyg, a natural transformation Cy —
RM is a cover in Fun(J, vectg) if, and only if, its adjoint LCy — M is a P-cover in
Fun(/, vectg ). Moreover, if Co — RM is aminimal cover, then its adjoint LCy — M
is a minimal P-cover.

Proof Since, for every a in J, the functor LK (a, —) is isomorphic to 7 (a) and L
commutes with direct sums, a functor Cy in Fun(J, vectg) is free if, and only if, the
functor LCy in Fun(/, vectg) is P-free. Recall that all projectives in Fun(J, vectg)
are free.

Choose a functor M: I — vectg, and a natural transformation f: Co — RM
with Cg a free functor in Fun(J, vectg). Let g: £LCo — M be the adjoint of f. The
following commuting diagram describes the relation between f and g:

Co 2% RLC,
\\ le
P> RM

By thinness assumption, the unit ¢, : Co — RLC) is an epimorphism. Therefore f
is an epimorphism if, and only if, Rg is an epimorphism, which, by Proposition 5.6,
happens if, and only if, g is a P-epimorphism. Thus f is a cover if, and only if, g is a
P-cover.
FolCT
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Next we discuss minimality. Suppose that f: Co — RM is a minimal cover. Since
we already showed that g: £LCy — M is a P-cover, it remains to show its minimality.
Let h: LCo — LCp be an endomorphism of g. This endomorphism fits into the
following commutative diagram:

o

Co =—ncy —» RLZCNJ
\R
g

—
’Rhl 5 RM

I
I
|
+ Rg
Co — ¢y —> RECV
\_{ f

As before, the unit n¢c,: Co — RLCy is an epimorphism. The dashed arrow exists
because C is free. By the minimality of f, this dashed arrow is an isomorphism. The
natural transformation R4 is therefore an epimorphism. By Corollary 5.7, h: LCy —
LCy is a P-epimorphism. Since LC is P-free, h being a P-epimorphism means that
h is an epimorphism. As the values of L£C are finite dimensional vector spaces, £ is
an isomorphism. The natural transformation g is therefore a minimal cover. O

5.15 Example Considering the functor from Example 5.4

M=,

the minimal cover of RM is

thatis, K ((00, 10), —)® K ((00, 01), —) — RM.Then, by Theorem 5.14, the minimal
P-cover of M is obtained by applying L (see the discussion before 5.4):

Theorem 5.14 has several important consequences, including the acyclicity of the
collection P:

5.16 Corollary Let I and J be finite posets. Suppose the functor T: JP —
Fun(Z, vecty) is thin. Then

(1) every functor in Fun(/, vectg ) admits a minimal P-resolution (see 2.5);
(2) the collection P = {7 (a) | a € J, T (a) # 0} is acyclic (see 2.3).
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Proof (1) Every functor in Fun(J, vectg) admits a minimal cover (see 3.5). Thus
according to Theorem 5.14 every functor in Fun(/, vectg) admits a minimal P-cover,
and hence a minimal P-resolution.

(2) Let M be a P-projective object in Fun(/, vectg). We need to show that it
is P-free. Consider a minimal cover Cy — RM in Fun(J, vectg) (see 3.5). Its
adjoint LCy — M, according to Theorem 5.14, is then a minimal P-cover of M in
Fun(/, vectg ), and therefore has to be an isomorphism since M is P-projective. Note
that LCy is P-free, and consequently so is M. O

To summarize, if the functor 7 : J°°P — Fun(/, vectg) is thin, then the collection P
is independent (see 5.13) and acyclic (see 5.16.(2)), and every functor M : I — vectg
has a minimal P-resolution (see 5.16.(1)). Thus thinness guarantees that the P-Betti
diagram ﬂ%M : P — N is well defined for every d > 0 (see 2.6). The rest of this
section is devoted to describing methods to calculate some values of these P-Betti
diagrams. We start by looking at what we can prove for a general poset J:

5.17 Proposition Let I, J be finite posets, and T : J°° — Fun([, vectg)and M : I —
vectg be functors.

(1) IfT isthin, then M (T (a)) = B°(RM)(a) for every a in J for which T (a) # 0.
(2) If T is flat, then ﬂ%M(T(a)) = BL(RM)(a) for everyd > 0 and every a in J for
which T (a) # 0.

Proof Let f: Cyp — RM be a minimal cover. By definition of BY(RM), the functor
Co is isomorphic to P, ; K (a, —)B CRM)@ Recall that, for every a in J, the functor
LK (a, —) is isomorphic to 7 (a). This, together with the fact that £ commutes with
direct sums, implies that £Cy is isomorphic to the functor

D T ()P RM@

acJ
T (a)#0

Suppose 7 is thin. According to Theorem 5.14, the minimal P-cover of M is given
by the adjoint g: £LCy — M of the minimal cover f: Co — RM. We conclude that
the equality ,B%M (7 (a)) = ,BO(RM )(a) holds for all a for which 7 (a) # 0. This
shows (1).

Suppose 7 is flat. The natural transformations ker(g) < LCy and g: LCy —
M form a ‘P-exact sequence in Fun(/, vectg). According to Proposition 5.6, after
applying R, the natural transformations R (ker(g) < LCp) and Rg form therefore an
exact sequence in Fun(J, vecty ). Since R is right adjoint, it preserves monomorphisms
and hence R ker(g) is the kernel of Rg. We can then form the following commutative
diagram with the indicated arrows representing epimorphisms and monomorphisms,
and with the vertical sequences being exact:

EIOI::’”
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ker(f) — Rker(g)

[ [

Co L} RLCy

wa y%g

By flatness, RLC is free and hence, by minimality of f, the unit » is an isomor-
phism. The natural transformation represented by the top horizontal arrow in this
diagram is then also an isomorphism. Consequently, for every d > 0 and every a in
J, B4 (ker( ) = BLUR ker(g))(a), and we conclude with the following sequence
of equalities:

ﬁ%M(T(a)) = ﬂ%ﬁl(ker(g))(’]'(a)) (Since g: LCy — M is a minimal P — cover)
=B (Rker(9))(a) (By induction)
= B/ (ker(f))(@) (By isomorphism)
= gL(RM)(a). (Since f: Co — RM is a minimal cover)
This proves (2). m]

Proposition 5.17.(1) provides an algorithm to calculate the 0™ P-Betti diagram of a
functor M : I — vectgy when 7 is thin: first take RM: J — vectg, then calculate
its standard O™ Betti diagram (over the poset J), and finally restrict the obtained 0"
Betti diagram to the @ in J for which 7 (a) # 0. The standard 0 Betti diagrams can
be calculated for example using radicals (see 3.5). This algorithm can be then used
inductively in order to calculate the P-Betti diagrams ,B%M of M forall d > 0, as
explained in 2.6. In every step of this procedure we need to evaluate the functor R on
successive kernels (see the second step in the sequence of equalities at the end of the
proof of 5.17). We would like to avoid that step, for example by showing beforehand
that the P-Betti diagrams over I at 7 (a) are equal to the corresponding Betti diagrams
over J at a. This is the case if, for example, 7 is flat (see Proposition 5.17.(2)). How-
ever, our key examples (see Sect. 6) are not flat but thin. For an arbitrary thin functor
there could be elements a in J for which the numbers ,B%M (T (a)) # ﬂd (RM)(a)
differ. Such elements are called 7 -degenerate:

5.18 Degeneracy locus Let 7: J°° — Fun(/, vectg) be thin. An element a in J
is called 7-degenerate if 7 (a) = 0 or if 7(a) # 0 and there exists a functor
M : I — vectg and a natural number d > 0, for which ,B%M(T(a)) #* BLRM)(a).
The collection of 7 -degenerate elements is called degeneracy locus of 7.

If 7 is flat, then its degeneracy locus is given by {a € J | 7 (a) = 0} (see 5.17.(2)).
For an arbitrary thin functor 7 we do not have an explicit description of its degeneracy
locus. However, we can approximate it when J is an upper semilattice.

5.19 Theorem [Main result, first half] Let I be a finite poset, J a finite upper semi-
lattice, and T : J°P — Fun([, vectk) a thin functor. Then the degeneracy locus of T
Eo[:;”
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(see 5.18) is contained in the set

|J supp(B ker na) < J.

aclJ
d>0

Proof Write G := U, 4 supp(B8< ker n,). Let us prove the contraposition, that for
M : I — vectg afunctor,ain J\G,andd > 0, we have 7 (a) # Oandﬂ%M(T(a)) =
BL(RM)(a). Note that if 7 (a) = 0, then supp(,B0 ker n,) = {a}, so the first statement
is true. We proceed by induction on d > 0 for the second statement. The case d = 0
is the statement of Proposition 5.17. Now let d > 0.

We proceed exactly as in the proof of Proposition 5.17. Let M : I — vectg be a
functor and consider the following commutative diagram:

ker(f) — Rker(g)

{ {

Co —— RLC,

7 ARs

where f is a minimal cover in Fun(J, vectg), g is its left adjoint, which according
to Theorem 5.14 is a minimal P-cover in Fun(/, vectg), the indicated arrows are
epimorphisms and monomorphisms, and the vertical sequences are exact. The thin-
ness assumption implies that the unit natural transformation 7 (the middle horizontal
arrow in the above diagram) is an epimorphism. This, together with the exactness of
the vertical sequences, implies that the natural transformation represented by the top
horizontal arrow is also an epimorphism. Also by exactness of the vertical sequences,
the kernel of this natural transformation is isomorphic to ker(n). In this way we obtain
an exact sequence in Fun(J, vectg) of the form

0 — ker(n) — ker(f) — Rker(g) — O.

Let us show that forall a in J\G andd > 0, ,Bd(ker(f))(a) = ,Bd (Rker(g))(a).Since
Cy is free and both R and £ commute with direct sums, ker(#) is isomorphic to a direct
sum of functors of the form ker(n,: K(a, —) — RLK (a, —)). By definition of G,
we have the containment supp(ﬂd ker(n)) C G forevery d > 0. Thus, forevery d > 0
andain J\ G, ﬂd(ker(n)) (a) = 0. Since J is an upper semilattice by assumption, we
apply Corollary 3.9 to deduce that B¢ (ker(f))(a) = BLUR ker(g))(a).

We conclude with the following sequence of equalities:

ﬁ%M(T(a)) = ﬂ;j;l(ker(g))(T(a)) (Since g: LCy — M is a minimal P-cover)
= g1 (R ker(g))(a) (By induction)
= /Sd_l (ker(f))(a) (By our previous claim)
FoCq
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= ﬂd(RM)(a). (Since f: Co — RM is a minimal cover)

]

With some additional hypotheses on the parameterization, we get an exact descrip-
tion of the degeneracy locus.

5.20 Corollary [Main result, second half] Let I be a finite poset, J a finite upper semi-
lattice, and T : J°P — Fun(/, vecty) a thin functor. Suppose that, for all a in J, the
sublattice (supp(,B0 ker n,)) is contained in {b € J | T (b) = 0}. Then the degeneracy
locus of T is {b € J | T(b) = 0}, which is equal to Uucy (supp(B° ker n4)).

Explicitly, for every functor M : I — vectg, every elementa in J such that 7 (a) #
0, and every d > 0,

BLM (T (a)) = dim Hy(K,RM).

Proof Forain J and d > 0, supp(B< ker ) is contained in (supp(8° ker 14)), which
itself is contained in {b € J | 7 (b) = 0} by hypothesis. By Theorem 5.19, we deduce
that the degeneracy locus of 7 is also contained in {b € J | 7(b) = 0}. In fact,
they are equal, and they are both equal to U, ¢ (supp(8° ker 1,)). By definition of the
degeneracy locus and Theorem 3.8 respectively, for all M: I — vectg, a in J such
that 7 (a) # 0, and d > 0, we get the equalities

BLM (T (a)) = BYRM(a) = dim Hy(K,RM).
m}

5.21 Example Our running Example 5.1 satisfies the conditions of Corollary 5.20. This
is proved in general for lower hooks in Example F, but here we can check this by hand:
for instance, for a = (00, 10), we computed the unit natural transformation 7, in 5.10.
We find that

kern, = ,

and so supp(ﬂ0 ker n,) = {(10, 10)} = (supp(ﬂ0 ker n,)), and from 5.1 we know that
7((10, 10)) = 0. We reason similarly for all other a in J.

6 Examples

This last section is devoted to examples of independent and acyclic collections together
with calculations of the induced relative Betti diagrams in the category Fun(/, vectg),
where (I, <) is a finite poset. Our strategy for performing these calculations is to find
an appropriate parameterization of the collection via an upper semilattice J and a
functor 7 : J°P — Fun(/, vectg) as explained in Sect. 5.
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Example A. Singleton

We start with the simplest nonempty example. Choose a functor Py: I — vectx and
consider the collection { Py} consisting only of this chosen functor. The simplest way
to parameterize this collection is to consider the poset [0] with a single element 0 and
the functor 7 : [0]°° — Fun(/, vectg) sending O to Pp.

We do a case analysis by the dimension of Nat; (Py, Pp). If dim Nat; (P, Py) = O,
then Py = 0 and the collection P = {7 (a) | a € [0], 7 (a) # 0} is empty. For every
functor M : I — vectg,0 — M is a minimal P-resolution, and the Betti diagrams of
M are therefore given by the empty function & — N.

If dim Nat;(Py, Py) = 1, then the functor 7 is flat (explicitly, K(0,—) —
Natj (Py, Py) is an isomorphism). For every functor M: I — vectg, the minimal
cover of RM = Natj(Py, M) is the identity, so by Theorem 5.14, the minimal
P-cover of M is its left adjoint, which is the evaluation natural transformation
Py ®k Naty(Py, M) — M. By Proposition 5.17:

dim Nat; (Py, M) ifd =0,

d
M(Py) =
PpM(Fo) =1 ifd > 0.

If dim Nat; (Py, Py) > 1, then the functor 7 is not thin, and we observe for instance
that the minimal cover of R Py is adjoint to the P-cover Py ® ¢ Naty(Py, Py) — Po,
which is not the minimal P-cover of Py.

We now proceed with the remaining examples, studying homological algebra rela-
tive to various collections of functors in Fun(/, vectg ). In each example, to the extent
that is possible, we proceed as follows. We start by defining a collection and its param-
eterization by a functor 7 : J°? — Fun(/, vectg). We then check if the functor 7 is
flat or thin.

e If 7 is flat, then we can apply Proposition 5.17.(2).

e If 7 is thin, then our aim is to apply Corollary 5.20. To do this we need to verify the
other conditions of the corollary, namely that the poset J is an upper semilattice
and that 7 sends the sublattice (supp(,BO ker n,)) to O for all @ in J. We call this
latter assumption the degeneracy condition.

In both cases, we conclude that we can compute Betti diagrams relative to P from
Koszul complexes over J. To do this effectively, we characterize parents in J and
then give an explicit formula for Koszul complexes. Then, for every functor M : I —
vectg, element a in J such that 7 (a) # 0, and d > 0, we have the equality
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BHM (T (a)) = dim Hy(K,RM).

Finally, we compute an explicit relative projective resolution of the following functor
Mgy on a 6 x 6 grid, whose minimal standard resolution is illustrated below:

My

As in Example 5.1, the functor My illustrated here is equal to K on its support (vertices
in the shaded area) and 0 elsewhere, with all the transition functions My (v < w) having
maximal rank.

Example B. All Subfunctors
Collection

We consider the collection of all nonzero elements in Sub([/), the set of all subfunctors
of the constant functor K; (see Sect.4).

Parameterization

Recall that there is a poset relation < on Sub(7) (see 4.6) such that F' < G if, and only
if, supp(F) 2 supp(G), which is equivalent to supp(F) 2 supp(8° G). According
to 4.5 and 4.6, the poset (Sub(/), <) can be identified with either the opposite of the
inclusion poset (Up(7), ) of upsets of I, or with the poset (Anti(/), <) of antichains
in /. In particular (Sub([/), <) is an upper semilattice.

Define 7 : (Sub(/), <)°? — Fun(l, vectg) to be the identity on objects, and to
map a relation ' < G to the corresponding natural transformation G C F. The
collection P = {7(F) | F € Sub(I), T(F) = F # 0} consists of all nonzero
subfunctors of K;.

Flatness

This requires the additional assumption of / having a unique maximal element.

6.1 Proposition Let I be afinite poset with a unique maximal element. Then the param-
eterization T is flat.

Proof Let F, G C K benonzero subfunctors. By [19, Prop. 3.10(2)], the dimension of
the space Nat(G, F) is equal to the number of connected components of supp(G) fully
contained in supp(F). By hypothesis of / having a unique maximal element, supp(F’)
and supp(G) each have only one connected component, sodim(Nat(G, F)) = 1if F <
FoCT
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G and 0 otherwise. We deduce that the unit natural transformation ng: K(F, —) —
RLK(F, —) is an isomorphism, and so we conclude that 7 is flat. O

According to Proposition 5.17.(2), the flatness of 7 gives the equality ﬂ%M (F)=
,Bd(RM )(F) for every functor M: I — vectg, nonzero subfunctor F € K;, and
d > 0. The P-Betti diagrams over I can be therefore expressed as the standard Betti
diagrams over the upper semilattice (Sub(/), <). Thus these standard Betti diagrams
can be calculated using Koszul complexes, once we have identified and enumerated
parents and their meets in (Sub(/), <) (see 5.20).

Parents

We identify (Sub([/), <) with the opposite poset of upsets Up(1)°P via the map F +—
supp(F) (see4.5). Forasubset S of 1, denote by S¢ its complement in / and by Max(S)
the set of maximal elements of S. The sets of parents in Up(/)°P can be described as
follows:

6.2Lemma The set of parents of U in Up(1)°P is {U U {v} | v € Max(U°)}.

Proof Let v be an element of Max(U¢). The set U U {v} is indeed an upset because
every element greater than v is not in U¢, and hence itis in U. Since U U {v} contains
U, the former is indeed a lower bound of the latter in Up(/)°P. Finally, since there is
only a one-element difference, U U {v} is a parent of U.

Conversely, let V be a parent of U in Up(/)°P. Then U is properly contained in
V. Let v be a maximal element in V\U. Since V is an upset, v is also an element of
Max(U°€), and consequent V = U U {v}. O

Recall that for an upset U of I, the symbol Ky denotes the unique subfunctor of K
for which supp(Ky) = U. Thus, in terms of subfunctors, according to Lemma 6.2, the
parents of /' C K in the poset (Sub(/), <) are subfunctors of the form Kupp(ryufw) S
K for v in Max(supp(F)°).

Koszul Complexes

For M: I — vectg and F C Kj, the Koszul complex of RM : Sub(/) — vectg at
F is therefore given in degree d > 0 by

KrRM)a= @  Nat(Kauppiryus. M),

SCMax (supp(F)©)
|S|=d

with the differentials as defined in 3.7. The value ﬂ%M (F) is then given by the
dimension of the d™ homology of this chain complex. For example, in the case I is
the 6 x 6 grid, the relative projective resolution of Mg can be illustrated as
FolCTl
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Since 7 : Sub(/)°? — Fun([/, vecty) is flat, so are all of its restrictions (see 5.12).
Thus one way of producing examples of flat functors for which we can use Koszul
complexes to calculate the associated relative Betti diagrams is to find subposets of
Sub(/) which are upper semilattices (not necessarily sublattices of (Sub(/), <)) and
for which we can identify parents of its elements and meets of subsets of parents that
are bounded below. The next example is an illustration of this strategy.

Example C. Translated Functors
Collection

Suppose the poset (I, <) is the product {0 < - - - < n}", which is a distributive lattice.
Its elements will be denoted as words wj - - - w,. Fix an antichain § in Anti(/) and
define I — S:={vel|S+vCI} Thesetl — S consists of the elements v in /
for which all the coordinates of ¢ 4+ v are bounded by » for every s in S. Thus

,
I—S=[]{0.....n—max{s; [s € S}} S {0,....n} =1.
i=1

Moreover, the subposet (I — S) C [ is a sublattice.

For v in I — S, the subset S + v C [ is also an antichain in /. The associated
subfunctor K (S+v, —) C K7 is called the translation of K (S, —) € K; by v (see 4.6
for the notation). In this example we consider the collection of all such translations
P ={KS+v,—)|vel—-S}

Parameterization

The lattice I — S provides a natural choice for parameterizing this collection because,
for v and w in I — §, the inclusion K (S 4+ v, —) € K (S + w, —) exists if, and only
if, v > win I. In particular, K (S + v, —) = K(S 4+ w, —) if, and only if, v = w. Set
T: (I — 8)° — Fun(/, vectg) to be the functor which maps v in (I — S)°P to the
translation K (S + v, —).

Flatness

This functor is flat by Proposition 5.12, since it can be identified with the restriction of
the functor 7 discussed in Example B to the subposet {K(S + v, —) |[ve I — S} C
FoCT

s

) Springer |03



108 Foundations of Computational Mathematics

Sub(7). Although the inclusion of posets may fail to be a sublattice inclusion, the poset
I — S is a lattice (since it is a sublattice of 1) and consequently the 7P-Betti diagrams
can be calculated via Koszul complexes.

Parents

For every element v of (I — §) C I, the parents of v in [ are also in / — S. Thus the
parents of v in I — § are the same as those of v in /.

Koszul Complexes

For M: I — vectg and v in I — S, the Koszul complex of RM: (I — S) — vectg
at v is given in degree d > 0 by

KRM)yg= @ Na(K(S+ N\;_5T.—). M),

TCUy—s(v)
IT|=d

with differentials as defined in 3.7. Finally, the value ,B;‘;M (K(S + v, —)) is given by
the dimension of the d™ homology of this chain complex. For example, if we choose
I ={0 <--- <5and § = {02,10} C I, then the projective resolution of M
relative to translations of the subfunctor K ({02, 10}, —) C K/ can be illustrated as

where the double lines indicate summands with multiplicity 2.

Example D. Spread Modules
Collection

We consider the following collection:
C:={coker(GC F)| G CF C Ky}.

Functors in this collection have been studied in other works. They are exactly the

spread modules as defined in [5]. Recall that spread modules are defined using two

antichains S and T in I such that, for all s in S there exists # in 7 such that s < ¢, and

for all t in T there exists s in S such that s < . The spread with sources S and sinks
EIOI::’”
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T is the subset of 1
[S,T]:={vel|3seS,IteT,s <v <t}

The spread module with sources S and sinks 7' is then defined as the functor
Kis.t1: I — vectg where, forallv <win I,

K ifvelS T],
0 otherwise,

idg ifv,w e[S, T],

K, V) =
(s.71(v) 0 otherwise.

Kis,mi(v S w) = {

6.3 Lemma The following statements about M : I — vectg are equivalent:

(1) M is isomorphic to a spread module;
(2) M is isomorphic to coker(G C F) for some G C F C Kj;
3) Forallv <win I, dm(M)) < 1 and M(v < w) is of maximal rank.

Proof (1 = 2)If M is isomorphic to a spread module K|s, 77, then there is a surjection
a: K(S,—) — M, and hence M is isomorphic to coker(ker(a) € K (S, —)).
(2 = 3) Let v < w be elements of /. Since F surjects onto coker(G C F), we have
dim(M(v)) < 1.If M(v) = 0or M(w) = 0,then M (v < w) is of full rank. Otherwise,
v and w are outside of the support of G, which is an upset, and so M (x) = F(x) for
allv < x < w, and so M (v < w) is of full rank.
(3 = 1) Let S be the minimal elements and 7 the maximal elements of supp(M),
and consider the spread module K|s 77. Note that, for v < win I, if M(v < w)
is nonzero, then it is an isomorphism of 1-dimensional vector spaces. Thus, for any
two elements v, w in a connected component of supp(M), there exists an isomor-
phism ¢, 4 M(v) — M (w) that commutes with the transition maps of M. This
isomorphism can be defined as a zigzag composition of transition maps.

LetCy, ..., Ci be the connected components of supp(M). For each i, fix an element
v; € C;, and define a natural transformation f: M — K|s 1] by

oy v(Didg ifveC,iell,... k},
f) = .
0 otherwise,
We conclude by observing that f is an isomorphism. O

Parameterization
Consider the following poset equipped with the product order:
Q:={(F,G) e Sub(l)> | F < G}
The functor Q: Q°° — Fun(/, vectg) which sends (F, G) to coker(G C F) is a
natural parameterization of the collection C.
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Non-Thinness

The functor Q in general is not thin, as the following proposition illustrates, and hence
we cannot apply Corollary 5.20.

6.4 Proposition Suppose I is a finite poset containing two incomparable elements v
and w. Then the collection of nonzero elements in C is not independent and Q: Q°° —
Fun(l, vecty) is not thin.

Proof Let F, G, H: I — vectg be the unique functors in C whose supports are equal
to the following spreads: supp(F) = {v}, supp(G) = {w}, and supp(H) = {v, w}.
Since H is isomorphic to ' @ G, the collection of nonzero elements in C cannot be
independent. Consequently Q cannot be thin (see Proposition 5.13). O

Although Q is not thin, it can be used to construct thin functors. Our strategy is to
use Proposition 5.9 to look for thin restrictions of Q to subposets of 2.

Example E. Single-Source Spread Modules
Collection
We consider the following subcollection of C (see Example D):
Co := {F € C | F has exactly one generator}.
Note that all the functors in Cy are of the form coker(G € K (v, —)) for some v in

I. Thus functors in Cp are isomorphic to spread modules Ks 77 with |S| = 1. These
spread modules are studied in [5] and are called single-source spread modules.

Parameterization

The restriction of Q: Q°° — Fun(/, vectg) (see Example D) to the following sub-
poset of Q2 is a natural parameterization of the collection Cy:

Qo = {(K(v, =), G) € Sub(I)? | K(v, —) < G and v in I}.

Let Qp: Qgp — Fun(/, vectg) denote this restriction.

Thinness

The parameterization Qy satisfies the conditions of Proposition 5.9. Indeed, by defini-
tion, the functor Qu(K (v, —), G) = coker(G € K (v, —)) has at most one generator,
and if the functor is nonzero, then its generator is at v. Moreover, we can check that if
(K(U, _)7 G) 7\4 (K(vlv _)9 G/) in QOsthen Nat(QO(K(U/, _)7 G,)y QO(K(Uv _)s G))
= 0. Consequently, Qg is thin and we can utilize Proposition 5.17.(1) to express the O

FolCTl

. H_h

A Springer |03



Foundations of Computational Mathematics m

Co-Betti diagrams of functors indexed by / in terms of the standard 0™ Betti diagrams
of functors indexed by 2.

In order to apply Corollary 5.20 to use Koszul complexes to calculate the higher
Co-Betti diagrams, we need to check that the poset €29 is an upper semilattice and that
the functor Qg sends (supp(ﬁf0 ker n,)) to O for all a in 2.

Upper Semilattice

Suppose (I, <) is an upper semilattice. Then ¢ is also an upper semilattice. To
describe the join operation and the parents of elements in g, it is convenient to
identify it with the following subposet of the product 7 x Up(/)°P

Qo ={(v,U) € I x Up(I1)® | v < u for every u in U}
by assigning to an element (K (v, —), G) in 9, the pair (v, supp(G)). In this poset

(v1, Uy) < (v2, Up) ifand only if vy < vy and Uy 2 U,, and hence the join of (v, Uj)
and (v2, U) in Qg is given by (v; V v2, U N U>).

Degeneracy

By definition, for all @ = (v, U) in o, the support of the kernel of the unit
Na: K(a,—) — RLK(a,—) consists of the elements b in Qg such that b = a
and RLK (a, b) = Nat(Qy(b), Qo(a)) = 0. Thus the elements in supp(8° ker 1,),
which are the minimal elements in supp(ker 1,), are of the form (u, (u < I)) where
u is a minimal element of U. Note further that Qg (v’, v/ < I) = 0 for every v/ in I.
Since the collection of elements in ¢ of the form (v/, (v/ < I)) is closed under joins,
we conclude that Qg sends every element of (supp(,BO ker n,)) to O.

Parents

The poset ¢ has the product order and Lemma 6.2 gives the parents of upsets, so the
parents of (v, U) in ¢ are of the form

Ugy (v, U) = U (v) x {U}) U {(v,UU{w}) |w € (v < Max(U))},
where (v < Max(U¢)) is the set of maximal elements of U bounded below by v.

Koszul Complex

For M: I — vectg the value of the functor RM : Q¢ — vectg at (v, U) in ¢ can
be identified with

RM (v, U) = Nat(coker(Ky € K (v, —)), M) = ﬂ ker M(v < u),
ueMin(U)

°4
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where the second equality comes from identifying every element ¢ in Nat(coker(Ky €
K (v, —)), M) with its value ¢(v)(1) in ﬂueMin(U) ker M(v < u).
The Koszul complex of RM at (v, U) in degree d > 0 can now be identified with

(/C(U,U)'RM)d = @ ﬂ ker M(/\(lsv) S <u),
SCU; (v) ueMin(UUT)
TC(v=<Max(U®))
[S|+IT |=d

S has lower bound

with differentials as defined in 3.7. Finally, we obtain the relative Betti diagrams of
M from the homology of this chain complex. For example, the relative projective
resolution of My = coker(K{os4,32,40y S K (00, —)) is itself, since it is already a
single-source spread module:

Example F. Lower Hooks
Collection

Let (1, <) be a finite upper semilattice. We now consider the collection of lower hooks,
originally defined in [6], which we define as the subcollection of C (see Example D)

Cr = {coker(K(w, =) € K(v,—)) | K(w, ) € K(v, —) € K;}.

Parameterization

Let (J, <) be the poset {(v, w) | v, w € I, v < w} equipped with the product order:
(v,w) < (V,w)in J if and only if v < v/ and w < w’ in I. We identify J with
the subposet of the poset €2 (see Example E) consisting of the pairs (v, w < I) for
(v, w) in J. Via this identification, we parameterize lower hooks by the restriction
of the functor Qp: Qgp — Fun(/, vectg) (see Example E) to J, and denote it by
T . Explicitly, for a = (v, w) in J, the functor 7 (a) is given by coker(K (w, —) C
K (v, —)).

Thinness

The functor 7 is thin by Proposition 5.12, since it is a restriction of the thin functor

Qo.
FolCT
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Upper Semilattice

The poset J is a finite upper semilattice, inheriting the structure from /. Note however
that J is not a sublattice of 2.

Degeneracy

For all a = (v, w) in J, the sublattice (supp(ﬁo kern,)) € J is sent to 0 by 7.
Indeed, the support of the kernel of the unit n,: K(a, —) — RLK (a, —) consists of
the elements b of J such that b = a and RLK (a, b) = Nat(7 (a), 7 (b)) = 0. This
support has a single minimal element, (w, w), which is therefore also the only element
of supp(,BO ker n,). Thus, in this case, (supp(,B0 ker n,)) = {(w, w)}, which is sent to
Oby 7.

By Corollary 5.20, we conclude that the Betti diagrams relative to lower hooks can
be computed via Koszul complexes over J.

Parents
First, for all (v, w) in J, we have
Uj(v, w) = U (v) x {wh) U ({v} x (v < U (w))),

where (v < Uj(w)) is the subset of U (w) of elements greater or equal to v.

Koszul Complexes

Next, we identify RM (v, w) = Nat(7 (v, w), M) with ker(M (v < w)). Thus we can
compute the Koszul complex of RM at (v, w) in degree d > 0 as

(K.wyRM)g = &y ker M(A(j<p) S < A< T

SCUr(v), TSw=sU[(w))
[S|+IT|=d

S has lower bound

with differentials as defined in 3.7. Finally, we obtain the relative Betti diagrams of
M from the homology of this chain complex.

Variation on Lower Hooks
Now consider the subcollection of C
Coo :=Cp, U{coker(0 C K(v,—)) |v e I}.

We parameterize this by the finite upper semilattice Joo = {(v,w) | v,w € T U
{oo}, v < w}, where oo is greater than every element of /. The upper semilattice J is
FoCT

u o

@Springer 204



114 Foundations of Computational Mathematics

a sublattice of Jo,. We extend the functor 7: J°° — Fun(/, vectg) to J by sending
(v, 00) to K (v, —) and denote it by the symbol 7. The conditions for Corollary 5.20
also hold for this extension. In addition, Co-exactness implies exactness and rank
additivity [6, Prop. 4.3]: given a short C-exact sequence 0 > M — N — L — 0
andv < win I, we have rank N(v < w) =rank M (v < w) + rank L(v < w).

There is a similar formula for Koszul complexes where we identify RM (v, oo)
with M (v). For both of these examples (7" and 7,), the relative projective resolution
of My is

As observed above, this sequence is rank additive.

Relative Projective Dimension

By [9, Corollary 10.18] we can deduce an upper bound for the projective dimension
of a functor in Fun(J, vectg), i.e. the maximal length of its minimal projective res-
olution. By Corollary 5.20, the maximal length of a minimal projective resolution in
Fun(l, vectg) relative to lower hooks will have the same upper bound. Recent work
[7] proposes a tighter bound in the case where [ is a finite lattice. Here we present a
proof of this result using Koszul complexes.

6.5 Proposition [cf. [7, Theorem 5.18]] Let I be a finite lattice such that every its
element has at most n parents. Then the projective dimension relative to lower hooks
of every functor M : I — vectg is bounded above by 2n — 2.

Proof By [9, Corollary 10.18], every functor M in Fun(, vectg ) has projective dimen-
sion at most n. For the same reason and by observing that J is also a lattice where every
element has at most 2n parents, a functor in Fun(J, vectg) has projective dimension
at most 2n. In particular, this is the case for the functor RM : J — vectg.

Let 1, mp: J — I be the functors defined by 71 (v, w) = v and m (v, w) = w.
Consider the compositions M and M7, in Fun(J, vectg) and the natural transfor-
mation « : My — My whose component at any (v, w) in J is M (v < w). Observe
that there is an exact sequence of functors 0 — RM = ker(a) — Mm % M.
Now let C — M be a minimal free resolution in Fun(/, vectg). For i = 1,2,
the sequence Cmr; — Mm; in Fun(J, vectg) is also exact because exactness is
defined componentwise. Moreover, for # in I and (v, w) in J, the vector space
(K (u, —)m)(v, w) is nonzero if, and only if, u < v, or equivalently (u, u) < (v, w).
Thus, K (1, —)m is isomorphic to the free functor K ((u#, u), —). As a consequence,
the sequence Cr; — M is a free resolution in Fun(J, vectg), and so M has pro-
jective dimension at most n. Analogously, K (u, —)m; coincides with the free functor

EIOI::’”
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K ((e, u), —), where e is the global minimum of the lattice (it exists because [ is finite).
We have again that the sequence Cmrp; — M, is a free resolution in Fun(J, vectg),
and M, has projective dimension at most 7.

Now consider the exact sequence 0 - RM — Mm; — im(e) — 0 and let (v, w)
be an element in J. Since the functor Ky, ) is exact, the sequence 0 — K, ) RM —
Kw,wyMny — K@ wim(a) — 0 is also exact. As we observed, the elements in the
poset J have at most 2n parents, so we obtain the following long exact sequence:

0 — Hyp(KpwyRM) —— Hoy (K, wyMmy) —— Hop (K, w)im(a)) j

[% Hyp  (K,uyRM) — Hopy 1 (KwyMm1) — Hop1 (K(y,wyim(a)) —> -+

However, as seen above the 2n™ Betti diagram ,32” (Mmy): J — N is identically
0, and hence Hr,(K,wyMm1) = 0. We deduce the equalities BHRM (v, w) =
dim H2, (K, wyRM) = 0. Similarly, consider the short exact sequence 0 —
im(e) - Mmy — Q — 0 where Q := Mm,/im(x). As before, it leads to a
long exact sequence

00— HZn(’C(v,w)im(a)) e H2n(IC(v,w)M7T2) — HZn(IC(v,w) Q) — -

Consequently, Hy, (K, wyMmz) = 0, and so H, (K,y)im(e)) = 0. Moreover,
considering the first long exact sequence, we also have Hp,—1 (K, w)m1) = 0, and so
B IRM (v, w) = dim Hap—1 (K(yw)RM) = 0.

The functor RM therefore has projective dimension at most 2n — 2, and so M has
projective dimension relative to lower hooks at most 2n — 2. O

Example G. Rectangles

We now illustrate an example where the assumptions of Corollary 5.20 fail.

Collection

Let (I, <) be a finite upper semilattice. We define the rectangle from v to w as the
spread [v, w] == {x € I | v < x < w} of I (see Example D) and we consider the
subcollection of C of rectangle functors:

Cr={Kpujlv,wel, v<w}l

Parameterization

Let (J, <) be the poset {(v, w) | v, w € I, v < w} with the product order, as in the
example of lower hooks (see Example F). This time, we identify J with the subposet
{(v,ker(K(v, =) = K(—,w)*) | v < w} of Qp, where the functor K (—, w)* is
equal to K at u, when u < w, and 0 otherwise, with transition functions of full rank.
FolCT
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Via this identification, we parameterize rectangle functors by the restriction of the
functor Qp: Qgp — Fun(/, vectg) (see Example E) to J, and denote it by 7.

Thinness

The functor 7 is thin by Proposition 5.12, since it is a restriction of the thin functor

Qo.

Upper Semilattice

The poset J is a finite upper semilattice just as in the previous example.

Problem With Degeneracy Locus

Let I be the finite grid {0 < - -- < 5}% with the product order and My: I — vectg a
functor. Choose a := (04, 24) in J. It has has two parents, (03, 24) and (04, 14). The
Koszul complex of R M at a is therefore

Nat(7 (03, 14), Mp) — Nat(7 (03, 24), Mo) @ Nat(7 (04, 14), Mp)
— Nat(7 (04, 24), My),

which simplifies to 0 — Nat(7 (03, 24), Myp) = K — 0, and so B'RMy(a) =
1. However, in Example H below we compute, using a different parameterization
of the collection Cpg, the relative Betti diagrams of Mj. In particular, we determine
BpMo(T (a)) = 0, hence BMo(T (a)) # B'RMy(a). The reason for this non-
equality is that 7 does not send the sublattice (supp(B8° ker 14)) to 0 for all @ in J. In
fact, 7 does not send any element of J to 0, but sometimes ker 1, is nonzero, and so
the support of 8 ker 1, must be sent to nonzero functors.

Example H. Rectangles on a Grid

We can amend the example of rectangles (see Example G) when we have more control
over the poset /. In this example, we consider / := {0 < --- < n}" a finite grid with
the product order, denoted by <. For v, w in I, we write v + (w — v); for the element
(Vs e ooy Viel, Wiy Vigly - v vy Up).

Collection

We consider the same collection Cg as in Example G.
FolCTl
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A Springer Lo



Foundations of Computational Mathematics 17

Parameterization

Let (J, <) be the poset {(v, w) | v, w € I, v < w} with the product order, as in the
previous example. This time, we identify J with the subposet

{(v,LrJ(v—i—(w—v)ifI))‘v,wel,vfw}

i=1

of Q¢ (see Example E). Via this identification, we parameterize rectangle functors by
the restriction of the functor 7 : Qgp — Fun(/, vectg) (see Example E) to J, and
denote it by 7. Explicitly, 7 maps (v, w) to the functor coker(p;_,; K (v + (w —
v)i, =) = K (v, ).

Thinness

The functor 7 is thin by Proposition 5.12, since it is a restriction of the thin functor

o.

Upper Semilattice

The poset J is a finite upper semilattice just as in the previous example.

Degeneracy

For all a = (v, w) in J, 7 sends the sublattice (supp(ﬁo ker n,)) to 0. Indeed, the
support of the kernel of the unit n,: K(a, —) — RLK (a, —) consists of the elements
bin J such that b 3= a and RLK (a, b) = Nat(7 (b), T (a)) = 0. Thus the elements
of supp(,B0 ker n,), which are the minimal elements of supp(ker 1), are of the form

v+ (w—v);, w) wherei € {1, ..., r}. The sublattice (supp(ﬂ0 ker n,)) then consists
of the elements (vy, w), for every nonempty subset X of {1, ..., r}, where, for all i
in {1, ..., r}, the element vy in [ is defined by

wj ifi € X,
(vx)i == .
v; otherwise.

Note that for (v/, w’) in J, 7 (v', w’) = 0 if, and only if, there exists i € {1,...,r}
such that vlf = wlf . As a consequence, 7 sends the elements of the sublattice
(supp(B° ker 74)) t0 0.
By Corollary 5.20, we can compute Betti diagrams relative to rectangles via Koszul
complexes.
FolC
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Parents

Parents are exactly the same as for lower hooks (see Example F).

Koszul Complexes

For (v, w) in J, we canidentify RM (v, w) = Nat(7 (v, w), M) with ﬂ;zl ker M(v <
v 4 (w — v);). Thus we can compute the Koszul complex of RM at (v, w) in degree
d > 0as

,
KowRMa= @ [ \kerM (vs < vs+ (wr —vs)i),
SCU;(v) i=1
T C(v<Uj(w))
[S|+IT|=d

where vs == /\(;<,) S and wr := A\, T, and with differentials as defined in 3.7.
We obtain the relative Betti diagrams of M from the homology of this chain complex.
For example, the relative projective resolution of My is
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Abstract

Distances have a ubiquitous role in persistent homology, from the direct comparison
of homological representations of data to the definition and optimization of invariants.
In this article we introduce a family of parametrized pseudometrics between persis-
tence modules based on the algebraic Wasserstein distance defined by Skraba and
Turner, and phrase them in the formalism of noise systems. This is achieved by com-
paring p-norms of cokernels (resp. kernels) of monomorphisms (resp. epimorphisms)
between persistence modules and corresponding bar-to-bar morphisms, a novel notion
that allows us to bridge between algebraic and combinatorial aspects of persistence
modules. We use algebraic Wasserstein distances to define invariants, called Wasser-
stein stable ranks, which are 1-Lipschitz stable with respect to such pseudometrics.
We prove a low-rank approximation result for persistence modules which allows us to
efficiently compute Wasserstein stable ranks, and we propose an efficient algorithm
to compute the interleaving distance between them. Importantly, Wasserstein stable
ranks depend on interpretable parameters which can be learnt in a machine learning
context. Experimental results illustrate the use of Wasserstein stable ranks on real and
artificial data and highlight how such pseudometrics could be useful in data analysis
tasks.
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1 Introduction

While Topological Data Analysis (TDA) has historically focused on studying the
global shape of data, persistent homology has since grown to provide popular tech-
niques for incorporating both global topological features and local geometry into data
analysis pipelines (Adams and Moy 2021). Through the lens of persistent homology,
global topological features can be encoded by long bars in a barcode decomposition
of the persistence module, while local geometric features are characterized by short
bars in the barcode. Indeed, both the information of long bars and short bars in the
barcode (Bendich et al. 2016; Hiraoka et al. 2016), as well as their location along
the filtration scale (Stolz et al. 2017; Chachdlski and Riihiméki 2020; Agerberg et al.
2021), turn out to be relevant in data analysis tasks. Introduced to persistent homol-
ogy in Cohen-Steiner et al. (2010), Wasserstein distances offer a way to determine a
trade-off between global and local features in persistence. Such distances have been
widely used in applications and have been studied both from a combinatorial perspec-
tive and more recently with an algebraic approach (Bubenik et al. 2023; Skraba and
Turner 2020). Wasserstein distances are parametrized by two parameters in [1, oo],
commonly fixed to the values of 1, 2, and co. One of the aims of this article is to define
a richer family of parametrized Wasserstein distances where, in addition to standard
parameters determining sensitivity to short bars globally in the parameter space, a
contour is introduced to locally weight different parts of the parameter space. We
propose that the optimal parameter values for a particular task should be learned in a
machine learning context. Our contribution is part of more general efforts of identi-
fying parametrized families of metrics and invariants for persistence (Bubenik et al.
2015; Scolamiero et al. 2017; Hofer et al. 2017; Zhao and Wang 2019; Carriére et al.
2020).

Algebraic Wasserstein distances.

The study of algebraic distances between persistence modules is an active research
direction in TDA, as demonstrated by the recent works on amplitudes (Giunti et al.
2024) and exact weights (Bubenik et al. 2023). In this article we provide a new proof
that the p-norm of a persistence module, introduced in Skraba and Turner (2020),
defines a pseudometric for all p € [1, co]. While (Skraba and Turner 2020) con-
structs a correspondence between the pseudometric induced by the p-norm and the
Wasserstein distance between persistence diagrams, our proof shows that the p-norm
determines a noise system (Scolamiero et al. 2017) and therefore an induced pseudo-
metric. Our approach easily generalizes to define new pseudometrics on persistence
modules, as for example the pseudometrics df’s ».c thatcombine p-norms with contours,
effectively used as a reparametrization of the parameter space [0, co). From a techni-
cal perspective, our framework requires to prove the axioms of noise systems without
assuming that the p-norm induces a pseudometric (including the triangular inequality
property) but rather studying how the p-norm interacts with monomorphisms, epi-
morphism, and short exact sequences. Among the axioms of noise systems, the one
on short exact sequences (Lemma 4.15) is difficult to prove with our assumptions and
to this purpose we introduce bar-to-bar morphisms, explained below.
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It is interesting to see that Wasserstein distances fit in the noise system framework,
as they are fundamentally different from noise systems that have been studied from
a computational perspective so far. In fact, algorithms for the computation of stable
ranks (that can be seen as vectorizations of persistence modules depending on the
noise system) were only developed for so called simple noise systems (Chacholski
and Riihiméki 2020; Gafvert and Chachélski 2017). These noise systems have the
extra property of being closed under direct sums, and can intuitively be thought of as
being sensitive only to the longest bars, which leads to L°°-type distances. The noise
systems associated with algebraic Wasserstein distances for p < oo are of a different
nature, and in particular they are not closed under direct sums.

From a practical and computational perspective, combinatorial distances between
persistence diagrams are more straightforward to compute than algebraic distances
between persistence modules. The combinatorial (p, C)-Wasserstein distances asso-
ciated to dsp ».c in Sect.4.4 offer a convenient way to compute contour distances and
the combination of contour and Wasserstein distances between persistence modules,
relying on the already developed computational machinery for Bottleneck (p = o0)
and Wasserstein distances between persistence diagrams. In this article, however, our
focus is not on the computation of the Wasserstein distance between two given persis-
tence modules, but on invariants called Wasserstein stable ranks defined and computed
using the distances.

Bar-to-bar morphisms.

The approach carried out in this article for proving that p-norms of persistence modules
satisfy the axioms of noise systems relies on comparing monomorphisms (resp. epi-
morphisms) between persistence modules and so-called bar-to-bar monomorphisms
(resp. epimorphisms) between the same persistence modules. Intuitively, in a bar-to-bar
morphism (see Definition 3.1) every bar in the barcode decomposition of the domain
maps non-trivially to at most one bar in the barcode decomposition of the codomain.
Bar-to-bar morphisms are thus much simpler than general morphisms of persistence
modules, and we show that they can be used to effectively reduce algebraic problems
to easier problems of combinatorial nature. In particular, an important problem related
to the definition and construction of algebraic distances is the minimization of kernels
and cokernels of morphisms (see e.g. Definition 4.3) with respect to a chosen notion
of “size”, which in this article is the p-norm of persistence modules (Sect.2.6) or a
more general notion of norm combining p-norms and contours (Definition 4.7). Our
main theoretical results Theorem 3.14 and Theorem 3.16 state that for any monomor-
phism (resp. epimorphism) between two persistence modules there exists a bar-to-bar
monomorphism (resp. epimorphism) between the same persistence modules whose
cokernel (resp. kernel) has smaller or equal norm.

Various types of bar-to-bar morphisms can be constructed. For example, as we
observe in Sect. 3.4, there are bar-to-bar monomorphisms and epimorphisms associ-
ated with the induced matchings of Bauer and Lesnick (2015). Bar-to-bar morphisms
are however more general then the induced matchings, and are also fundamentally
different from other notions of matchings, such as the sub-barcode matchings of Chu-
bet et al. (2022). However, our bar-to-bar morphisms can be used as a tool to prove
that the monomorphism (resp. epimorphism) associated to the induced matching has
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the cokernel (resp. kernel) with minimal p-norm among all monomorphisms (resp.
epimorphisms) with the same domain and codomain. (Corollaries 3.20 and 3.22).

Several other key results of this article are proven leveraging Theorems 3.14 and
3.16. For example, we use these theorems to show that p-norms of persistence modules
satisfy the axiom of noise systems on short exact sequences (Lemma 4.15). We also
use our main results of Sect. 3 to prove a low-rank approximation result for persistence
modules, analogous for example to the Eckart-Young-Mirsky theorem in the context
of matrices (compare e.g. with Golub et al. 1987, Sect. 1 and references therein), where
the notion of rank we use for persistence modules is the number of bars in the barcode
decomposition. Given a persistence module X of rank k, for every r < k we identify
a persistence module of rank r that is closest to X in algebraic Wasserstein distance,
and we express its distance from X (Propositions 4.30 and 4.32). These results and
their generalization (Proposition 4.32) allow us to compute Wasserstein stable ranks
(see Proposition 5.1), the invariants that we introduce in this article.

Wasserstein stable ranks, a class of learnable vectorizations.

The computation of Wasserstein distances between persistence modules remains
expensive despite recent progress (Kerber et al. 2017), and the space of persistent mod-
ules is not directly amenable to statistical methods and machine learning. For these
reasons, feature maps from persistence modules or diagrams have become an impor-
tant component of the TDA machine learning pipeline. These techniques introduce a
map between the space of persistence modules and a vector space where statistical
and machine learning methods are well-developed. We propose a new class of feature
maps, directly related to the Wasserstein distances dg‘%c between persistence mod-
ules, and with interpretable, learnable parameters. Having fixed a pseudometric in the
family of Wasserstein distances dgp_c, the Wasserstein stable rank of a persistence
module with respect to the chosen pseudometric can be explicitly computed with a
formula (Proposition 5.1) derived from our results on monomorphisms and epimor-
phisms. The computational complexity of determining the Wasserstein stable rank is
O (nlogn) in the number n of bars of a persistence module.

A parametrized family of stable ranks can be obtained by varying the Wasserstein
distances, opening up for the possibility to tune parameters for a particular task, result-
ing in feature maps that focus on the discriminative aspects of the persistence modules
in a dataset. Previous learnable feature maps (Hofer et al. 2017; Carriere et al. 2020;
Reinauer et al. 2021) make the choice of expressiveness (being able to learn any arbi-
trary function on the space of persistence modules) over stability (learning a function
under the constraint that it is robust to perturbations of the input). Moreover, since the
methods are often parametrized by complex neural networks, it is difficult to com-
pare and interpret parametrizations learned for different tasks. Our Wasserstein stable
ranks are stable by construction. More precisely, the interleaving distance between
Wasserstein stable ranks is 1-Lipschitz with respect to the corresponding Wasserstein
distance used in its construction. Similarly to Wasserstein stable ranks, we also pro-
vide a simple formula for computing the interleaving distance between them at the
cost of O (n log n) in the maximum number of bars in the two persistence modules we
are comparing.
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We use a metric learning framework to learn an optimal parametrization for a
problem at hand, observe that a better model can be obtained by jointly optimizing the
parameters p and the ones related to the contour C and illustrate that the output can be
readily interpreted in terms of the learned parametrization focusing on e.g. global/local
features or various parts of the filtration scale. The methods are demonstrated on a
synthetic and a real-world datasets.

Outline of the paper.

Section 2 contains background material. In Sect.3 we prove results on the p-norm
of the cokernel of a monomorphism and, dually, of the kernel of an epimorphism of
persistence modules. Section4 is a study of Wasserstein distances and their general-
izations involving contours in the framework of noise systems. In Sect.5 we compute
Wasserstein stable ranks and interleaving distances between them, which we use to
formulate a metric learning problem. In Sect. 6 we illustrate the use of Wasserstein
stable ranks on synthetic and real-world data, learning optimal parameters of algebraic
Wasserstein distances.

2 Preliminaries
2.1 Persistence modules and persistent homology

Let [0, 0o0) denote the totally ordered set of nonnegative real numbers, regarded as the
category induced by the order structure. We consider an arbitrary fixed field K and
denote by vectg the category of finite dimensional vector spaces over K . A persistence
module over K is a functor X : [0, co) — vectg. Explicitly, X consists of a collection
of finite dimensional vector spaces X; for all # in [0, co), together with a collection of
linear functions X;<;: Xy — X;, called transition functions, for all s < ¢ in [0, 00),
such that X<, X, < = X, <, forallr <s <t, and X, is the identity function on X,
for all ¢ in [0, c0). A morphism or natural transformation f: X — Y between two
persistence modules X and Y is a collection of linear functions f;: X; — Y;, for all
t in [0, 00), such that f; Xs<; = Ys<; fs forall s <t in [0, 00).

A persistence module X is tame if there exist real numbers 0 =1y < ] < --- < tx
such that the transition function X<, is a non-isomorphism only if s < #; < ¢ for
some i € {l,...,k}. We denote by Tame the category of tame persistence modules
and morphisms between them. The class of objects of this category will be denoted
by Tame as well.

Convention 2.1 In this article we always work in the category of tame persistence
modules over a fixed field K. For brevity the term persistence module will be used to
refer to tame persistence modules over K .

A morphism f: X — Y in Tame is a monomorphism (respectively, an epimor-
phism or isomorphism) if the linear functions f;: X; — Y; are monomorphisms
(respectively, epimorphisms or isomorphisms) of vector spaces, for all # in [0, 00).
Kernels, cokernels and direct sums in Tame are defined componentwise. For example,
for any persistence modules X and Y, the direct sum X @ Y is the persistence module
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definedby (X@Y); = X; @Y, and (X DY )s< = Xs<; B Ys<s,foralls < tin [0, 00).
The zero persistence module or zero module, i.e., the functor identically equal to the
zero vector space on objects, will be denoted by 0.

Let a < b in [0, co]. We denote by K (a, b) the persistence module defined as
follows: for any ¢ in [0, 00),

K ifa<t<b
0 otherwise,

K(a, b)t = {

and for any s < ¢ in [0, 00),

K@ byoes i {idk if K (@.b); = K = K(a,b);

0 otherwise.
We call K (a, b) the bar (or interval module) with start-point a and end-point b. We
say that the bar K (a, b) is infinite if b = oo and finite otherwise. We say that the
left-closed, right-open interval [a, b) in [0, co) is the support of the bar K (a, b). As
an easy consequence of naturality, a morphism f: K(aj, b;) = K(ay, by) between
bars can be nonzero (i.e. have some component f;, different from the zero map) only
if ag < ay < by < by. In this case, ker f is isomorphic to K (b3, by) if by < by,
and is zero otherwise, and coker f is isomorphic to K (a2, a1) if ay < ay, and is zero
otherwise.

A persistence module is indecomposable if, whenever it is isomorphic to a direct
sum Y @ Z with Y and Z in Tame, either Y = 0 or Z = 0. Bars are indecomposable
and, as the following fundamental result implies, any indecomposable in Tame is
isomorphic to a bar. We refer the reader to Chazal et al. (2016) for more details on the
algebraic structure of persistence modules.

Theorem 2.2 (Structure of persistence modules) Any (tame) persistence module X is
isomorphic to a finite direct sum of bars of the form @?:1 K (a;, b;), with a; < b; in
[0, o0] for every i € {1, ..., k}. This decomposition is unique up to permutation: if
X = @{.‘:] K(a;, b)) = EBf:l K(cj,d}), then k = £ and there exists a permutation
oon{l,..., k}suchthat a; = coy and b; = ds;), for everyi € {1, ..., k}.

A decomposition of a persistence module X as a direct sum of bars as in Theorem 2.2
is called a barcode decomposition of X. In this article, we will occasionally denote
a barcode decomposition of X by @Ll X; when we do not need an explicit notation
for the bars’ start- and end-points. The number k of bars in any barcode decomposition
of X is called the rank of X, denoted by rank(X).

Given a persistence module X, consider an element x € X, for some a in [0, c0),
and let b := sup{t € [a, 00) | X4</(x) # 0} in [a, oo]. The element x is called a
generator of X if the morphism g: K (a, b) — X defined by g,(1) = x is such that
the composition rg with some morphism r: X — K (a, b) is the identity on K (a, b).
We call K (a, b) the bar generated by x, and we observe that it is a direct summand
of X. We call a collection of elements {x; € X, }f.‘: | a set of generators of X if each
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x; generates a bar K (a;, b;) and the morphisms g;: K(a;, b;) — X defined by x;
induce an isomorphism @le K(a;, b)) — X.

As we will use basic homological algebra methods in Tame, we remark that infinite
bars K (a, 00), for all a in [0, 0c0), are free in Tame, and that the notions of free and
projective coincide in Tame (see Bubenik and Milicevi¢ 2021 for details). Any bar
K (a, b) with b < oo admits a minimal free resolution of the form 0 — K (b, co) —
K(a,o0) — K(a,b) — 0.

Remark 2.3 We note that rank(X) can be viewed as a classical homological invari-
ant corresponding to the number of generators in a minimal free resolution of X,
which yields an alternative definition of the rank that is applicable to multiparameter
persistence modules (Scolamiero et al. 2017).

Lastly, let us briefly comment on a set theoretical detail regarding the category
Tame. In Tame, the class of isomorphism classes of objects is a set, as a consequence
of Theorem 2.2. In this article, we consider some class functions defined on Tame, and
we occasionally refer to them simply as functions for brevity. Since all class functions
on Tame we consider are constant on isomorphism classes of objects, they can be
regarded as proper functions defined on the set of isomorphism classes of persistence
modules.

2.2 Contours

Contours can be thought of as describing coherent ways to “flow” across the param-
eter space [0, oo) of persistence modules. In this article, we call contour a function
C: [0,00) x [0,00) — [0, 00) such that, for all a, b, ¢, T in [0, 00), the following
inequalities hold:

1. ifa <bande < t,then C(a,e) < C(b, 7);
2.a <C(a,0);
3. C(C(a,e), 1) <C(a,e+1).

In Géfvert and Chacholski (2017) contours are defined in the case of n-parameter
persistence modules. Contours are further studied for 1-parameter persistence in
Chachélski and Riihiméki (2020), where several concrete examples are given. In
Chachdlski and Riihiméki (2020), the definition of contour is slightly more general
than ours; for example, C(a, €) can take the value co. Similar notions to contours
appear in the literature by the name of superlinear families of tranlations (Bubenik
et al. 2015) and flows on posets (de Silva et al. 2018).

A contour C is called an action if the inequalities of (2.) and (3.) are equalities,
that is, if a = C(a, 0) and C(C(a, ¢),t) = C(a, e + 1), for all a, &, t. A contour C
is regular (Chacholski and Riihiméki 2020) if the following conditions hold:

e C(—,¢):[0,00) — [0, 00) is a monomorphism for all ¢ € [0, 00);
e C(a,—): [0,00) — [0, c0) is a monomorphism whose image is [a, 00), for all
a € [0, 00).

The second condition of regular contours ensures that C(a, 0) = a, for any a in
[0, 00), and that C is strictly increasing in the second variable: C(a, &) < C(a, 7)
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whenever ¢ < t, for any a in [0, co). For brevity, we call a contour C a regular
action if it is both regular and an action.

Let C be a regular contour. For all a € [0, 0o), we define the function €(a, —)
to be the inverse of the function C(a, —): [0, 00) — [a, 00), that is, £(a,b) =
C(a, =)~ Y(b) for any b € [a, 00), and we set £(a, c0) = oo. We call ¢ the life-
time function associated with C. We observe that, since regular contours are injective
functions in the second variable, £(a, b) is well-defined for every paira < b. Through-
out the article, the lifetime of a bar K (a, b) with respect to a contour C is the value
£(a, b) of the lifetime function associated with C.

As a first example of contour we consider the standard contour, i.e. the function D
defined by D(a, €) = a + ¢, forevery a, ¢ € [0, 00). Informally, the standard contour
describes the most uniform way to flow in the parameter space [0, co) of a persistence
module, linearly with unitary speed. We now introduce a large family of contours,
called integral contours of distance type (Chachdlski and Riihimiki 2020; Agerberg
et al. 2021), parametrized by certain real-valued functions. Let f: [0, c0) — (0, o0)
be a Lebesgue measurable function, called here a density. For every a, ¢ € [0, 00),
let Dy (a, ¢) be the real number in [a, 00) such that

Dy (a,e)
&= / f(x)dx,
a

which is uniquely defined since f takes strictly positive values. The function
Dy:[0,00) x [0,00) — [0, 00) is a contour; moreover, it is regular and an action.
We observe that, if the density f is the constant function with value 1, the distance
type contour D coincides with the standard contour.

2.3 Noise systems

Noise systems provide a way to quantify the size of persistence modules and to produce
pseudometrics on Tame by comparing their sizes (Scolamiero et al. 2017). A noise
system on Tame is a sequence S = {S;}sc[0,00) Of subclasses of Tame such that:

e 0eS,, forall g,
o S; C S, whenever T < ¢,
e if 0 > X9 —> X; — X, — 0is a short exact sequence in Tame, then:

— if X1 € S, then X, X5 € S,
- if Xog € S; and X, € S, then X| € Sg4+.

Given a noise system S = {S;}¢¢[0,00) it is natural to associate to each persistence
module X the smallest ¢ such that X € S,. This defines a class functionas: Tame —
[0, oo] called in Giunti et al. (2024) the amplitude associated to S.

A noise system S = {Sg}ec[0,00) is closed under direct sums if X @ Y € S;
whenever X, Y € S, for every ¢ € [0, 00). Contours (Sect.2.2) provide examples of
noise systems satisfying this property. Given a contour C and any ¢ € [0, 00), let

Se :={X e Tame | Xy<c(a,s) = Oforalla € [0, 00)}.
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It is proved in (Géfvert and Chachdlski 2017, Prop. 9.4) that the sequence {S; }¢e[0.00)
defined in this way is a noise system closed under direct sums. In particular, the noise
system induced by the standard contour has components

Se :=1{X e Tame | Xy<4+. = 0foralla € [0, 00)},

and coincides with the standard noise system introduced in Scolamiero et al. (2017).

2.4 Pseudometrics between persistence modules

In this article, we call (extended) pseudometric on Tame a class function d assigning
to any pair of persistence modules X, Y in Tame an element d(X, Y) € [0, oo] such
that the following conditions hold for any X, Y, Z:

e d(X,Y)=d(Y, X),
e d(X,Y) = 0 whenever X is isomorphic to ¥,
e d(X,Z)<d(X,Y)+d(Y,Z).

The third condition, known as the triangle inequality, combined with the second
one yields d(X,Y) = d(X’,Y’) whenever X = X’ and Y = Y’. This definition of
pseudometric coincides with Definition 3.3 in Bubenik et al. (2023) when considering
the category Tame.

We now briefly explain how noise systems yield pseudometrics on Tame. Let S be
a noise system on Tame. For any ¢ € [0, oo), we say that two persistence modules

X and Y are e-close if there exists a persistence module Z and a pair of morphisms

X <i Z LN Y such that

ker f € S, coker f €S, kerge S, cokergeS,,,
for some £1, &7, €3, €4 € [0, 00) such that £ + &> + €3 + &4 < &. Define
ds(X,Y) :=inf{e € [0,00) | Xand Y are e-close},
adopting the convention inf & = 00. As shown in (Scolamiero et al. 2017, Prop. 8.7),
ds is a pseudometric on Tame.
We remark that the pseudometric ds associated with the standard noise system

is equivalent to the interleaving distance (Lesnick 2015), as proved by (Gifvert and
Chachdlski (2017), Prop. 12.2).

2.5 Hierarchical stabilization and stable rank

In the context of TDA, hierarchical stabilization is a method to convert a discrete
invariant of persistence modules into a stable invariant suitable for data analysis. This
technique has been studied in Scolamiero et al. (2017), Gifvert and Chachélski (2017)
in the case of multiparameter persistence modules, and has been further investigated
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in Chachdlski and Riihiméki (2020) in the case of one-parameter persistence. Hierar-
chical stabilization has a very general formulation, which allows for several choices
of discrete invariants, and in principle is not restricted to categories of persistence
modules. For the hierarchical stabilization of the rank, also called stable rank, some
computational methods have been developed (Chachélski and Rithimiki 2020; Gifvert
and Chachdlski 2017). In this article we will restrict our attention to the stable rank
and further develop its computation.

Besides choosing a discrete invariant, hierarchical stabilization requires the choice
of a pseudometric between persistence modules, which plays an active role in calcu-
lating the corresponding stable invariant. Consider the rank of a persistence module
(Sect.2.1) as a class function rank: Tame — N mapping any persistence module X
to the natural number rank (X).

Definition 2.4 Given a pseudometric d on Tame (Sect.2.4), the stable rank of
a persistence module X with respect to the pseudometric d is the function

ranky(X): [0, 00) — [0, 0o) defined, for all 7 € [0, 00), by
rank; (X)(7) := min{rank(¥) | Y € Tame and d(X, Y) < t}.

We observe that the function Eﬁd (X) is non-increasing and takes values in N, so
it belongs to the set M of Lebesgue measurable functions [0, co) — [0, 00).

To illustrate the stability of the invariant gﬁd, we consider a pseudometric d,., on
M, called the interleaving distance, defined for all f, g € M by

d.(f,g) :=inf{e € [0,00) | f(t) > g(t+¢) and g(¢) > f(t+¢), forallt € [0, 00)},

setting by convention inf & = oo. The stable rank then satisfies the following Lipschitz
condition.

Proposition 2.5 (Scolamiero et al. 2017) Let d be a pseudometric on Tame, and let
X, Y be persistence modules. Then d(X,Y) > d.q(rank;(X), ranky(Y)).

2.6 p-norms

In this subsection, we briefly review properties of p-norms that are useful for our
work. For p € [1, oo], the p-norm (also called L”-norm) on R" is the function
I-Il, : R" — [0, oo) defined, for each x = (x1, x2, ..., x,) € R", by

1
x|, := {(Z?:ﬂxilp)[) for p € [1, 00)
P

max{|x;|}ieq1,...,.ny forp = oo.

We note that [|x|loc = lim [|x]|,, for all x € R". The triangle inequality (or subad-
p—>00

ditivity condition) ||x + yll,, < llxIl, + lIyll,, forall x, y € R", is also referred to as
Minkowski inequality.
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A fundamental property of p-norms on R" is the following: for x € R”" and for
1 < p < g < oo, the inequalities

1_1
el < lel, < nl778) 1y, (1)

hold and are sharp, where by convention we set é = 0. We refer to the first inequality
as the monotonicity property of p-norms.

The following elementary property of p-norms is useful in this work: for
p € [l,ool,if x = (x1,...,x,) € R,y = (31,...,Vyn) € R" and z =
X1y e Xns Y1y ooy Ym) € R"T™ then

||(|IXI|p’||y||p)||p=Ilzllp- )

Finally, let us also observe that p-norms are permutation invariant, and that they
preserve the order on [0, 00)”, meaning that if x < y in [0, 0c0)" according to the
coordinate-wise order, then || x|, < ||yl p.

In this article, we generally consider p-norms as functions from [0, oo]" to [0, o],
extending the usual definition by setting ||x ||, = 0o whenever x has some coordinate
x; = oo. All properties stated above still hold with this definition.

Following (Skraba and Turner 2020), we will consider p-norms of persistence
modules, whose definition relies on the barcode decomposition (Sect. 2.1). Such norms
are already introduced in (Chen and Edelsbrunner 2011) for persistence diagrams. For
p € [1, o0], the p-norm of a persistence module X having barcode decomposition
X= @le K (a;, b;) is defined by

1
— (Zf:ﬂbi - ai|”)p for p € [1, 00)
X, :==
max{|b; — a;l}ieq1,...ky forp = oo.

For p € [1, co] and € € [0, 00), the class of tame persistence modules with p-norm
smaller or equal to ¢ is denoted by:

SP = (X e Tame | [|X||, < &},

and we set S? = {Sgp}ge[o,oo)-

3 Monomorphisms, epimorphisms, and their p-norms

In this section we introduce bar-to-bar morphisms between persistence modules (Def-
inition 3.1), which can informally be described as morphisms such that every bar in
the barcode decomposition of the domain maps non-trivially to at most one bar in the
barcode decomposition of the codomain. Our aim is proving results (Theorems 3.14
and 3.16) which compare monomorphisms and epimorphisms between two persis-
tence modules to bar-to-bar monomorphisms and epimorphisms between the same
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persistence modules. These results allow us to reduce algebraic problems to much
simpler combinatorial problems, as shown for example in Corollaries 3.20 and 3.22.

3.1 Free presentations of monomorphisms

Given a monomorphism f: Z < X between persistence modules, we want to deter-
mine the barcode decomposition of coker f. We briefly describe a method that uses
free resolutions of the persistence modules Z and X.

Consider the diagram

0 — Ry % G, —22+ 7 > 0
e e s

0 — Ry =% Gy 2 x > 0
i"
coker f

where the rows are (minimal) free resolutions of the persistence modules Z and X
respectively, and g denotes the canonical epimorphism. The given morphism f induces
a morphism fg: Gz — Gy between the modules of generators and a morphism
fr: Rz — Ryx between the modules of relations that make the diagram commutative
(see e.g. Rotman 2009, Thm. 6.16). We have coker f = coker([ f¢ ix]: Gz® Rx —
G x), where the morphism [ fg ix] sends (z,r) € Gz @ Ry to fg(z) + ix(r). The
isomorphism of cokernels is easy to prove, for example observing that the image of the
composition gpy is coker f given that both ¢ and px are surjective and verifying via
diagram chasing that its kernel coincides with the image of [ fg ix]: GZz® Ry — Gx.
In other words, we have a free presentation of coker f

Gz ® Rx Yo ixl Gyx —» coker f,

and we can use it to determine the barcode decomposition of coker f. More precisely,
observing that coker f is isomorphic to the homology at the middle term of the free
chain complex

GzéBRXM)Gx—)O,

we can compute the barcode decomposition of coker f by using the persistent homol-
ogy algorithm on a matrix M ¢ representing the morphism [ fg ix], as we detail in
Sect.3.2. The persistent homology algorithm determines “pairings” of the basis ele-
ments of Gz @ Ry with the basis elements of G x, which corresponds to the start- and
end-point pairs of the bars of coker f.

In this section, we are interested in particular morphisms between persistence mod-
ules, which we call bar-to-bar morphisms.
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Definition 3.1 A morphism f: Z — X of persistence modules is bar-to-bar if there
are barcode decomp051t10ns Z=@/ ,Ziand X = @ i—1 X j and there exist a subset
I € {1,...,m} and an injective function : I — {1,...,n} such that

f=hre @ zwo G i 3)

iel ie{l,..,m\I jell,..onh\eD)

where each f; := f|z; is a nonzero morphism Z; — X, (;), and where g; denotes the
zero morphism Z; — 0 and % denotes the zero morphism 0 — X ;.

Remark 3.2 If f is a bar-to-bar morphism as in (3), then ker f and coker f are easily
determined recalling the case of a morphism between two bars (see Sect. 2.1), namely:

kerf:@kerfi@ @ Zi, cokerf:@cokerfi@ @ X;.

iel ie{l,...mN\I iel jell,...nha(D)

Furthermore, if f is a monomorphism, the fact that ker f vanishes implies that I =
{1,...,m}, and the existence of the injective function « implies m < n. Dually,
a(l)y={1,...,n}and n < m if f is an epimorphism.

The main result of this section is the following (Theorem 3.14): given any monomor-
phism f: Z < X, there is a bar-to-bar monomorphism f,: Z < X such that
| coker fpll, < |lcoker f||, for any p € [1, o0]. A dual statement (Theorem 3.16)
holds for kernels of epimorphisms.

3.2 Finding monomorphisms with smaller cokernels

To prove our inequalities between p-norms of cokernels, we modify a strategy used
in (Skraba and Turner 2020, Sect. 7.1) to obtain new inequalities between p-norms
of persistence modules, based on the rearrangement inequality (Theorem 3.12) and
on the comparison of pairings in certain barcode decompositions using the persistent
homology algorithm. For simplicity, we fix the field with two elements [, as the base
field in this subsection, but our results work for any base field.

Let Z and X be persistence modules and f: Z <> X a monomorphism of persis-
tence modules. Fix {z;}/" | and {x J}"_l sets of generators of Z and X, respectively,

and denote by Z = ., K(a;,b;) and X = @Zl K (a b" ) the respective bar-
code decompositions. That is, for every z;, a; is the degree of Zi € Z, and b is
the end-point of the bar generated by z;, and 51m11arly for the x;. In this sectlon we
assume for the ease of exposition that X has no infinite bars in its decomposition. All
the results we present can be adapted to the general case by setting bj? = 0o whenever

x; generates an infinite bar. Throughout this section, we will consider an example
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monomorphism f, which we represent as follows:

aj ——————— bj = b3
a; b = bg
S
4
i ay bi i 4
a by
aX — b3 X
X a4 bi X
as - bs R
e by

The persistence modules Z and X are represented in terms of their barcode decom-
positions. An arrow between bars indicates that the bar in the domain maps non-trivially
to the bar in the codomain.

The main results of this subsection are based on matrix reduction arguments applied

to a matrix My associated with the morphism [ f ix]: Gz ® Rx — Gx (Sect.3.1),
which we construct as follows.
Definition 3.3 Define the sets of labels Gy = {xj}'}:p Gz = {zi}/L;,and Ry :=
{r; };?:1, where {z;}7" | and {x j};le are generators of Z and X respectively and r;
corresponds to the generator of Ry that is sent by i x to the bar generated by x; in G x.
The degree of r; is b; .

The presentation matrix of f is an n x (m + n) matrix M with rows labeled
by Gx and columns labeled by Gz LI Ry, constructed as follows. For each z; in Gz,
we set the corresponding column of M ¢ to be the column vector faf (zi) € Xaf in the
basis given by the nonzero elements of {Xa}‘f <ai (X j)}’}zl. Note that if Xa; <q7 (X)) 18
0, then M ¢(x;, z;) is also 0. For each r; in Ry, we set the corresponding column of
M s to be the zero vector except with a 1 on the row x ;. Finally, we reorder the rows
and columns so that the degrees of the labels are nondecreasing.

We denote by M ¢ (x, c) the entry of My inrow x € Gx and column ¢ € Gz LIRx.

As an example, one presentation matrix of the example monomorphism f from (4)
is

Z_l r 22 23 r r3 rq4 rs re
X5 0 0 1 1
x6 | |0 0 1 1
My = X2 0 1 0 1 , (5)
= a 10 1
X1 I, 1 |0 O
x4 L|O] 0 1 1
where the columns Gy = {zi, 20, z3} are outlined, while the columns Ry =
{r1, ..., re} are represented sparsely: blank spaces are zero coefficients. Note that
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the restriction of the matrix M to the columns Ry represents the morphism
ix: RX —> Gx.

Remark 3.4 As we mentioned in Sect. 3.1, we want to determine the barcode decom-
position of coker f by using the persistent homology algorithm on the matrix M ¢
representing the morphism [ fg ix]. More precisely, we are interested in methods to
compute barcode decompositions based on matrix reduction via left-to-right column
operation, like the so-called standard algorithm for persistent homology (Edelsbrunner
et al. 2000; Zomorodian and Carlsson 2005) (see Algorithm 1 in Otter et al. 2017 for
a description). Even though these methods are usually presented for filtered simplicial
complexes in the literature, they extend to graded free chain complexes as in our case.
The barcode decomposition (of coker f in our case) can be read out from a reduced
matrix, and does not depend on the way of reducing the matrix via left-to-right column
operations (see Lemma 3.5).

Let M f be a complete reduction of M ¢ by left-to-right column transformations,
where a matrix is said to be reduced if no two columns have their lowest nonzero entry
on the same row. Let o ¢ be the function that to the k™ nonzero column of M f associates
the row of its lowest nonzero entry, for every k € {1,...,n}. We know that o¢ is a
permutation on {1, ..., n} since the n columns of M y in R x are linearly independent.
In this section, we use square brackets for a permutation 0 = [0 (1) ---0o(n)] on
{1, ..., n} expressed in one-line notation, to distinguish it from the notation for cycles,
denoted by (cj ¢2 - - - ¢¢). For the running example (5), we get

_
0

1
1
0|0
0

0 0

SE=s5 o

ooo]:]oo

] o

where we have outlined the lowest nonzero coefficient of each column, and so oy =
[543621]. We do not need to specify the order of transformations in this reduction
thanks to the following lemma, which is a consequence of the pairing uniqueness
lemma of (Cohen-Steiner et al. 2006, Sect. 3).

Lemma 3.5 The permutation oy is well-defined. In particular, it does not depend on
the choice of a sequence of left-to-right column operations to obtain a reduced matrix
Sfrom M¢.

By design of the persistent homology algorithm, a barcode decomposition of
coker f is completely determined by oy together with the degrees of the generators
of Z and X. In Corollary 3.11 we will provide a precise statement.

From the matrix My we define the bar-to-bar matrix M, by Algorithm 1. The
bar-to-bar matrix M}, is the presentation matrix of a bar-to-bar monomorphism
fp»: Z — X having the same domain and codomain as f.
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Algorithm 1 also partially reduces My and constructs an injective function
rmax - 9z — Ryx. Given a column z in Gz, we call ryyx(z) its rightmost matched
column in R x. Informally, Algorithm 1 computes the bar-to-bar matrix M}, by setting
to zero each entry in the columns z of M ¢ in Gz except for the nonzero entry on the
unique row x such that M ¢ (x, rmax(z)) = 1. For example, starting with the matrix

M from (5), we get

where the arrows represent the function ry,x. The corresponding matrix My, is

01
1->

01 1

4>

1
o~ —~ oo o

EEEEEEEE)

00
01

1

00
01
10
00
00
00

Algorithm 1 Bar-to-bar algorithm

Input: a presentation matrix M ¢ of a monomorphism f

Output: a partially reduced matrix M;’;, the associated bar-to-bar matrix Mp, and a function rmax: Gz —

Rx

1: Let My, := Mf

2: Let M’; =My

3: Set the columns Gz of M}, to 0

4: for r € Ry in decreasing order do
Let x be the row associated to r (that is, M;ﬁ (x,r)y=1)

5
6: if 3z € G such that M}‘- (x, z) = 1 and rmax (z) is undefined then
7
8

Let z be minimal such that M;‘- (x, z) = 1 and rpax (z) is undefined

: Set Mp(x,z) =1
9: Define rmax (z) :=r

Reduce column 7" in M P

*

for 7/ > z such that M*f‘(x, 7y=1do

by column z to set to zero the entry in row x

J. Agerberg et al.

for ' € Ry and x’ the row associated to r/, such that v’ < z’ and M? &',7)y=1do

Reduce column z’ in M f

13:

14: end for
15: end for
16:  end if

17: end for

*

by column 7/

The following two propositions prove useful facts regarding Algorithm 1.
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Proposition 3.6 In a presentation matrix My of a monomorphism f: Z — X, all
columns in Gz are nonzero. Moreover, for every column 7 € Gz, all columns in the set

I'(z) :=={r € Rx | r and z have a nonzero entry on the same row}

have degree strictly larger than the degree of z, and |I'(z)| equals the number of
nonzero entries of z.

Proof Since f is a monomorphism, it cannot send a generator of a bar of Z to zero,
hence the columns in Gz are nonzero. A nonzero entry in a column z € G indicates
that the corresponding generator of a bar of Z maps non-trivially to the vector space
generated by X,r <4z (x) for some x generating a bar in X, where a” is the degree of x
and a® is the degree of z. This implies that the end-point of the bar of X generated by
x has degree strictly larger than the degree of z. Lastly, the cardinality of I"(z) equals
the number of nonzero entries of z because the columns in Rx form a permutation
matrix of rank n. O

Proposition 3.7 Let f: Z — X be a monomorphism and let My be a presentation
matrix of f. The execution of Algorithm 1 on My returns a well-defined function
rmax : 9z — Ryx that is injective. Furthermore, for every column z € Gz, the column
I'max (2) is to the right of z.

Proof We prove that, for every column z € Gz, rpax (z) is well-defined and to the right
of z. We proceed by induction on a natural number m > 0, proving the result for all
monomorphisms f: Z < X with presentations such that |Gz| = m.

If m = 1 and Gz = {z}, then the algorithm sets rpax (z) to be the rightmost column
in Rx having a nonzero entry on the same row as a nonzero entry of z, which exists
and is to the right of z by Proposition 3.6.

Now suppose that the statement holds for every monomorphism presentation matrix
with m columns in Gz. Let M be a presentation matrix such that |Gz| = m + 1.
Algorithm 1 performs a ‘for’ loop (line 4) until the ‘if’ statement (line 6) is true,
which by Proposition 3.6 must happen before the algorithm terminates. Let ro be
the rightmost column in R x such that there is a (minimal, i.e. leftmost) z € Gz with
M (x, z) = 1, where x is the row associated to rp. Again by Proposition 3.6, column rg
is to the right of column z. The reductions in lines 11-14 of the algorithm transform M ¢
into a matrix M ;f presenting a different monomorphism f’: Z < X. The morphism
/' coincides with f on all generators of Z except for generator z’, which is mapped to
the nonzero element f, ./ (z") + f,/(Z ., (z)), where a® and a? respectively denote
the degrees of z and 7. We see that [’ isa monomorphism via the following pointwise
argument. For every degree a, the linear function f,: Z, — X, has ker f, = 0,
hence it maps nonzero elements in {Za;”ga (zi)}?*, to linearly independent elements
{y;j} in span(Xaj;Sa(xj));?zl. We see that f): Z, — X, satisfies the same linear
independence property (which implies ker f, = 0) because the set of image elements
coincides, except for possibly an element y’ replaced by y’ + y, where y is a different
element of the set.

InM ;5, the only column in Gz with nonzero entry in row x is z. By removing column
z and row x, we obtain a matrix with m columns in Gz which is again a presentation
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matrix of a monomorphism. By induction hypothesis we know that the algorithm
determines a function r},, : Gz\{z} — Rx whose image does not contain ro and
the columns to its right. The function r/,, extends to a function rmax: Gz — Rx
by defining rmax(z) := ro. Finally, we observe that the function rpy,x is injective by

construction. O

Let us now go back to the reduction of presentation matrices. As with Mz, we can
reduce M), by left-to-right column transformations to get a reduced matrix M;,. We
denote by o}, the permutation on {1, ..., n} associated with the nonzero columns of
M, which is well-defined because the matrix M), only has columns with at most one
nonzero coefficient and has the same set of columns in Rx as My. In our running
example, computing M;, gives us o = [453261].

After reduction via left-to-right column operations, the matrices M r and M, have
non-zero columns with the same set of labels, as we will prove in Proposition 3.9.

Definition 3.8 Letn > 1beanintegerand o apermutationon{l, ..., n}. Aninversion

of o is a pair (i, j) of elements of {1, ..., n}suchthati < j and o (i) > o (j).
Given a permutation o, we also give the name inversion to a transposition (i j) such

thati < j and o (i) < o(j): composing o by (i j) on the right creates an inversion.

Using inversions we can define a poset structure on permutations: we write o < o’
if there exist k > 0 and a composition of transpositions t = 77 --- 7 such that
ot =o' and, forall i < k, 7; is an inversion of the permutation o 7; - - - 7;_;. In what
follows, we often call T simply a composition of inversions of o when it satisfies this

property. Notice that < is a partial order on S, the symmetric group on {1, ..., n}.
With respect to this order, the identity permutation is the smallest element and the
reverse permutation [z n — 1 ... 2 1] is the largest element.

Proposition 3.9 Let f: Z — X be a monomorphism, My be a presentation matrix
of [ and My be the bar-to-bar matrix computed via Algorithm 1. Let M y and My, be
reduced matrices obtained from My and My, respectively, and let oy and oy be the
associated permutations. Then, the following facts hold:

e The nonzero columns of the reduced matrices M rand My, are in the same positions,
® 0y > 0y, that is, oy = opT With T a composition of inversions of op.

Proof Since we canreplace M y with the output M of Algorithm 1, which has the same
associated permutation o'y (as it is obtained by partially reducing M ¢), and following
the proof of Proposition 3.7, we can assume that M y satisfies the following property: let
zo be the unique column of M s in Gz such that the column r := ryax (zo) is maximal
in the total order on columns; then the only row xg such that M (xq, rmax(z0)) = 1
has exactly one other nonzero entry, which is M7 (xo, zo) = 1. We prove the claims
by induction on the number of columns in Gz.

If Gz = @, then there is nothing to prove: My = M, and they are reduced, so

Of = Op.
Otherwise, we execute Algorithm 1 to get the bar-to-bar matrix M}, and the function
Fmax- Let zo be the unique column of M 7 in Gz such thatrg := ryax(zo) is maximal in

the total order on columns. By removing column zg, we obtain a presentation matrix
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M } of amonomorphism f’ with a set of columns G/, strictly contained in Gz, to which
we can apply our induction hypothesis: M } and M, have the same nonzero columns,
and a.’f = o, 1 for some composition of inversions 7 of o, . The matrix M, , computed
by using Algorithm 1 on M /f’ can be equivalently obtained by removing column zg
from M), since My satisfies the property stated at the beginning of the proof. See
Example 3.10 for matrices M’;, M, M’, and M, in the running example.

Let xg be the only row such that M ¢ (xo, r9) = 1. By the execution of Algorithm 1,
no other column of M } has a nonzero coefficient on row xg, and so we deduce that
the reductions of the matrices M /f and M, do not affect column ry. Since by inductive

hypothesis M } and M , have the same nonzero columns, this implies that column rg
does not appear in the inversions of t, meaning that T = (s #1)(s2 2) - - - (Sk #x) With

Si # c;o and t; # c;o foralli € {1,...,k}, where c}o denotes the relative position in
{1, ..., n} of column r¢ in the (totally ordered) set of nonzero columns of the reduced
matrix Mj.

Now, let M, be the matrix M s where we modify the column zg by setting to zero
all its entries except the one on row xo. We reduce the matrix M s first as for M }, and
then we reduce the column z¢ by columns to its left, which does not affect the nonzero
coefficient on row xg: we denote the resulting matrix by M }/ M r is then obtained by
completing the reduction using column zg. We reduce M, and M, in similar fashion,
following M ’f and M, , respectively. We observe the following facts.

e The nonzero columns of M fs M ¢»and M, » are the nonzero columns of M } and M l/;’

except we replace ro with zo. This is clear by construction for the matrices M ¢ and
My, as the column zq coincides with rg. For the matrix M ¢, observe that for every
nonzero entry M ¢(x, zo) on column zg, there is a nonzero entry M¢(x,r) in a
column r to the left of g, which implies that ry gets zeroed out after the reduction
as it is linearly dependent with a number of columns to its left.

o 07 =07 Where T’ 1= (¢, c1)(c1¢2) -+ (ck—1cx) and ¢y, . . ., Ck, Cpy are the rel-

ative positions in {1, ..., n} of the nonzero columns of M } whose lowest nonzero

entry is modified (is moved to a different row) when reducing to M f»with ¢, and
¢r, respectively denoting the relative positions of column zo and ry in the set of
nonzero columns of M ;ﬁ

1 1

® 0, = o’fy_ andop = o,y ™" where y := (czy ¢z, +1 -+ ¢y) represents a cyclic
permutation of the nonzero columns between zg and ry.

See Example 3.10 for concrete examples of these relationships. We deduce that

_ /

O =0,T
— O‘})/il‘[/
=ojry 't

=oyty 7.

By the definition of 7, it is a composition of inversions of o,. We conclude the

induction step by showing that y 7y ~! is a composition of inversions of oy,.
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More precisely, we know that T = (s1#1) - - - (S #) is @ composition of inversions
of ob’, meaning that (s; ¢;) is an inversion of the permutation ol; (s111)---(si—1ti—1),for
everyi € {1, ..., k},andwewanttoprovethalt)/1:)/_1 =) y@)) - (i) y(t))
is a composition of inversions of 03, meaning that (y (s;) y (¢;)) is an inversion of the
permutation o (y (s1) ¥ (#1)) - - - (¥ (si—1) ¥y (t;i—1)), forevery i € {1, ..., k}. First, we
observe that s; < ; implies y (s;) < y(¢;), since as observed earlier the relative posi-
tion c;() of column ry in the set of nonzero columns of M , does not appear in 7. Let
us now denote
oj_1 == op(sit) - (si—1ti—1),
oi—1 = op(y(s1) y @) - (Y (si—1) y (ti—1))-

We have to prove that o/_, (s;) < o/_, (t;) implies o;_1 (y (5;)) < 0;—1(y(;)). This is
a consequence of the equalities

oi1(y(s) = opy 1)y y -y Ty Gicitic)y Ty (si) = o (1)

and of similar equalities for #;. O

Example 3.10 From the example matrix M 7 in (5), the induction hypothesis of Propo-
sition 3.9 with G, = Gz\{z3} gives the matrices

1
1

=

I
——ees
[=N=N=l =}

=

I
e
ss=-=s

1

where the column z3 is omitted, and the reduced matrices

0 A
E il _ 0
0 —1lo| [1]o
0 0 My = m0 0 '
0o ol [1]]o
0 0

We find that 0}' = [543612] and 0, = [453612], and so a}- = 0,(12), where (1, 2)
is indeed an inversion.

The induction step of Proposition 3.9 reduces the matrices

=
XN
I
—=s59

0 01 1 0 1 0 1
0 01 1 0 1 0 1
— |0 10| 1 — 1|0 1 — |0
M.f_ 1| |oo| 1 ’Mg_l 1 My = 1 1
11100 11 0|1
0 01 1 0 1 0 1
to
0 (1 0 0
0 [1] o 0 [1] 0 0 [1] 0
7. | |0 0 7 — | lo] [1]o]o Y 0 0
Mf_ lm 0 yMg— ]m 0 ,Mb_ n 0
1o 1o
0] ol o 0 (1] 0 [1]
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We find that oy = [543621], 0, = [543261], and 05, = [453261]. Thusoy = 0,(45),
oy = 0}(456), and o, = 0;,(654).

Corollary 3.11 Let f: Z — X be a monomorphism, and let f,: Z — X be the
associated bar-to-bar monomorphism. Let a1 < a < ... < a, be the start-points of
the bars of X, and let by < by < ... < b, be the degrees of the non-zero columns of
M f- Then

n n
coker f = @ K(aj, bs,jy) and  coker f, = @ K(aj, boy(j))-
j=1 j=1

Proof By Proposition 3.9, the real numbers b; < by < ... < b, are also the degrees
of the non-zero columns of Mj,. By design of the persistent homology algorithm, the
barcode decomposition of coker f and coker f} is then determined by pairing start-
points {a;} with end-points {b;} following the permutations oy and o}, respectively,
and the claim follows. O

We state below the rearrangement inequality following (Vince 1990). Since the
statement we need is slightly different from those we found in the literature, we
include a short proof, which is a slight modification of the argument in (Vince 1990)
and can be found also in (Steele 2004, p. 82).

Theorem 3.12 (Rearrangement inequality) Let g1, g2, . . . , gn be real valued functions
defined on an interval I € R such that gx+1 — gk is a non-decreasing function, for
allk e {1,...,n— 1}, andlet by < by < ... < b, be a sequence of elements of 1. If
p <o inS,, then

> ekbow) = Y gkbo))-
k=1 k=1

Proof Since the argument we present can be iterated, it is enough to prove the statement
for o = pt where t = (i j) is an inversion: i < j and p(i) < p(j). We have

ng(b,o(k)) - ng(ba(k)) = gibpi)) +&ibp)) — & (bai)) — &j(bs(j))
k=1 k=1

= 8i(bp) + & (bp(j)) — &i(bp(j)) — &j(bpi))
= (87 (bp(j) 81 (bp(j)) — (8 bp@) —8i (bp@))) =0,

where the last inequality follows from b, ;) < b,(;) and from the fact that g; — g; is
non-decreasing. O

Corollary 3.13 Leta; <ap < ... <apand by < by < ... < b, be sequences of real
numbers, and let p € [1,00). If p < o in S, then

n n

D lak = bpwl? <) lax — bol”.

k=1 k=1
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Proof Let hy(x) = |ar — x|P. It is easy to check that the function A4 — hy is non-
increasing for all k € {1,...,n — 1}, so we can apply Theorem 3.12 to the sequence
of functions g = —hy. O

Theorem 3.14 For any monomorphism f: Z — X it is possible to determine (via
Algorithm 1) a bar-to-bar monomorphism f,: Z — X such that || coker fpll, <
I coker f |, for all p € [1, c0].

Proof First, assume p € [1, 0o). The persistence modules coker f and coker fj have
barcode decompositions as in Corollary 3.11. Then, the claim follows from Corol-
lary 3.13 applied to the permutations o, < oy (Proposition 3.9). The claim for
p = oo follows from taking the limit for p — oo of both sides of the inequality
lcoker b||,, < [lcoker f| ,, recalling that pli)rréo lull, = llulloc for any vector u € R"

(Sect.2.6). O

3.3 Bar-to-bar epimorphisms

A similar result to Theorem 3.14 exists for epimorphisms and their kernels. To show
this, we use a duality argument. The dualization of persistence modules has been
studied extensively, see e.g. (Bauer and Lesnick 2015; Miller 2020; Bauer and Schmahl
2023). Here we dualize tame persistence modules indexed by [0, co), which requires
some special handling since in the setting of this article bars are only supported on left-
closed right-open intervals. In this subsection, we abuse the terminology introduced in
Sect.2.1 by calling bars more general persistence modules with interval support and
pointwise dimension at most 1, including persistence modules supported on intervals
of the form (a, b] instead of [a, b). To simplify the exposition, we explicitly work with
finite direct sums of bars instead of general tame persistence modules, which are only
equal to direct sums of bars up to isomorphism.

Definition 3.15 Let Barjp o) be the full subcategory of tame persistence modules
whose objects are finite direct sums of bars. Similarly, let Bar_ o) be the category
of finite direct sums of bars indexed by the poset (—oo, 0] with the usual order. These
categories are abelian and we can represent morphisms as matrices of morphisms
between summands.

We consider the contravariant functor (—)Y: Barjg,oc)y — Bar(—o,0) send-
ing an object X in Barpp o) to the functor Xv: (—00,0] — vectx defined by
X, := hom(X_;, K), for all ¢ in (—o0, 0], with transition functions X;_, :=
hom(X_;<_s, K) given by precomposition by X_;<_, forall s < ¢ in (—o0, 0].
Similarly, a contravariant functor Bar(_c 0] — Bar|p,o0) is defined, which we also
denote by (—)" with an abuse of notation. Both functors (—)" are exact.

If X = K(a, b), we observe that X" is also a bar, but its support (i.e., the set of
poset elements for which the functor XV takes a nonzero value) is the left-open, right-
closed interval (—b, —a]. In this article, we are considering bars whose support is a
left-closed, right-open interval in R. To fix this, we can consider the pointwise direct
limit functor li_n)1[ 0’_)(—) : Barjp,00) — Barjp,o0) sending X to the persistence module
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whose value at a is lim _, X1 and whose transition functions are naturally defined. If
X = K (a, b), applying the pointwise direct limit functor yields the bar supported on
(a,b] N [0, 00), whose dual K (a, b)Y is the bar K (—b, —a) in Bar(_s 0j, which is
supported on [—b, —a) N (—oo, 0]. Similarly, one defines the pointwise direct limit
functor li_r)n(_oo’_)(—): Bar(—o0,0) = Bar(—o,0]. The pointwise direct limit functors

are exact. Applying the functor (—)" after the pointwise direct limit functor is therefore
an exact functor, which we denote by (—)".
To summarize, we have contravariant exact functors

(—)TZ Bal’[()’oo) — Bar(,oo’o] and (—)T: Bal’(,oo,()] —> Bar[o,oo)

sending the bar K(a, b) supported on [a,b) to the bar K(—b, —a) supported
on [—b,—a) N (—o0, 0], and extended to the rest of the objects by additivity.
These functors send morphisms to their transpose (when viewed as matrices). More
precisely, given a morphism f: (P, K(a;,bj)) — €P; K(c;,d;) written as the
matrix [f; j1; j with f; ;j: K(a;, bj) — K(cj,d;) for all i and j, the morphism
VaE @j K(—d;j, —cj) — @; K(=b;, —a;) can be written as the matrix [f]TJ.]i,j.

As a consequence of the exactness of (=)', for any morphism f: X — Y in
Barpg,o0) (resp. in Bar(_o,07) we have

(ker f)T = coker fT and  (coker f)Jf = ker f%.

Since the functors (—)" send morphisms to their transpose, they send bar-to-bar mor-
phisms to bar-to-bar morphisms. In particular, they send bar-to-bar monomorphisms
to bar-to-bar epimorphisms, and vice-versa. It is also clear that the functors (—)T
preserve p-norms: ||XT||p =1 Xlp-

Moreover, we can apply the theory of Sect.3.2 to the category Bar(_«,0), and in
particular apply Theorem 3.14. We conclude with the following result:

Theorem 3.16 For any epimorphism f: Z — X of persistence modules, it is possible
to determine a bar-to-bar epimorphism fy: Z — X such that | ker f;,||p < || ker f||p,
forall p €[1, c0].

Proof As for the case of monomorphisms, we assume that X and Z are finite direct
sums of finite bars. We apply Theorem 3.14 to f7: XT < ZT to get a bar-to-bar
monomorphism g. We set f, := g': Z — X a bar-to-bar epimorphism, and we
observe that

Iker fyll, = || coker gll , < I coker f I, = | ker £l

O

In the case p = o0, a result similar to Theorems 3.14 and 3.16 based on induced
matchings (see Sect.3.4) instead of bar-to-bar monomorphisms and epimorphisms is
proved in (Bauer and Lesnick 2020, Theorem 2).
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3.4 Comparing bar-to-bar morphisms with induced matchings

In Bauer and Lesnick (2015) the authors introduce a construction similar to bar-to-bar
morphisms, namely induced matchings. In particular, given persistence modules X
and Z such that there exists a monomorphism Z < X, the authors define a canonical
injection from the multiset of bars of Z to the multiset of bars of X, where for all real
numbers b € [0, oo] the i longest bar of Z with end-point b is sent to the i longest
bar of X with the same end-point. This injection induces a bar-to-bar monomorphism,
which we define here:

Definition 3.17 Let Z and X be persistence modules such that there exists a monomor-
phism Z < X, and fix barcode decompositions Z = P;-; K(a,b}) and X =
EB?:] K (a;, bj? ). The induced matching of Bauer and Lesnick (2015) then corre-
sponds to a canonical injection ¢: {1, ..., m} < {1, ..., n} such that al.z > a;(i) and
b; = bé(i),for alli e {1,...,m}.

We define the monomorphism induced by the canonical injection ¢ as the
monomorphism f,: Z < X given by

m
fo = PK @ b)) = K@y biogn® P (0= K@, b).
i=1 Jjefl,...,n\img

Note that this is a bar-to-bar monomorphism.

Remark 3.18 Let f: Z — X be a monomorphism. If the bars of X all have distinct
end-points, then the monomorphism induced by the canonical injection (Defini-
tion 3.17) coincides, up to isomorphism, with the bar-to-bar monomorphism f; as
determined in Sect.3.2. This is because, in this case, there is only one bar-to-bar
monomorphism from Z to X (up to isomorphism).

Remark 3.19 In general, this is not necessarily the case. For example, starting from
the monomorphism f: K(2,3) — K(1,3) & K(2, 3) defined by

f=(K2,3) = K2,3) & 0= K(1,3)),

then we have f, = (K(2,3) — K(1,3)) ® (0 — K (2, 3)), while f, = f.

More generally, monomorphisms induced by canonical injections do not com-
mute with direct sums of monomorphisms (Bauer and Lesnick 2015, Example 5.8),
while the bar-to-bar monomorphisms we introduced in Sect.3.2 do, as an imme-
diate consequence of their definition via Algorithm 1. That is, given f: Z — X
and f': Z' < X', it is not true in general that (f @ f), = f, ® f,, while
(f® [ = f» ® f} holds,

Maintaining a close relation between a given monomorphism f: Z < X and
the bar-to-bar monomorphism f, is instrumental to proving Proposition 3.9, the key
technical result of Sect. 3.2, and in turn Theorem 3.14 and the dual Theorem 3.16. Since
the canonical injection (Bauer and Lesnick 2015) does not depend on the specific given
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monomorphism between Z and X, but just on the existence of such a monomorphisms,
it is not possible to prove Proposition 3.9 using the same strategy with the canonical
injection instead of the bar-to-bar monomorphism we introduced.

We conclude this section with two corollaries to Theorems 3.14 and 3.16. Using
Theorem 3.14, the problem of minimizing the p-norm of cokernels of all possible
monomorphisms between two given persistence modules can be solved by restricting
to bar-to-bar monomorphisms. This simplification allows for an easy combinatorial
proof of the fact that, among all monomorphisms, the one induced by the canonical
injection minimizes the p-norm of the cokernel. A dual result holds for epimorphisms.

Corollary 3.20 Let Z and X be two persistence modules such that there exists a
monomorphism Z — X. Then ming. z..x || coker f|, = | coker fyl|l, for all
p € [1,00], where f, is the bar-to-bar monomorphism induced by the canonical
injection (Definition 3.17).

Proof By Theorem 3.14, it suffices to show the inequality || coker f, ||, < || coker f|,
for bar-to-bar monomorphisms f: Z — X. Let {bk},‘;:1 be the set of distinct end-
points of X. Then, by hypothesis that there exists a monomorphism Z < X, we can
decompose Z = @ﬁ:] Z® and X = @i:l X® where Z® (resp. X)) is the direct
sum of the bars in Z (resp. X) with end-point b;. Given a bar-to-bar monomorphism
f: Z — X, this induces monomorphisms f ®) . z® <5 x®  We then observe that

f= @i:l £® and so

I coker f1|, = H(n cokerf(k)Hp)k o

Since p-norms are nondecreasing with respect to the coordinate-wise order on [0, 00)*
(Sect.2.6), proving that || coker £]|, < [lcoker f®)|, for each k € {1,...,£}

implies that || coker f, ||, < | coker f|,.

Thus it suffices to prove the result in the case where the bars of Z and X all have the
same end-point, which is what we assume for the rest of the proof. Denote by b this
common end-point and write Z = @, K (a7, bp) and X = @7’:1 K(aj?, by), where
the a; and aj? are in nondecreasing order. Define a; = bg fori € {m +1,...,n}.
Then every bar-to-bar monomorphism f: Z < X has the form

f =K@ bo) — K@, bo)).

i=1

where «: {1,...,n} — {1,...,n} is a permutation and K (bg, bg) denotes the zero
module. By Remark 3.2,

n
coker f = @ K (ag(i), af) .
i=1

In particular, the bar-to-bar monomorphism induced by the canonical injection corre-
sponds to the permutation « = id. Forall p € [1, 0o), we then apply the rearrangement
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inequality of Corollary 3.13 to deduce that || coker fy|l, < | coker f||,. The case

p = oo follows by taking the limit (as in the proof of Theorem 3.14). O

We now dualize the definitions and results for the case of epimorphisms. An epi-
morphism f: Z — X induces a canonical injection (Bauer and Lesnick 2015) from
the multiset of bars of X to the multiset of bars of Z, where for all a € [0, o¢], the
i" longest bar of X with start-point a is sent to the i longest bar of Z with the same
start-point.

Definition 3.21 Let Z and X be persistence modules such that there exists an epi-
morphism Z — X, and fix barcode decompositions Z = /., K (a7, b7) and
X = @?:1 K (a;, b;f ). The induced matching of Bauer and Lesnick (2015) then cor-
responds to a canonical injection i : {1,...,n} < {1, ..., m} such that a; = af'ﬂj)
and b;? < bfp(j), forall j € {1,...,n}.

We define the epimorphism induced by the canonical injection v as the epimor-
phism fy : Z — X given by

n

fr =€ (K ("f/)u)’ bf;,(,-)) - K (“7’ bf‘)) ® @ (K(.b)~0).

j=1 ie{l,....m}\im ¥

As in the case of monomorphisms, given an epimorphism f: Z — X, the associated
bar-to-bar epimorphisms fy and fj (see Sect.3.3) are not necessarily the same.

Corollary 3.22 Let Z and X be two persistence modules such that there exists an epi-
morphism Z — X. Then miny. z . x || ker f|l, = | ker fyllp for all p € [1, 0],
where fy is a bar-to-bar epimorphism induced by the canonical injection (Defini-
tion 3.21).

We omit the proof of Corollary 3.22, which is based on Theorem 3.16 and analogous
to the proof of Corollary 3.20.

4 Noise systems and Wasserstein pseudometrics

In this section we study algebraic Wasserstein pseudometrics between persistence
modules. After introducing in Sect.4.1 a generalization of the pseudometrics associ-
ated with a noise system, we study in Sect. 4.2 noise systems determined by p-norms
of persistence modules and regular contours. Section4.3 is devoted to the associated
algebraic Wasserstein pseudometrics. For some choices of parameters, these pseudo-
metrics have acombinatorial interpretation, as we show in Sect. 4.4. Finally, in Sect. 4.5
we present formulas to compute the algebraic Wasserstein pseudometric between per-
sistence modules in some specific cases.

4.1 Pseudometrics associated to noise systems

Givenanoise system S and p € [1, oo], in this section we will introduce pseudometrics
d g between persistence modules. These pseudometrics are a simple generalization to

@ Springer



Algebraic Wasserstein distances and stable homological... 149

p > 1 of the pseudometric associated to a noise system in Scolamiero et al. (2017) (see
Sect.2.4), where p = 1. Although the statements in this section hold true for tame
functors indexed by [0, co)” for every positive natural number r, as in Scolamiero
et al. (2017), we will limit the presentation to r = 1, since this is the setting of the
following sections.

Definition 4.1 Let X and Y be persistence modules. A span of X,Y is a triplet
(Z, f, g) with Z a persistence module and f: Z — X and g: Z — Y morphisms
between persistence modules. A span of X, Y is therefore a diagram in Tame of the
form

xLz%y.

Definition 4.2 Let X and Y be persistence modules, and let S be a noise system. A

span X <L Z % Yiscalled a (e1, &2, €3, €4)-span if
ker f € S;,, cokerfeS;,, kergeSg and cokerg e S,

Definition 4.3 Let X and Y be persistence modules, and let S be a noise system. For
p €[l,00]land ¢ € [0, 00), we say that X and Y are e-close in p-norm |||, if there

exists a (g1, €2, €3, €4)-span X <£ Z 2 ¥ for some £1, &2, &3, &4 € [0, 00) such that
l(e1, €2, €3, €4) ||, < . We define

dg(X, Y) := inf{¢ € [0,00) | Xand Y are e-close in p-norm},

adopting the convention inf @ = oco.

Our next aim is to prove thatd g is a pseudometric on Tame. We start by generalizing
Proposition 8.5 in Scolamiero et al. (2017) to our current framework. Even if the
generalization is not difficult, we include the proof to highlight how the properties of
p-norms on R* are used. We note that a similar result can be obtained for a larger
family of subadditive functions on R* which include p-norms (see Giunti et al. 2024,
Sect. 2.1).

Proposition 4.4 Let F, G, H be persistence modules. Assume that F and G are e-close
in p-norm, and that G and H are t-close in p-norm. Then F and H are (¢ + t)-close
in p-norm.

. . f ' .
Proof By assumption there exists a (e, €2, €3,&4)-span F <— X — G with
€1, €2, €3, &4 € [0, 00) such that [|(¢1, &2, €3, €4)|l, < € and a (71, 72, T3, T4)-Span
/ a

G &£ v 5 Hwith 71, T2, 73, T4 € [0, 00) such that [|(zy, 2, 73, T4)l, < 7. Con-
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sider the following diagram, where the square is a pullback:

Z
f
Y N
! X 1 !’ Y 4
e N N
F G H

By Scolamiero et al. (2017, Proposition 8.1), ker f € S, andcoker f € S;,, hence by
Scolamiero et al. (2017, Proposition 8.2) ker f f € S+, and coker f' f € Sgytry-
By a similar argument, ker g”g € S, , and coker g”¢ € S;,4+,. This proves that F
and H are n-close in p-norm, where n := ||(e1 + 11, &2 + 172, &3 + 13, &4 + 1:4)||p.
Our claim follows from the inequality

(1 + 71,82+ 12,63 + 3, 84 + )l , < (61, €2, 3, ea)l, + (71, T2, 73, TA) I,

<e+4r,
which expresses the subadditivity of ||-||, and the hypotheses. O
We are now ready to prove that d g is a pseudometric on Tame.

Proposition 4.5 Given p € [1, oo] and a noise system S, the function dg in Defini-
tion 4.3 is a pseudometric on Tame (see Sect.2.4).

Proof 1f g: X — Y is anisomorphism of persistence modules, the span X a xZy
shows that d g(X , Y) = 0. For all persistence modules X and Y, the bijection between

spans X <£ Z % Y between X and Y and spans Y £z i) X between Y and X
implies that d f;(X ,Y)=d g(Y , X). Proposition 4.4 shows that the triangle inequality
holds true. O

Remark 4.6 Given a noise system S, the pseudometrics df; for all p € [1, c0] are

strongly equivalent. Assuming p < ¢, for any pair of persistence modules X, Y we
have

1_1
d&(X,Y) <dg(X,Y) < "G q)dg(x, Y),
as can be easily concluded from the properties on p-norms on R* stated in Sect. 2.6.

4.2 p-norms of persistence modules and contours

The aim of this section is to introduce and study a generalization of the notion of
p-norm of a persistence module (see Sect.2.6) first introduced in Skraba and Turner
(2020), that coincides with the original definition if C is the standard contour (see
Sect.2.2).
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Definition 4.7 Let C be a regular contour. For p € [1, oo], define the (p, C)-norm of
a persistence module X = @le K (a;, b;) by

1
h 1
Xl e = { (Zie tlar b07)" forp e [1.00)
max{€(a;, b)}_,  for p = oo,

where £(a;, b;) denotes the lifetime of the bar K(a;, b;) with respect to C (see
Sect.2.2).

We see that || X ||, ¢ does not depend on the choice of barcode decomposition for
X.For p € [1,00] and ¢ € [0, 00), consider the class of tame persistence modules

SPC = (X eTame | [ X, ¢ <&},

and denote SP°¢ := {S? ’C}ge[o,oo). If D is the standard contour (see Sect.2.2), then
L(ai, bj) = b; — a; and we have || X||, p = I X], and SP-P = SP. The main result
in this subsection is showing that S”-C is a noise system (see Sect.2.3) whenever C
is an action, for any p € [1, oo]. For the standard contour, this result together with
Proposition 4.5 provide an alternative proof to the one in Skraba and Turner (2020)
that the algebraic p-Wasserstein distance is a pseudometric, as will be later highlighted
in Remark 4.20.

Given a contour C, the function C(0, —): [0, 00) — [0, c0) is nondecreasing
(and it is an increasing bijection if the contour is regular). Hence it can be viewed
as a functor from the poset category [0, co) to itself, that can be effectively used
to re-parameterize [0, 00). For any persistence module X, the composition of func-
tors Tc(X) = XC(0,—): [0,00) — vectg is a persistence module. As we will
show, T¢(X) is in Tame whenever X is in Tame and C is a regular contour (Corol-
lary 4.9). The assignment X — T¢(X) can be extended to a functor 7¢: Tame —
Tame sending a morphism f: X — Y of persistence modules to the morphism
Tc(f): Tc(X) — Tc(Y) defined as the natural transformation between T¢ (X) and
Tc (Y) whose component at a € [0, 00) is T (f)y = fC(O,a): XC(O,a) — YC(O,a)~

We now explain the relationship between the barcode decompositions of X and
Tc(X) when C is a regular contour.

Proposition 4.8 Let C be a regular contour, and let £ be the associated lifetime func-
tion. Consider a bar K (a, b). Then

Tc(K(a,b)) = K(£(0, a), £(0, b)).

Proof The functor T¢ (K (a, b)) : [0, 00) — vectg sends ¢ < d in [0, 00) to the linear
function

K(a,b)co,0<c.a): K(a,b)co,c) = K(a, b)c,q)
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which is the identity on K if a < C(0,c¢) < C(0,d) < b and the zero function
otherwise. Since C is regular, £(0, —) is a strictly increasing function, hence the
conditiona < C(0,c) < C(0,d) < bisequivalentto £(0,a) <c <d < £(0,b). O

Corollary 4.9 Let X be a tame persistence module with barcode decomposition
@le K (a;, b;), and let C be a regular contour. Then Tc(X) = @?:1 K0, a;),
£(0, b;)). In particular Tc (X) is also in Tame.

Proof Since direct sums in Tame are defined pointwise (Sect.2.1), if {X;}; <y is a finite

collection of persistence modules and C is a regular contour, then Tc(D;.; Xi) =
D, c; Tc(X,), this together with Proposition 4.8, gives the following.
k
Te(X) =Tc <@ K (a;, b,’)) (by Proposition 4.8)
i=1

k
=P 7c (K(ai, b))

i=1

k
= D K €0, ), €0, b))
i=1

Given that bars K (£(0, a;), £(0, b;)) are in Tame and tameness is preserved by
finite direct sums, T¢ (X) is also in Tame. O

We now show that the functor T is exact.

Proposition 4.10 Let0 — X — Y — Z — 0 be an exact sequence in Tame, and let
C be a regular contour. Then the sequence 0 — Tc(X) — Tc(Y) — Tc(Z) — Qs
also exact in Tame.

Proof Exactness in Tame is defined pointwise: 0 — X — Y — Z — 0 is exact if
and only if 0 - X, — Y, — Z, — 0is exact in vectg, for every a € [0, 00). As
a consequence, 0 — Xc,») = Yco.p) = Zco,») — 01is exact in vectg, for every
b € [0, 00), hence by definition the sequence 0 — T¢(X) — Tc(Y) — Tc(Z) - 0
is exact. The fact that the exact sequence 0 — T¢(X) — Tc(Y) — Tc(Z) — Oisin
Tame follows from Corollary 4.9 and how 7¢ is defined on morphisms. O

Remark 4.11 As is clear from its proof, Proposition 4.10 in fact holds for the precom-
position of persistence modules by any increasing bijection of [0, 00).

In the rest of the article, we will focus on contours that are regular and actions (see
Sect.2.2), called regular actions for brevity. We prove here a simple but important
property of regular actions, and the associated lifetime function £, which is used to
prove the subsequent results.

Lemma 4.12 IfC isaregularaction, thenf(a, c) = €(a, b)+£(b, c) foranya < b < ¢
in [0, 00).
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Proof Let a < b < c. Using the definitions and the assumption that C is an action,
we have C(C(a, £(a, b)), £(b,c)) = C(a, £(a, b) + £(b, c)). Again by definition, we
observe that the left-hand side equals ¢, and that ¢ = C(a, €(a, b) + £(b, ¢)) implies
L(a,c) =4€(a,b) 4+ £(,c). O

Proposition 4.13 Let X be a persistence module, let p € [1, 00], and let C be a regular
action. Then || X1, ¢ = ITc(X)|l -

Proof Let X = @?:1 K (a;, b;). For any fixed p € [1, co), we have

k P
ITe (X, = (Z(em, bi) — €(0, a»)!’)

i=1

K g
= (Zaai,b»”>
i=1
=1 Xllp.c»

where the first equality is by Corollary 4.9, the second one is by Lemma 4.12, and the
third one is by definition of ||-||, ¢. The case p = oo is similar. m]

We are now ready to prove that S”*€, with C a regular action, satisfies the axioms
in the definition of noise system (see Sect.2.3).

Lemma4.14 Let0 - X — Y — Z — 0 be an exact sequence in Tame, and let C
be a regular contour. Then || X1, c < IY|l.,c and | Z||,.c < Yl c-

For the standard contour, our statement coincides with Lemma 7.8 in Skraba and
Turner (2020), which is easily proven using the induced matchings (Bauer and Lesnick
2015) for monomorphisms and epimorphisms of persistence modules. For the sake of
completeness, we include the proof for || - || ,, ¢, which does not present any additional
difficulty.

Proof The existence of a monomorphism from X to Y implies the existence of the
bar-to-bar monomorphism f,: X < Y of Definition 3.17, induced by the canonical
injection (Bauer and Lesnick 2015). The monomorphism f, decomposes as a finite
direct sum of monomorphisms of the form K (a’, b) < K(a, b), with a < d’, and
of the form 0 <> K (a, b). By monotonicity of contours, a < a’ implies £(a’, b) <
£(a, b). The inequality || X ||, c < Y|, c then follows from the definition of |||, ¢,
since every term in the expression for || X[, ¢ is upper bounded by a term in the
expression for [ Y|, c.

The proof of the inequality [|Z], c < [IY|, c is obtained similarly, using the
epimorphism induced by the canonical injection (see Definition 3.21). O

Lemma4.15 Let 0 - X — Y — Z — 0 be an exact sequence in Tame, and let C
be a regular action. Then Y|, c < 1 X|l,.c + IZll.c-
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Proof First, we prove the statement assuming that C is the standard contour. Let

0—- X —f> Y £ Z — 0be ashort exact sequence of persistence modules, and let us
show that || Y|, < [IX]l,+IZ],. We consider the monomorphism f and observe that
Z = coker f implies that Z and coker f have the same barcode decomposition, hence
IZl|, = llcoker f | ,. Theorem 3.14 tells us that, among all monomorphisms between
two fixed persistence modules, the norm ||-|| , of the cokernel is minimized by a bar-to-
bar monomorphism. We therefore just need to prove that [|Y[|,, < || X||,+ [lcoker f| P
for any bar-to-bar monomorphism f between X and Y.

By Remark 3.2, if f: X — Y is a bar-to-bar monomorphism, then there exist
barcode decompositions ;. ; X; and @'}zl Y; of X and Y, respectively, such that
m < n and, up to permutation of the Y;, there are monomorphisms f;: X; — Y;
between bars such that coker f = DL, coker f; ® @';_,, 11 ¥;. We observe that,
for each bar Y; = K (a;, b;) of Y withi € {1, ..., m}, there is a bar X; = K(a;, b;)
of X and a corresponding summand coker f; of coker f, which is a bar K (a;, a;) if
a; < aj, and it is the zero module if ¢; = .. Similarly, we observe that each bar
Y; =K(aj,bj)of Y with j € {m + 1, ..., n}is also a bar of coker f. By definition,
1Yl is the p-norm of the following element of R™:

(bj —aj)jen,..ny = ((bi —a)) + (@ — ai))ieq1,...m}» (bj — aj) jeim+1,...n})-

Then, by the triangular inequality of p-norms in R", we have [|Y]l, < [IX|, +
|[coker f|| P which completes the proof when C is the standard contour.

Letnow C be any regular action. By Proposition 4.10, exactness of 0 - X — Y —
Z — 0 implies exactness of 0 — T¢(X) — Tc(Y) — Tc(Z) — 0. Applying the
previous part of the proof to the latter exact sequence yields || 7Tc (V)| , < [ITc (X)), +
ITc(Z2)1l,, which by Proposition 4.13 coincides with our claim. O

For the standard contour, the statement of Lemma 4.15 is given in Remark 7.32 of
Skraba and Turner (2020). However, to our knowledge, we provide the first proof of
this inequality that does not assume the fact that the p-norm of persistence modules
induces a pseudometric. Indeed in Skraba and Turner (2020) the fact that the algebraic
Wasserstein distance satisfies the triangular inequality is used as an hypothesis.

We can now prove the main result of this subsection.

Theorem 4.16 For any p € [1, oo] and any regular action C, SP°C is a noise system.

Proof We show that SP€ satisfies all axioms of the definition of noise system (see
Sect.2.3). Since the norm ||-|| , ¢ of the zero module 0 is zero, we have 0 € Sf’c, for
all ¢ € [0, 00). By definition of SP:€ it is clear that Sf’c - Sf’c whenever 7 < e.
Lemmas 4.14 and 4.15 complete the proof, showing that S”-€ satisfies both conditions
on short exact sequences of persistence modules. O

Remark 4.17 For p < oo, the noise system S”°C in not closed under direct sums
(Sect.2.3), since | X & Yll,c = | (IXllp.c. Y ll,.c)| , by Eq. ).

Remark 4.18 Let us briefly highlight the role of our hypotheses on contours, which
are required to be regular actions in Theorem 4.16. The regularity assumption ensures
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for instance that the associated lifetime function £ is well-defined, and that the functor
Tc is an endofunctor on Tame. The assumption that C(0, —): [0, c0) — [0, c0)
is an increasing bijection is sufficient to prove many results of this subsection (see
Remark 4.11), but we choose to assume the stronger condition of regularity on C to
facilitate a comparison with the results of Chachdlski and Riihiméki (2020), observing
in addition that many examples of regular contours can be found, for example the
contours of distance type (Sect.2.2) that are used in our experiments (see Sect.5).
The hypothesis that the considered contours are actions is motivated by the use of
Proposition 4.13 in the proof of Lemma 4.15. If C is not an action, the equalities of
Lemma 4.12 and Proposition 4.13 are replaced by the inequalities £(a, ¢) < £(a, b) +
L(b,c), forany a < b < ¢, and ||[Tc(X)|lp, < I X|lp,c. A proof of Lemma 4.15
removing the action hypothesis on C eludes us.

4.3 Contours and algebraic Wasserstein distances

We now turn to considering the pseudometrics dg ».c associated (as in Sect.4.1) with

the noise systems S”C introduced in Sect.4.2, for fixed p, ¢ € [1, co] and a regular
action C. We also refer to these pseudometrics as algebraic Wasserstein distances.
First, we show that the functor T¢ introduced in Sect. 4.2 allows us to switch between
a pseudometric dg ».c and the pseudometric dg » associated with the standard contour.
More precisely, we show that T¢ can be viewed as an isometry

Tc: (Tame, d“épyc

) — (Tame, d%,).

Let us recall that, if C is a regular contour, the function C (0, —) : [0, co) — [0, 00)
is an increasing bijection. Its inverse £(0, —) = C(0, —)~lis therefore an increasing
bijection as well. Mimicking the definition of 7¢ given in Sect. 4.2, we can define
a functor 7,: Tame — Tame given by precomposition by the increasing function
£(0, —). By Proposition 4.10, the functor 7¢ : Tame — Tame preserves kernels and
cokernels, and Ty has the same property by Remark 4.11. Furthermore, since C (0, —)
and £(0, —) are inverse to each other, the compositions T¢ T, and Ty T¢ are the identity
functor 1tame on Tame.

To prove the following result, it is convenient to define the (p, g, C)-cost of a span

X <L Z5 vy of persistence modules as the element ¢ € [0, oo] defined by
¢ == [(llker £l ¢ llcoker fll, ¢, lkergll, c IICokergIIp,c)Hq.
Proposition 4.19 Let C be a regular action, and let X, Y be persistence modules. Then
dt, (X, Y) =d%,(Tc(X), Te(Y)).
Proof Let D denote the standard contour, and let us recall that the (p, D)-norm of a
persistence module coincides with its p-norm (Sect.4.2). We describe a correspon-

dence between spans having the same cost, calculated with respect to (p, g, C) and
(p, q, D) respectively.
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Let X <f— Z5 Ybea span and let ¢ be its (p, g, C)-cost. Applying the functor

T, T,
Tc, we obtain the span T¢ (X) <Lf) Tc(Z) ﬂ) Tc(Y), whose (p, g, D)-cost is

¢ = | (Iker Te ()1l . llcoker Te ()l . llker Te ()1, - llcoker Te(2)11,) |,
= |[(17c (ker )1l . ITc(coker £l 1 Te (ker ), . I Tc (coker &)1, )|,

:C’

where the second equality holds because the functor T¢ preserves kernels and coker-
nels, and the last equality holds by Proposition 4.13.

To prove the other direction of the correspondence, we start from a span T¢ (X) b
Tc(Z2) ﬂ Tc(Y) whose (p, g, D)-cost is

k= | (Ikergll, . llcoker gl . lker y/|l,, . lcoker v1l,) | .
and we exhibit a span between X and Y whose (p, g, C)-cost equals k. Applying the

Te(9) Te(¥)
<«

functor T, we obtain the span X Z —— Y. To determine the (p, g, C)-cost

of this span we observe that

Iker Te(@)ll,. ¢ = I Te(ker ), ¢ = I Tc TeCker @)|l, = Ilker ¢,

where the first equality holds because 7 preserves kernels, the second equality is by
Proposition 4.13, and the third equality holds because Tc Ty = ltame. Since similar
equalities hold for coker T;(¢), ker T; (), and coker T; (), the (p, g, C)-cost of the

T, T,
span X ﬂ Z M Y equals k. O

Remark 4.20 Some of the pseudometrics between persistence modules that have been
studied by other authors fall within the framework we have presented in this subsection
and in Sect. 4.1. If C is a regular contour, the pseudometric denoted by d¢ in (Chachél-
ski and Riihiméaki 2020, Sect. 6) coincide with our pseudometrics of the type d‘ls.oo‘c .In

particular, for the standard contour (Sect. 2.2) the pseudometric d é‘oo coincides with the
standard pseudometric already introduced in Scolamiero et al. (2017). As we already
mentioned, the algebraic pseudometrics introduced in Skraba and Turner (2020, Sect.
7) are of the form d g »» thus coinciding with our pseudometrics with the choice p = ¢
and for the standard contour. In Giunti et al. (2024), the authors propose a frame-
work to study distances on abelian categories which is equivalent to noise systems
on abelian categories. The authors of Bubenik et al. (2023) also study distances on
abelian categories, introducing the notion of exact weight, which is more general than
noise systems as the first axiom on short exact sequences is relaxed. The so-called path
metric associated with an exact weight is defined for zigzags of morphisms of arbitrary
finite length, but for the particular case of path metrics on noise systems considering
spans is sufficient. In this case, the path metric coincides with a pseudometric of the
form d }5 In particular, the path metric dyoqim between persistence modules studied
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in (Bubenik et al. 2023, Sect. 4) coincides with d ‘ISI in our notations, while the p-
Wasserstein distances introduced by the authors are different from our pseudometrics

q
dg,c-
4.4 Algebraic and combinatorial (p, C)-Wasserstein distances

In this subsection we consider Wasserstein distances between persistence diagrams.
Here, we call these pseudometrics combinatorial Wasserstein distances, to distinguish
them from the algebraic pseudometrics dg ».c defined on the class of persistence mod-
ules. We introduce a new family of combinatorial Wasserstein distances, parametrized
by p,q € [1, oo] and a regular action C, which generalize the Wasserstein distances
commonly used in persistence theory. Finally, we prove isometry results involving the
combinatorial Wasserstein distances and the algebraic Wasserstein distances d‘qgnc
introduced in Sect. 4.2.

LetU := {(a, b) € [0, 00) x [0, 00] | a < b} be a subset of the extended plane. A
persistence diagram is a finite multiset D = {x;};cs of elements of U. Since D is a
multiset, it may happen that x; = x; for some i # k. The diagonal A of [0, c0) is the
set A := {(a,a) | a € [0,00)} C U.Forall p € [1, 0], we denote by d,, the metric

on U induced by the p-norm, defined by dp(x,y) = |lx —y|l, forallx,y € U,
and we denote d,(x, A) := inf,ea dp(x, 2). As is easy to show, if x = (a, b), then
dp(x, A) = dp(x,7) with 7 := (42, 43P).

.....

P, q € [1, 00], the (p, g)-Wasserstein distance between D and D’ is defined by

Wi(D,D') := inf
o

‘ (H (dp (i, Xl )it

‘ 9
q

H(dp(A,x}))je{l,...,n}\a(nH )H ,
1/ llq

where the infimum is over all injective functions a: I — {l,...,n}, with I C

{1,...,m}.

Remark 4.21 We note that in the literature, the letters p and g are sometimes inter-
changed with respect to our notation of the parameters of Wasserstein distances
between persistence diagrams. This is the case for instance in (Skraba and Turner
2020, Def. 2.7). Our choice of notation is motivated by symmetry with the definition
of algebraic Wasserstein distances, where a norm || - ||, is used to “aggregate” costs
expressed with respect to a norm || - || .

Let D denote the set of all persistence diagrams. We define the class function
Dgm: Tame — D sending any persistence module X to the persistence diagram
Dgm(X) such that X = €D, j)epem(x) K (@, b), where we note that in the right-
hand term each bar K (a, b) appears the same number of times as the multiplicity
of (a, b) in the multiset Dgm(X). By virtue of the barcode decomposition theorem
(Theorem 2.2), the function Dgm: Tame — D induces a bijection between the set
Tame /~ of isomorphism classes of persistence modules and D.
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As proven in Skraba and Turner (2020), if p = ¢ then the algebraic distance a'g »
between persistence modules coincides with the combinatorial distance WZ between
the associated persistence diagrams.

Theorem 4.22 (Skraba and Turner 2020) For any p € [1, co] and for any persistence
modules X and Y we have

d%,(X,Y) = W} (Dgm(X), Dgm(Y)).

It is worth observing that the equality of Theorem 4.22 does not hold when p # q.
For example, we can consider the persistence modules

X =K(ai,a1 +4£1) ® K(az, a2 + £2) ® K (a3, a3 + £3)

with £1, £2, €3 positive real numbers, and 0, the zero module. Then, assuming g < oo,

1
6o G b b b !

di (X,0) =
o= (|(559) (5 59))

(as we will prove in Lemma 423), while
1
”( 2 2) H( 3 %) p)

Given a regular contour C, we now define a function t¢: U — U as follows: for
x = (a,b) € U, we set t¢c(x) = (£(0, a), £(0, b)), where £(0, —) is the lifetime
function associated with C (Sect.2.2). If D is a persistence diagram, then by applying
7c to each element of D we obtain a persistence diagram that we denote by t¢ (D).
Hence, we have a function D — D which we denote again by t¢, with a slight abuse of
notation. If C is the standard contour, then t¢ is the identity function and in particular
tc(D) = D. Figurel illustrates a persistence diagram transformed by applying ¢
for a contour C of distance type.

Given a regular contour C, we define the combinatorial (p, C)-Wasserstein dis-
tance W[i ¢ pulling back the pseudometric W,f via tc: D — D. Explicitly, for all
persistence diagrams D and D’, we define W;C(D, D) = Wlf(tc (D), Tc(D")). If
C is aregular action, then as a consequence of Corollary 4.9 we have Dgm(T¢ (X)) =
tc(Dgm(X)), for every persistence module X. This implies, by virtue of Proposi-
tion 4.19 and Theorem 4.22, that

W (Dgm(X), Dgm(0)) = (H( ! 1)

df,c(X,Y) =W} -(Dgm(X), Dgm(Y)),
for all persistence modules X and Y.
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] 0
0 1 0 1

Fig. 1 Left: A persistence diagram D = {(0.2,0.4), (0.4, 0.6), (0.6, 0.8)}. A contour C of distance
type parametrized by a Gaussian density (u = 0.5,0 = 0.15) is chosen and the correspond-
ing function f(x) = £(0,x) (i.e. the Gaussian cumulative distribution function) is shown above
and to the right of the persistence diagram. Right: The transformed persistence diagram 7o (D) =
{(£(0,0.2), £(0,0.4)), (£(0,0.4), £(0, 0.6)), (£(0, 0.6), £(0, 0.8))}. The regular grid from the left diagram
has also been transformed to illustrate how ¢ stretches the plane

To summarize, for any p € [1, oo] and any regular action C, we have acommutative
diagram of isometries

D
(Tame, d%, ) ——— (D, W o)

Tcl lrc

(Tame, d2,) —=% (D, W})

4.5 Algebraic parametrized Wasserstein distances

The equivalence between algebraic and combinatorial Wasserstein distances for the
case p = ¢, described in Sect.4.4 or in Skraba and Turner (2020) for the stan-
dard contour, implies that in general Wasserstein distances cannot be expressed by
an explicit (i.e., not involving an optimization problem) formula depending on the
barcode decompositions of the persistence modules we are comparing. However for
some special classes of persistence modules this is the case. The focus of this section is
to present such formulas for the exact computation of algebraic Wasserstein distances.
To avoid distinguishing the cases ¢ < 0o and ¢ = o0 in stating the results of this

1—q
subsection, for g = oo we set by convention % =0and2 7 =271,

Lemma 4.23 For all persistence modules X and all p, q € [1, oo] we have

1=q
d&,(X,0) =277 ||X||,.
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Proof Let X = @le K (a;, b;) be a barcode decomposition of X, consider a per-
sistence module of the form Z = @le K (a";b" ,bi) and a bar-to-bar morphism
f= @{'{:1 fi: Z — X, with each f;: K(a’;b",bi) — K(a;j, b;) a monomorphism

between bars. Denote by g = @f;l gi: Z — 0 the zero map. The existence of the

1—
span X <L z5%50 implies that X and O are ZTq | X1l, close in g-norm (Defini-

1—
tion 4.3), proving that dgl, (X,0) < ZTq [ X1l ,. Indeed ker f = cokerg = 0 and

llcoker f1I,, = llkergll, = H(b’;“" die(l,...k) Hp. The bound is obtained by computing

H<H(bi2ai)ie{1,...,k}H , ‘(bigai)ie{l,...,k}H )’
p r)

To prove the converse inequality, let us show that if dgp (X,0) < ¢ then

l1-q
q

=2

X1 -

2qu X1, < 8.Ifdg,, (X, 0) < e,thenthereexistsa (g1, &2, €3, 0)-span X L2750
for some €1, &2, €3 in [0, 00) such that ||(e1, €2, €3)[|, < €. Note that X <= im¢ — 0
isthena (0, &7, €3, 0)-span. Consider the short exact sequence im ¢ < X — coker ¢.
Since coker ¢ € S, andim ¢ € Sf3, by the third axiom of noise systems we get X €

8£ te3 and so we get || X|| p S €2+ €3 by definition of S”. Furthermore, by inequali-

_1 _1
ties (1) between p-norms onR?, &7+ 3 = || (e2, &)l < 217y (g2, 3)ll, < 217ge,
_1 . I=g
Therefore we have | X||, < 2agor equivalently 2 ¢ || X], < &. We conclude that

1= 1—
d%,(X,0)> 27 |X],, and therefore d%, (X, 00 =27 | X],. O

1—
Remark 4.24 The formula d:é »(X,0) = 27q [ X1l , of Lemma4.23 was already shown
for the case p = ¢ in Skraba and Turner (2020) by using the correspondence between
combinatorial and algebraic Wasserstein distances.

The proof of Lemma 4.23 can be easily extended to the case of a regular action C.
In this case, we have

I g
dl, o (X,0) =d&,(Tc(X),0) =27 Tc(X)l, =27 | Xlpc» (0)
where the first equality holds by Proposition 4.19, the second by Lemma 4.23 and
the third by Proposition 4.13. Similar arguments can be applied to all the results of
this subsection. For exposition purposes we consider the case of the standard contour
throughout the section and collect generalizations of the main results at the end of the

subsection in Proposition 4.32.

Proposition 4.25 Let X, Y, V be persistence modules. Then, for every p, g € [1, 00],

dé,(X®V,Y®V) <d§,(X,Y).

: 1

Proof 1t suffices to observe that for any span X <f— z5 Y, the span X @ V <fi
1

ZpV 59 Y @ V has the same cost. O
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Remark 4.26 Note that by considering ¥ = 0, Proposition 4.25 gives

=
db,(XeV,V)<d,(x,00=27 |X|,

1—
The converse inequality d&,(X @V, V) > d%,(X,0) = 27 X1, does not hold in
general, as illustrated in the following example. Consider p = g = 2, X = K (0, 6)

andV = K(1,5)®K(2,4). By Lemma4.23 wehavethatdg.p(X, 0) = %2-6 = +/18.

However, X @ Vand Y & V are \/E-close via the following (O, \/3 , \/5 , 0)-span

S1© /28 f3
%

K@©0,6) ® K(1,5® K(2,4) K(1,6)® K(2,5)
81982983

® K@3,4) —— K(1,5 9 K2,49)60

implying that dg.p(X OV, YOV) <6 <18 = dgp(X, Y). This example is
based on the fact that given a span X <i z%y realizing the distance between X

1 1
and Y, the span X @ V /® ZpV @ Y @ V not always is the one achieving the
distance between X @ VandY @ V.

Let {K (a;, b;)}ieq1,....k) be a sequence of bars ordered non-decreasingly by length,

that‘is, by —ay <by—ay <--- < by —ag.Forje{l,... k}, consider Z :=

{: | K(ai, bi)andY := @f‘: 1 K (a;, b;). The remainder of this section is devoted
1—g

to proving that, in this case, d%,(Y & Z,Y) = d%,(Z,0) = 277 1 Z| » - In Sect.5,

this result will be used for the computation of the stable rank of a persistence module
with respect to dg,.

Proposition 4.27 Let S be a noise system. For any (g1, €2, €3, &4)-span X < Z — Y
of persistence modules there is a mono-epi (0, g3, €3, 0)-span X <= im f — P such
that rank (P) < rank(Y).

Proof By Theorem 3.14 and Remark 3.2, if U < V is a monomorphism between
persistence modules, then rank(U) < rank(V), and similarly if V. — U is an epi-

morphism, then rank(U) < rank(V). Let X <£ z%y be a (g1, &2, €3, €4)-span of
persistence modules, and consider the following diagram in Tame, where the square
is a push-out:

Since f’ is an epimorphism and i is a monomorphism, rank(P) < rank(img) <

rank(Y). We consider the span X Lim f iR P . Clearly, the kernel of the corestriction
g: Z — im g still belongs to S;,, and its cokernel is zero. Then, by Proposition 8.1
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in Scolamiero et al. (2017), ker g’ € S;, and coker g’ = 0. The kernel of j is 0, while
its cokernel belongs to Sg,, as it coincides with the cokernel of f: Z — X. O

Lemma4.28 Let p,q € [1, o], and let [a;, b;] be nonempty intervals in [0, 00), for
ief{l,...,j} The function y : ]_[{:l[a,-, b;] — [0, 0o) defined by

Y(X1, . xp) = H(H(xl—al,...,xj—aj)Hp, (b1—x1,...,bj—xj)Hp>Hq

.. i+bj
has a global minimum at (%, . a’T’).

“ey

Proof The function y is continuous with a compact domain, so it admits a global
minimum by the extreme value theorem. Moreover, it is convex because norms are
convex functions.

Write a = (ay,...,aj), b = (b1,...,bj) and x = (x1,...,x;) in R/. Since
y(x) = y(a + b — x) for every x, the function y is invariant under point reflection

through #. By convexity, we conclude that # is a global minimum of y. O

Proposition 4.29 Let X = @le K (a;, b;), with the bars ordered non-decreasingly

by length. Let j € {1, ...,k}, andlet p,q € [1, 00]. Then, any persistence module Y
with rank(Y) < rank(X) — j is such that

1-q
d,(X,Y) =274

B Kb |

Proof We prove the claim by contradiction. Suppose that there exists a persistence
module Y such that rank(Y) < rank(X) — j and

1-q
db,(X,Y) <274

L K, b)

.
By definition, there exists a span X <i Z £ Y such that

1—
[ (Iker £11, . leoker £11,, liker gl , lcoker gll,) |, < 277"

L) K@i b

.

(N
By Proposition 4.27 we can assume (possibly after replacing Y with a persistence
module of smaller or equal rank) that the span above is mono-epi, that is, of the form

X <L Z 5 Y. By Theorems 3.14 and 3.16, we can moreover assume that f and g
are bar-to-bar morphisms.
Thus, we can consider a barcode decomposition Z = @Ll Z;, with some of the

Z; possibly zero, and a barcode decomposition ¥ = @i‘: 1 Yi, with at least j of the

Y; equal to zero by assumption, together with morphisms between bars K (a;, b;) <

Zi 5 ¥ such that f = @_, i and g = @, g Let I C {1,....k}, with
[I| > j, be the subset of the indices i such that ¥; = 0. For every i € I, we have
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K (a;, b;y) i’ Z; E» 0, with Z; = K (x;, b;) for some a; < x; < b;, where K (b;, b;)
denotes the zero module. Since ker f = @le ker f; and coker f = @?:1 coker f;,
by Remark 3.2 we observe that D,.; K (a;, x;) is a direct summand of coker f, and
similarly that ), .; K (x;, b;) is a direct summand of ker g, which gives

llcoker fll, = ®ier K (ai, xi)ll, = I(xi — ai)ierll

lkergll, = l[®ier K (xi, bi)ll, = (i — xi)ierll -

If b; < ocoforalli € I,itis easy to show using Lemma 4.28 that the cost of the span
is

1= 1—
| (llcoker £11,., Iker gl,) |, = 27 (b — ai)icrll, =277 [ De; K (@i, by)|

p3
and the same inequality clearly holds if b; = oo for some i € I. However, since
|I] > j, the right-hand side of the inequality cannot be smaller than
1=q 1= i
270 | (b — aiiey...., j}“p =2 ‘EB{ZI K (a;, b;) »
and this contradicts (7). O

Proposition 4.30 Let X = @f‘(:l K (a;, b;), with the bars ordered non-decreasingly
by length. Let j € {1,...,k}, and let Y = @f:jﬂ K (a;, by) (with Y = 0 when
Jj = k). Then, for all p,q € [1, o],

q 1=q
dt, (X, Y)=2"4 )]

@) K@, b

.
Proof Since rank(Y) = rank(X) — j, Proposition 4.29 gives us the inequality

1-q
d,(X,Y)=274

B K@)

»
The other inequality, as already noticed in Remark 4.26, follows from Proposition 4.25

1—
and Lemma 4.23 showing that d%,(Z @ Y,Y) < d§,(Z,0) = 277 I1Z], with
Z:@{zl K(ai,bi). O

In the final part of this subsection we generalize some results from the case of the
standard contour to the case of any regular action C.

Definition 4.31 Let C be a regular contour, and let X = @Ll K (a;, b;). We say that
(the barcode decomposition of) X has bars ordered non-decreasingly by lifetime
if £(ay, b)) < €(ax,by) < --- < L(ag, by), where £ denotes the lifetime function
associated with C (see Sect.2.2).
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Proposition 4.32 Let C be a regular action, and let p,q € [1,00]. Let X =
@ﬂ;l K(ai, b;), with bars ordered non-decreasingly by lifetime, and let j €
{1, ..., k}. Then, for all persistence modules Y,

1. ifrank(Y) < rank(X) — j, then

3

q 1=
dl, (X, Y) =27

L) K@i b

‘p,

2. ifY = EBf:jH K (ai, b;) (with the convention Y = O when j = k), then

q 1=
dl,c(X.Y)=27

L K@ .
p.C
Proof The first statement follows from

d%,c(X,Y) = d,(Tc(X), Te(Y))

DL ek @b

1-q
>274

1—¢
=2 4q

L, K, b)

‘p,C

where we are using in sequence Proposition 4.19, Proposition 4.29 (observing that
the length of a bar T¢ (K (a, b)) coincides with the lifetime £(a, b) of K (a, b), see
Proposition 4.8), and Proposition 4.13. The second statement is proven similarly,
using Proposition 4.30. O

5 Wasserstein stable ranks: computations and stability

In Sect. 4 it was shown that the Wasserstein distances dg ».c are pseudometrics on Tame.
They can therefore be used in the framework of hierarchical stabilization (see Sect. 2.5)
to produce stable invariants of persistence modules. The focus of this section is on
one type of such invariants, the Wasserstein stable ranks, which are the hierarchical
stabilization of the rank function with respect to Wasserstein distances dfé ».c - Denoting
dg ».c by d, the stability result for stable ranks (Proposition 2.5) states that for every
pair of persistence modules X and Y

d(X.Y) > do. (ﬁd(X),ﬁd(Y)) .

In the case where p = ¢ and C is the standard contour, combining the above
inequality with the stability results of Skraba and Turner (2020) gives several stability
results of Wasserstein stable ranks with respect to perturbation of the original data.
In particular, (Skraba and Turner 2020, Theorem 4.8) expresses stability with respect
to sublevel set filtrations of monotone functions on cellular complexes, (Skraba and
Turner 2020, Theorem 5.1) expresses stability with respect to the construction of
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cubical complexes from grey scale images, and (Skraba and Turner 2020, Theorem
5.9), expresses stability with respect to Wasserstein distance between point clouds
when using the Vietoris-Rips construction.

In order to use the Wasserstein stable ranks in applications, it is important to be
able to efficiently compute them as well as distances between them. In this section
we use computations of Wasserstein distances from Sect.4 to derive a formula for
the Wasserstein stable rank and propose a convenient formulation of the interleaving
distance between stable ranks.

Having defined a rich family of Wasserstein distances dgp,ca it is natural to ask
whether we can in a supervised learning context search for an optimal distance for
a problem at hand. Choosing a suitable parametrization of a contour and leveraging
the simple expression of the interleaving distance between Wasserstein stable ranks,
in Sect.5.3 we set up a simple metric learning problem with the aim of observing
the interaction between the parameter p and the parameters related to the contour C
within the learning. Preliminary results on the optimization of only a contour in a
metric learning framework are presented in Gifvert (2018).

5.1 Computation of the stable rank with Wasserstein distances

The results of this subsection provide explicit formulas to compute the stable rank
with respect to the Wasserstein distances d:ép.c introduced in Sect.4. We begin by
considering the case p < 0o. Asinthe previous section, if g = oo we set by convention

1 g 1
5=Oand2 9 =277

Proposition 5.1 Let p € [1,00) and q € [1, 00], let C be a regular action, and let
d denote the pseudometric dg.p,c. Let X = @{‘(:1 K (a;, b;), with bars ordered non-
decreasingly by lifetime (Definition 4.31), and letn := |{i € {1,...,k} | b; < oo}]
denote the number of finite bars of X. Then, there exist real numbers 0 = ty < t] <
th < --- < t, such that the stable rank function E&d (X):[0,00) — [0, 00) is
constant on the intervals [to, t1), [t1, 12),..., [ta—1, th), [tn, 00), and

rank(X) (1) = rank(X) — J,
forevery j €{0,1, ..., n}. Furthermore,

1—q
l‘j:2‘1

~ 1=
‘@{:1 K(a,-,b,-)”p’c =27 @by, ... 0a;. b)),

forevery j € {1,...,n}, where £ is the lifetime function associated with C.

Proof Forevery j € {1, ..., k}, by Proposition 432 Y; := EB?:,‘-H K (a;, b;) is the
closest persistence module to X (in the pseudometric dgp’c) such that rank(Y;) =
rank(X) — j. We have

q 1=
dl, (X, Y) =271

‘@zj—l K(a,',b,')H =!1j,
= ».C
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with ; < oo if, and only if, j € {1,...,n}. Lastly, we observe that 0 =19 < f; <
t) < --- < t, as a consequence of the assumption p < oo. O

In particular, when p < oo, the value of the piecewise constant function E&d (X)
can only decrease by 1 at every discontinuity point ;. For p = 00, the stable rank has
a slightly different behavior. Even though we can define the sequence of real numbers
(tj); as in Proposition 5.1, we only have 0 = #p < t; < 1 < --- < 1, instead
of strict inequalities. Letting s,, denote the m™ smallest value in { j}j we obtain a
sequence 0 = 59 < 51 < 52 < --- < s, such that the stable rank with respect to the
pseudometric d := dgoo,c is constant on the intervals [so, s1),..., [$,/, 00), taking the
values

ranky (X)(s,;) = rank(X) — max{j | £ = sp}.

An explicit formula for the stable rank in the case p = co and ¢ = 1 was first given
in Chachélski and Riihiméki (2020).

Remark 5.2 We observe that for a persistence module X of rank k, once the k bars
in the barcode decomposition of X have been ordered non-decreasingly by lifetime,
the complexity of computing the discontinuity points of the the Wasserstein stable
rank using Proposition 5.1 is linear in k. Therefore the computational complexity of
the Wasserstein stable rank is O (k log k), determined by the complexity of the sorting
algorithm to order the bars non-decreasingly by lifetime.

5.2 Interleaving distance between stable ranks

The aim of this subsection is to propose a convenient expression for the interleav-
ing distance (Sect.2.5) between two non-increasing piecewise constant functions. We
assume functions to take only finitely many values, that is the case of stable ranks
which will be the object of our study. Let f, g: [0, c0) — [0, 0o) be non-increasing
piecewise constant functions. If lim,_, » f(¢) 7# lim;_  g(¢), then d.«(f, g) = oo.
For the computation of the interleaving distance we can therefore assume that the func-
tions f and g have the same limit value and denote it by L. Given a non-increasing
piecewise constant function f: [0, 00) — [0, 00) with limit value L, we define
the non-increasing piecewise constant function f -I. [L,00) — [0, 00) with val-
ues f~1(y) := inf{r | f(t) < y}. If in addition the function f is right-continuous,
then f~'(y) = min{r | f(r) < y}. We observe that for every right-continuous non-
increasing piecewise constant function f we have f~!(f(r)) < ¢ forall ¢, and equality
holds if ¢ is a discontinuity point of f. Moreover, f(f~!(y)) < y forall y > L, and
equality holds if y € im f. Our focus in this subsection will be on the discontinuity
points {z;} of f and on the values in im f, rather than on the full domain and codomain
of f, thus justifying our use of the notation f~!.

Proposition 5.3 Consider two right-continuous non-increasing piecewise constant
functions f, g: [0,00) — [0, 00) having the same limit value L. Using the nota-
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tion introduced above, we have:
dea(f. ) = 17" = 87 oo
Proof Let us define the following subset of [0, 0c0),
A(f,g) ={ee[0,00) | f(t) >gt+e)and gt) > f(t +¢), forallt € [0, 00)}.

Remember that, by definition, d.(f, g) = inf A(f, g).

We first prove that doo(f, g) = |f ™! — g7 '|leo. Let € € A(f, g). Then, for all
y > L,wehavey > f(f~'(y)) = g(f~'(y) +¢). Composing by the non-increasing
function g ! andrecallingthatg_l (g(1)) < tforallt,weobtain f~'(y)+e > g~ (v).
We have thus shown thatg_l(y) — f‘l(y) <eg,forally > Lande € A(f, g), which
implies g1 (y) — f~1(y) < duwa(f, g), for all y > L. By symmetry in the roles of f
and g, we conclude that |g~'(y) — f~'(y)| < dua(f, g), forall y > L.

We now prove that d.(f, g) < 1A' — g Yoo by showing that ¢ := ——
g Yoo is in A(f, g). By the definition of &, g~!(y) < f~'(y) + ¢ for every y €
[L, 00). Moreover if y = f(t) fort € [0, 00), as discussed above, we have f’1 (y) =
F7Y(f () < t, which together with the fact that g is a non-increasing function proves
the following inequalities:

fO=y=g 'ON=g(f ' +e) =gt +e).
By symmetry, we also get g(t) > f(¢ + ¢), and we conclude that ¢ € A(f, g). O

Let X = @l | K(a?,b;y) be a persistence module with bars ordered non-

decreasingly by lifetime, and with n finite bars. Let f := rankd(X ) denote the
corresponding Wasserstein stable rank with respect to the dlstance d = d? S ».c» for
some p, g € [1, oo] and aregularaction C. Thesequence 0 =#) <t <tp <--- <1,
such that f is constant on the 1ntervals [to, t), [t1, 12),..., [th—1, tn) [t,, 00) defined

in Sect. 5.1 is enough to encode £~ as a finite vector f_ (f )16{0 .n}» Where

_ 1=
fi 1 = tn_j=2 g ||(£(a’1‘,b’l‘),,€( a,_ l’bz l))”p

fori € {0,...,n — 1} and fn’l = 0. Indeed, the limit value of f is the number
L = k — n of infinite bars of X; forall i € {0, ..., n} we have f_l(L +1i) = fi_l,
and for any y € [L, oo) the value 1) equals Ff~Y(L +i), wherei € {0, ..., n}is
the largest integer such that L +i < y.

Let Y = @}_, K(a], b)) be another persistence module with bars ordered non-
decreasingly by lifetime, and with m finite bars. Suppose that X and Y have the
same number of infinite bars, L = k —n = [ — m. Let g := ﬁd(Y) denote the
Wasserstein stable rank of ¥ with respect to the distance d = dg ».c- The interleaving
distance between f and g can then be written as the L norm of the vector ( f:._l -
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Al .
& )iel0,...,min(n,m)} With components

L 1=
f,‘ l_gil=2 ¢ (”(ﬁ—(af,b)l‘) E( a, z’bz l))”p

— [ (eai. by). ... gy b)) ) ©)
fori € {0, ..., min(n, m) — 1}, and last component
—le(ay, by, ... ay_p by Dlp ifmin,m)=n <m
Fraintnm) — Emingumy = V1€@E B 0@k, b m))u,, if min(n, m) = m < n
0 ifn =m.

We observe that the considered vector encodes the function (f~! — ¢~!) on the
intervals [L, L + 1), ..., [min(k, [), min(k, [) + 1) of length one where both f~! and
g~ ! are constant. Since f~! and g~! are nonincreasing and for x > min(k, [) either
Fflx)=0o0rg '(x) =0, itis enough to consider those intervals.

Remark 5.4 For two persistence modules X and Y both of rank k, the complexity of
computing the interleaving distance is dominated by the sorting of the bars in the
respective barcode decompositions of X and Y, since forming the vector as in (9) and
computing its L° norm can be done linearly in k. The computational complexity of
the interleaving distance between Wasserstein stable ranks is thus O (k log k).

Example 5.5 Consider a persistence module ¥ = @?:1 K (a;, b;) with bars ordered
non-decreasingly by lifetime and X = K (ag, bg) @ Y such that ¢ := £(ag, bg) <
£(ay, by). By using the formula (9) and observing that

[(€(ao, bo), - .., €lai, b))l p — (a1, b)), ..., €(ai, b))l p < £(ao, bo)

for i € {1, 2,3} by properties (1) and (2) of p-norms, we see that the interleaving
S — 1
distance between rank;(X) and rank,(Y) with d = dq p ¢ 1s given by Zqu Note

that by Proposition 4.32 we know d S], X, Y) = 2 7 I K (a0, bo)ll p,c = 2 7 e.
Therefore in this case the interleaving distance between stable ranks with respect to
Wasserstein distance coincides with the Wasserstein distance between X and Y. Note
however that this is not always the case. The Wasserstein stable ranks of X and Y with
respect to dg 2O with parameters ¢ = 1, p = 2 and C the standard contour, are shown
in Fig. 2, together with their “inverse” functions which are used for the computation
of the interleaving distance.

Letus keep denoting d:’g oC
that:

by d. It follows from triangle inequality and Lemma 4.23
1=
dX,Y) =24 [IIX]l, = 1Yl
This inequality can be refined by

—-q
11

d(X, ) 2 dos (ranky (X), Tankg (¥)) 2 277 [IX1], = 1],
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0 1 2 3 ]

T 7 T T T [ 2 4 6 8 10 2

Fig.2 Schematic representation of the computation of the interleaving distance in Example 5.5. Left: Bar-
code decomposition of Y in orange and bar K (ag, bg) in blue. Middle: Stable ranks computed with standard
contour, ¢ = 1 and p = 2. The functions rank;(X) and rank;(Y) are represented in blue and orange,
—1
respectively. Right: Inverse stable ranks for the computation of interleaving distance, with rank; (X)

—1
in blue and rank; (Y) in orange. The interleaving distance between stable ranks can be computed as
_— 1 —1 1—q

[rank; (X) —rank; (Y)lloo =2 9 e, illustrated with the pink arrow (colour figure online)

where the first inequality is given by the stability theorem of hierarchical stabilization
(Proposition 2.5) and the second inequality is provided by the characterization of
interleaving distances between stable ranks in Proposition 5.3 and Eq. (9) stating that
the interleaving distance between the Wasserstein stable ranks of persistence modules

X and Y is the L norm of a vector with O component 217‘1 MXIN, =Y,

An example where the second inequality is strict is provided by Example 5.5 for
p > 1, while an example where this is an equality is provided in the case ¥ = 0
by Lemma 4.23. A simple example in which the first inequality is strict is provided
instead by X = K(0, 1), Y = K(0,2) and g = 2.

Remark 5.6 Since stable ranks are measurable functions [0, c0) — [0, 00), there
are many pseudometrics to compare them other than the interleaving distance dp..
In particular, one can consider the standard L?-pseudometrics, here denoted by

1
dpy(f,8) = (fooo|f(t) — g(1)|? dt)? . As shown in Chachdlski and Riihimaki (2020,
Prop. 2.1), the stability theorem of hierarchical stabilization implies the following
bounds for d,:

1 — —
cd(X.Y)? >d, (rankd(X), rankd(Y)) ,

for any persistence modules X and Y, where ¢ := max{rank(X), rank(Y)} and d
denotes any pseudometric between persistence modules. In this article we have chosen
to work with the interleaving distance between Wasserstein stable ranks because of
the strong stability result, expressed as a 1-Lipschitz condition. Lipschitz stability for
Wasserstein distances other than W; can not be obtained for example by considering
linear representations of persistence diagrams (Hofer et al. 2017; Adams et al. 2017,
Chen et al. 2015; Kusano et al. 2017; Reininghaus et al. 2015) as proved in Theorem
6.3 in Skraba and Turner (2020). The trade-off between stability and the possibility
of exploiting a Banach or Hilbert space structure is still to be explored.
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5.3 Metric learning

We have defined distances dg ».c between persistence modules, parametrized by ¢,
p and by a contour C, and computable stable rank invariants with corresponding
interleaving distances. These distances can be pulled back to compare persistence
modules in Tame via the function E&d, with d = dg. pC Recalling that the stable

ranks depend on the pseudometric dg ».c» We now turn to the question of how to choose
p and C. The optimization of the parameter ¢ is not relevant, since it determines a
constant multiplicative factor to the distance of each pair of persistence modules. We
thus fix ¢ = 1 for a direct comparison with the original framework of noise systems.

For brevity, we write d := dglgp,C anddw p,c(X,Y) = dN(arEd(X), Hﬁdm).
The field of metric learning provides a variety of loss functions suited for different
machine learning problems. For example, if we consider a simple binary classification
problem we have a dataset of persistence modules {X;};c; and the index set [ is
partitioned into two sets A and B, to represent the labeling. For this problem, a loss
function (from Zhao and Wang 2019), designed to yield small intra-class distances
and large inter-class distances can be formulated as:

YijealdapcXi, X)) X iep(dap.c(Xi, X)))?

L= .
ZieA’jel (dM,p,C(Xiv X]))2 ZieB,je] (dl><1,p,C(Xiv X]))2

(10)

In order to proceed we need to choose a family of contours that is practically search-
able when minimizing the loss function above. We work with contours of distance type
which are parametrized by densities (see Sect.2.2). In turn, in order to use gradient
optimization methods, we want the densities to be parametrized by a finite real-valued
parameter vector. To this aim we choose as densities unnormalized Gaussian mixtures
fx) = Zle AN (x | i, 0;) for some chosen k, where A is Gaussian with mean
i and standard deviation o;, and A1 = 1.

In summary, the metric learning problem amounts to minimizing the loss function
with respect to a parameter vector 6 € R3k,i.e. O = (MU1yenny iy Oly ey Oky A2y enn,s
Ak, p), designed to learn conjointly the parameter p and the parameters of the con-
tour of the algebraic Wasserstein distance. The loss function is a simple function of
the pairwise interleaving distances between Wasserstein stable ranks of persistence
modules in the dataset. As can be seen in Proposition 5.3 and the expression (9), the
interleaving distance between stable ranks is the L> norm of differentiable functions
with respect to 6 and is therefore differentiable almost everywhere with respect to 6,
implying the same behavior for the loss function. Hence the metric learning problem
is amenable to gradient-based optimization methods such as gradient descent.

6 Examples of analyses with Wasserstein stable ranks
In a first experiment, we show how varying the parameter p affects the distance space

of the Wasserstein stable ranks and can serve as a way to weight the importance
of long bars versus short bars, for a set of synthetic persistence modules. In a second
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experiment, we illustrate on a real-world dataset how learning the parameter p together
with the parameters of a contour can lead to more discriminative Wasserstein stable
ranks in a classification problem.

6.1 Synthetic data

A straightforward way to apply persistent homology in the context of computer vision
is to construct a complex (e.g. cubical complex) from the grid of pixels constituting
an image. The complex is then filtered based on the grayscale intensity of the pixels
(or based on the color channels for color images).

It is easy to see that, in this context, what should be considered as signal versus
noise in a barcode representation of the data is highly dependent on the application. For
example, for classification of handwritten digits from the MNIST dataset (Garin and
Tauzin 2019; Turkes et al. 2021) the dominant topological features are often the most
discriminative (for instance the existence of a 1-dimensional cycle may be enough
to distinguish between digits 0 and 1). On the other hand, in biomedical imaging
(Chung et al. 2018; Qaiser et al. 2019) pathological states can translate into images
with irregularities or lack of homogeneity, associated with high numbers of short-lived
components as observed in Garside et al. (2019).

Inspired by these applications, we construct two much simpler synthetic datasets of
images and associated persistence modules, with the goal of illustrating the effect of
choosing the parameter p when using Wasserstein stable ranks. The parameter g is set
to 1 and the contour is fixed to be the standard contour. In other words, we study the
effect of the parameter p on how the function @d, withd =d }S »» Maps persistence
modules onto the space of stable ranks, endowed with the interleaving distance. Each
dataset is composed of 100 images together with their class label, A or B. Each image
is composed of one block of high-intensity pixels and a number of blocks of low-
intensity pixels (while the size of the pixel blocks does not have a direct impact on
the following persistent homology analysis, the high-intensity block is made larger
for visual clarity, see Figs. 3, 4). The images are represented as cubical complexes on
which super-level set filtration is performed and we analyze the Hy barcodes obtained
from this process. Since we use pixel intensity [0, 255] and super-level sets are used,
the resulting filtration scale is [255, —o0). This is capped to the minimum pixel value,
0, and transformed as 255 — x to obtain a filtration scale [0, 255] as can be seen in the
barcodes in Figs. 3, 4.

e In Dataset 1 the pixels in the high-intensity block have slightly higher intensity
in images from class A (uniformly distributed between 245 and 255) compared
to images of class B (between 200 and 210). The low-intensity blocks however
follow the same distribution for images of both classes (the number of blocks is
uniformly distributed between 50 and 100 and the intensity is between 1 and 10).
Sample images and barcodes are shown in Fig. 3.

e InDataset 2 on the other hand, the intensity of the high-intensity blocks follows the
same distribution for both classes (uniformly distributed between 100 and 255).
The number of low-intensity blocks however follows a different distribution for
Class A (between 20 and 30) and Class B (between 120 and 130). Their intensity
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Sample image Corresponding barcode
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Fig. 3 Dataset 1. Left: Sample images from classes A and B. Right: H( barcodes corresponding to the
sample images
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is the same for both classes (between 1 and 10). Sample images and barcodes are
shown in Fig. 4.

This construction induces distributions of barcodes where barcode features (i.e.
length of longest bar or number of bars in a given length range) are expected to be
statistically distinct or indistinguishable. In terms of the barcodes, for Dataset 1 the
signal is by construction the single dominant topological feature (the long bar, whose
length follows statistically different distributions between classes) while the noise is
composed of the numerous short bars (corresponding to low intensity blocks, for which
the number and intensity follows the same distribution in both classes).

In accordance with the intuition, for Dataset 1, choosing a value of p = oo when
generating the stable ranks effectively “denoises” the barcodes and organizes the space
of Wasserstein stable ranks in a way where stable ranks of the same class are close
to each other in interleaving distance but far from elements of the other class. Stable
ranks corresponding to p = 1 however fail to organize the corresponding distance
space in this clear-cut way, being too sensitive to the noisy short bars in the barcodes.
To illustrate this effect, in Fig.5 we show the hierarchical clustering (with average
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Fig. 4 Dataset 2. Left: Sample images from classes A and B. Right: Hy barcodes corresponding to the
sample images
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linkage, similar results were observed for complete and single linkage) corresponding
to the distance spaces of Wasserstein stable ranks for p = 1 and p = oc.

On the contrary, for Dataset 2 the signal is by construction the number of short
bars (numbers which follow statistically different distributions) while the noise is the
single long bar (generated by blocks following the same distribution for both classes).
In this case a choice of p = 1 organizes the space of stable ranks such that elements
of the same class cluster together, while p = oo, being too sensitive to the (for this
dataset) noisy long bar, fails to do so. This is illustrated in Fig. 6.

While the effect of changing p on the structure of the distance space is clear for the
parameters used to generate our artificial datasets, some class-based structure remains
on a small scale, also when choosing p = oo. By increasing the amount of noise it
is however possible to induce e.g. a nearest neighbor classifier to perform arbitrary
poorly for the p = co while still distinguishing the classes for p = 1 (and vice versa
for Dataset 1).

The choice of the parameter value p, which we have demonstrated can have a large
impact, is essentially related to the underlying distance between persistence modules.
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Fig.5 Dataset 1. Hierarchical clustering on the Wasserstein stable ranks for p = 1 (left) and p = oo (right)
with respect to the interleaving distance. The leaves (stable ranks in the dataset) are labeled and colored
according to their class

p=1

S
I
8

Fig.6 Dataset 2. Hierarchical clustering on the Wasserstein stable ranks for p = 1 (left) and p = oo (right)
with respect to the interleaving distance. The leaves (stable ranks in the dataset) are labeled and colored
according to their class

Using Wasserstein-stable invariants however has computational advantages, facilitates
learning the right parameters for a particular problem and allows for a richer use of
machine learning methods as we illustrate in the next subsection on a real-world
dataset.

6.2 Brain artery data

In Bullitt et al. (2010) a dataset of brain artery trees corresponding to 97 subjects
aged 18 to 72 is introduced. Each data point is modeled as a tree embedded in R3. In
Bendich et al. (2016) the dataset is further analyzed with persistent homology. To be
able to apply a sublevel set filtration on the tree, a real-valued function is defined on the
vertices as the height of the vertex in the 3D-embedding. This is extended to a function
on the edges by taking the maximum value of the weights of the vertices connected
by the edge. After applying persistent homology, each tree is represented by a vector
containing the sorted lengths of the 100 longest bars in a barcode decomposition of the
corresponding persistence module. This feature is further used to demonstrate, among
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Table 1 Converged values for the parameters of the metric learning problem (mean and standard deviation
over the LOOCYV folds)

p M1 H2 ol 02 A

1.10 & 0.04 16.45 £0.75 81.88 +0.27 15.51+£0.45 4.55+£0.24 1.15 4+ 0.05

other things, an age effect of brain artery structure, by showing that the projection of
the vectors on the first principal component of the dataset is correlated with age.

The authors note that using vectors of sorted length was computationally more
feasible than computing Wasserstein distances between the persistence diagrams and
they are more amenable to statistical analysis. In addition, the authors observed that it
was not necessary to use the whole vector of lengths to establish the correlation and
in fact the topological features of medium length, rather than the longest ones, were
the most discriminatory.

Analyzing the dataset with stable ranks offers computational and statistical advan-
tages. Moreover, for this problem where the discriminative information is not contained
in the most persistent feature, considering other distances than the bottleneck (p = o0)
and more generally tuning the parameter p might be beneficial. Finally, combining
the tuning of the parameter p with a contour might increase the power of the method.
Indeed the parameter p and the contour, intuitively are related to different features of
a persistence barcode: while the parameter p globally weights the importance of long
versus short bars as illustrated in Sect. 6.1, the contour allows to focus on the most
informative filtration scales.

While we also study age effects of brain artery structure, we choose to binarize the
problem by creating two classes of similar size: young (age < 45, 50 subjects) and
old (age > 45, 47 subjects) and treat the problem as a classification.

We start by studying the effect of varying p alone. We compute the distances
between Wasserstein stable ranks with standard contour. We classify the samples in
the distance space thus obtained by using the k-nearest neighbors algorithm (Pedregosa
etal. 2011) (the parameter k is chosen in a cross-validation procedure). Repeating this
for various values of p we observe a difference in the resulting accuracy, plotted in
Fig.7, with the highest values obtained for p in the medium range (2-3). This is in
line with the conclusion in Bendich et al. (2016) that the highest persistent features
alone have a small distinguishing power, while medium sized bars reflect variations
in brain artery trees within subject of different ages. In Bendich et al. (2016) only the
length of bars in a barcode is used to compare barcodes of different classes. With our
features parametrized by p and a contour C, we can take into consideration both the
length of bars and their position in the parameter space.

We therefore next turn to the problem of learning the contour of the stable ranks as
well. We use the metric learning method described in Sect.5.3. Using leave-one-out
cross-validation (LOOCYV), for each training fold we learn the metric that optimally
separates training samples from the two classes by minimizing the loss defined in (10).
We then classify using KNN in the obtained distance space.

For metric learning, the contours are parametrized by densities which are unnor-
malized Gaussian mixtures with two components. The loss function is implemented
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Accuracy for different values of p (using standard contour)
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Fig.7 Accuracy on the brain artery problem using distances between stable ranks and KNN, for standard
contour and different values of p
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Fig. 8 Results for one example run of the metric learning optimization for Wasserstein stable ranks (see
Sect.5.3) over 25000 iterations. Top Left: Progression of the loss and the KNN training fold accuracy over
the iterations. Top Middle, Top Right, Bottom Left, Bottom Middle: Progression of the parameters in
6 = (u1, w2, 01, 02, A2, p) parametrizing Wasserstein stable ranks: p, mean y;, standard deviation o; and
Mg respectively over the iterations. Bottom Right: Density at different iterations

in PyTorch (Paszke et al. 2019). After a random initialization of the parameters, pro-
jected gradient descent (to respect the constraints p > 1, A;, 0; > 0) with momentum
is used to achieve a lower loss. An example of an optimization on a training fold
over 25000 iterations is shown in Fig.8. The average and standard deviation of the
optimized parameters, over the LOOCYV folds can instead be found in Table 1.

The metric learning is effective in finding distances that improve the classification
performance: running the optimization problem not only decreases the loss but also
increases the corresponding classification accuracy (as is seen in Fig. 8 in the top left
plot), reaching 76.3% with the parameter values summarized in Table 1.
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Standard stable ranks Stable ranks after metric learning
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Fig. 9 Hierarchical clustering on the standard stable ranks (left) and the optimized stable ranks resulting
from the metric learning problem (right) with respect to the interleaving distance. The leaves (stable ranks
in the dataset) are labeled and colored according to their class (A is age > 45, B is age < 45)
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Fig. 10 Sample barcodes from the two classes with superposed learned density. Bars are colored according
to the density

This is an improvement compared to the accuracies obtained at random initialization
(between 44.3 and 71.1% for 10 random initializations of the parameters in Table 1),
showing the benefit of learning, but also compared to the results obtained when only
varying p and considering the standard contour in Fig.7. It is thus when we learn
both p and the contour that the best loss and corresponding classification accuracy is
achieved.

In Fig.9 we illustrate the effect of the metric learning by plotting the hierarchical
clustering (with average linkage) corresponding to the standard stable ranks (i.e., with
p = oo and standard contour) and to the optimized stable ranks. We see that the
optimized stable ranks (with the exception of two outliers) group into two clusters:
one with a majority of class A and the other with a majority of class B, while the
pattern for standard stable ranks is less clear.

The optimal parameters found with the metric learning method are of interest
because they allow to construct a distance space in which machine learning meth-
ods can be carried out, but they are also interpretable: they contain information about
which features of the dataset are important to distinguish the two classes.

This is illustrated in Fig. 10 where two sample barcodes - one from each class - are
displayed with the optimal density superposed and the bars colored according to the
density. From the insight that some parts of the filtration scale are more important in
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distinguishing younger from older subjects, one may pursue the analysis by looking
for characteristics of bars in that region of the barcode. One can also take the analysis
a step further by looking at the object from which the filtered simplicial complex was
created. In our case, since the filtration scale corresponds to the height (z-coordinate)
in the 3D-embedding of the brain artery tree, one may for example investigate whether
differences in brain artery between subjects of different ages in this particular region
carries a biological meaning.
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Abstract

We construct barcode matchings induced by morphisms of pointwise finite-
dimensional persistence modules. To do this, we use an algebraic decomposition of the
space of morphisms between persistence modules. Applying our induced matchings
to arbitrary morphisms by the epi-mono factorization strategy of Bauer and Lesnick
(2015), we recover the partial additive matching of Gonzalez-Diaz, Sorriano-Trigueros,
and Torras-Casas (2025). We also study the interaction between our matching and a
notion of cost for morphisms based on p-norms of persistence modules. We illustrate
some consequences of our results on this cost in the context of algebraic stability of
persistence barcodes, including a simple proof of the algebraic Wasserstein isometry
of persistent homology.

C.1 Introduction

One of the central results in topological data analysis (TDA) is the barcode
decomposition theorem, which states that, under some mild assumptions, every
one-dimensional persistence module is isomorphic to a direct sum of basic
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interval modules, parameterized by intervals of the indexing poset. We can then
represent the algebraic data of a persistence module by the combinatorial mul-
tiset of intervals. In this paper, we consider pointwise finite-dimensional
(p-f.d.) persistence modules over a fixed field K, which are defined as the
functors from the poset (R, <) to the category Vect, of finite dimensional
vector spaces. In particular, p.f.d. modules admit a barcode decomposition
theorem [11, 5].

In this context, it is natural to ask whether morphisms of persistence modules
also admit a combinatorial representation. The natural candidate for such
representatives are (partial) matchings, or partial bijections, between bar-
codes. Barcode matchings are in fact quite central to the stability theory of
persistent homology, as they form the basis of the definitions of the bottleneck
and Wasserstein distances [12, Section VIII.2]. Barcode matchings induced
by morphisms of persistence modules were studied previously by Bauer and
Lesnick [3, 4], who recover various stability results for p.f.d. modules, by Skraba
and Turner [22], who use induced matchings to show an isometry result be-
tween algebraic and combinatorial Wasserstein distances, and by Gonzalez-
Diaz, Sorriano-Trigueros, and Torras-Casas [14, 16], who construct an additive
barcode matching for persistence modules with finite barcodes.

Going back to the question of combinatorial representations of morphisms,
Jacquard, Nanda, and Tillman provide a decomposition theorem for morphisms
between persistence modules with finite barcodes that do not contain strictly
nested bars [18, Theorem 5.3]. More precisely, given a morphism of persistence
modules f: @K (a;,b) — @ ;K (c;,d;), where K (a, b) denote the interval
module with support [a, b), if there is no pair of indices 7,1’ in I such that [a;, b,)

is a strict subset of [a;,b,), and no similar pair j,j' in J, then there exists a

iY
partial bijection u < I X J (i.e., each element of I and J appears at most once in

1) such that
f= @D f;o D g D h (C.1)
(i,j)ep iEI\JTI(].I) jEJ\nJ(p)
where each fij is a nonzero morphism K (a;,b;) — K (cj,dj), each g; denotes
the zero morphism K (a;, b;) — 0 and each hj denotes the zero morphism 0 —

1

K (cj, d)). In [1], the authors (some of whom are authors of the current paper)

call a morphism bar-to-bar if it admits a decomposition as in (C.1). Such bar-
to-bar morphisms can be seen as an algebraic version of barcode matchings;
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indeed, p1 is the corresponding matching. In particular, the authors provide an
algorithm for inducing bar-to-bar morphisms from mono- and epimorphisms.

Our contributions

In this paper, we continue the analysis of [1] by studying the association of
matchings to morphisms. Following the strategy of [3], we induce a barcode
matching for an arbitrary morphism f: X — Y by first finding an epi-mono
factorization

f:xSim(H Sy

where im(f) denotes the image of f, e: X — im(f) an epimorphism, and
m: im(f) — Y a monomorphism. We then compute the matchings of e and
m associated to their induced bar-to-bar morphisms, and then compose them
together to obtain a matching associated with f. Note that this depends a priori
on the choice of epi-mono factorization; in practice, this is not the case for the
induced matching of [3] but is the case for our matchings (Example C.43).

The key insight of this paper is that we can induce bar-to-bar morphisms by pro-
jecting morphisms down to a subspace of morphisms that only map nontrivially
between bars with the same end-point: this is the same-endpoint operator,
denoted by A (Definition C.25). Given a morphism f, Af is a direct sum of
morphisms between persistence modules with no nested bars. We prove, in
the p.f.d. setting, that these morphisms are bar-to-bar, which implies that Af is
bar-to-bar (Theorem C.35). Notably, this simplifies the construction of induced
bar-to-bar morphisms from [1]. As described above, this naturally induces
a barcode matching 1, (f) (Definition C.41). In particular, this matching is
additive: given morphisms f and g, i1, (f & g) =, (f) & 1, (g).

Our proof techniques rely on matrix representations of morphisms. To this
end, we introduce the notion of labeled matrices and their multiplication (Defi-
nition C.12). In particular, to show that Af is bar-to-bar, we reduce a matrix
representation of Af to a matrix with at most one nonzero coefficient in each
row and column (Algorithm C.1). The induced matching is then read from the
pivots of this reduced matrix representation. This matrix reduction is similar
to [18, Theorem 5.3], the decomposition theorem for morphisms of persistence
modules without nested bars.
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Organization of the paper

In Section C.2, we define the notions used in this paper, including p.f.d. persis-
tence modules, labeled matrices, barcode matchings, and dualization results.

In Section C.3, we introduce the notion of bar-to-bar morphisms and describe
how to induce barcode matchings from an arbitrary morphisms using the
same-end operator and epi-mono factorizations. In particular, we recover
the 22-matching of [16] in Section C.3.4. Along the way, we obtain a simple
algorithm for computing the barcode of the image of a morphism of persistence
modules (Proposition C.46).

We apply bar-to-bar morphisms to (algebraic) Wasserstein distances in Sec-
tion C.4. In Section C.4.1, we provide a simpler proof of [1, Theorem 3.14] (while
also generalizing the result to p.f.d. modules), which states that, for a given
monomorphism f: X — Y, there exists a bar-to-bar monomorphism f,: X —Y
such that || cokerfbllp < cokerfllp, where || — ||p denotes the p-norm of p.f.d.
persistence modules (Theorem C.61). As part of this new proof, we obtain an
expression of the p-norm of a persistence module as an integral of the rank
function (Proposition C.59). In Section C.4.2, we use the p-norm inequality
result, and the dual result for epimorphisms, to prove the isometry between
the algebraically defined and combinatorially defined Wasserstein distances
(Theorem C.68).

Preliminaries

Persistence modules

We fix a field K and denote by Vect, the category of finite dimensional vec-
tor spaces over K. Viewing (R, <) as a poset category, a pointwise finite-
dimensional persistence module over K is a functor X: R — Vect,,
consisting therefore of a collection of finite dimensional vector spaces {X,},.p

and linear maps between them X ___for s < t, we call transition functions. We

S<t
denote the category of pointwise finite-dimensional persistence modules and
natural transformations between them by Pfd. In the following, pointwise
finite-dimensional persistence modules are referred to as persistence mod-

ules for brevity. The category Pfd has biproducts (i.e. direct sums), which are
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computed pointwise'.

In this setting, interval modules are not parameterized by the real line, but
rather by an extension of the real line:

C.1 Definition (Decorated real line and intervals). This definition is adapted from
[3, §2.3]. We consider the decorated real line

equipped with the following lexicographic order: for (s,0) and (t,7) in E, we
have (s,0) < (¢,7) if s < tin [—oo, +oo] orif s =t, 0 = —, and T = +. We denote
(t,—) and (t,+) in E by t~ and t*, respectively, except when t = +00, where we
omit the sign.

Ordered pairs of elements of E are in one-to-one correspondence with all
intervals on the real line: for s’ < t* in E, we define the interval

(s%t:={ueR|s<u<tors®=u"ort*=ut}. ]

In particular, for s < t in R, we have the following equality of intervals:

(s7,t7) =[s,1), (s7,t7) = [s,t],
(s*,t7)=(s,0), (s*,t%) = (s, t].

C.2 Definition (Overlapping intervals). Let a,b,c,d € E. Following [4], we say that
the interval (a, b) overlaps the interval (c,d) above (and antisymmetri-
cally, (c,d) overlaps (a,b) below) if c<a <d <b. [ ]

C.3 Definition (Interval modules). Let a < b be elements of E. A bar (or interval
module) with start-point a and end-point b, denoted as K(a,b), is the
persistence module defined as follows: for any u in R,

{K ifue(a,b),
K(a,b), =

0 otherwise,

Tt is a general fact that limits and colimits in functor categories are computed pointwise;
Pfd is a functor category and biproducts are both limits and colimits.
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and forany u <vin R,

id, ifu,ve(a,b),
K(a,b),., =
- 0 otherwise.

In particular, the support of K(a,b), i.e. the real values where the functor is
nonzero, is the interval (a, b). [ |

C.4 Remark. We observe that there exists a nonzero morphism K (a,b) — K(c,d)
if, and only if, (a, b) overlaps (c, d) above. [ |

In order to better manage these interval modules, we will be considering the
following subcategory of Pfd. Recall that a multiset is a set S equipped with a
multiplicity mg: S — N, and that when there is no ambiguity, S and mg may
be used interchangeably.

C.5 Definition (Subcategory of bars). We denote by Bar the full subcategory of Pfd
whose objects are the (potentially infinite) direct sums of bars @, K (q;,b,).

We call this the category of bars.

Given an object X = @ ,.,K(a;,b;) of Bar, we define its barcode as a repre-

iel i

sentation of the multiset (X) := {(q;, b;)},; of intervals appearing in X (recall

the definition of multiset representations from [4]). [ |

C.6 Definition. Let X be a persistence module in Pfd. A barcode decomposition
of X is the given of an object @; K (a;,b;) in Bar and an isomorphism ¢, : X =
®,K(a;,b,). ]

C.7 Remark. The decomposition theorem [11, 5] states that every persistence mod-
ule X in Pfd admits a barcode decomposition ¢ : X =~ @, K (a;,b;). While the
isomorphism ¢y is not unique, the direct sum of bars ®;K(a;,b;) is, up to
reordering of the bars. In particular, we can speak of the barcode of an object

in Pfd as well. u

C.8 Remark. Every persistence module in Pfd has at most countably many bars
K (s,t) with s < t € E in its barcode decomposition. In other words, up to an
ephemeral summand (see [8]), which is a direct sum of bars of the form
K(s™,s"™) supported on {s}, every persistence module X in Pfd has at most
countably many bars. Moreover, for each s € R, X has a finite number of bars
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K(s™,s"), since the dimension of X, is finite. As a consequence, for all b € E, X
only has countably many bars with start-point b, and likewise countably many
with end-point b. [ |

C.9 Proposition. The categories Bar and Pfd are equivalent, given the axiom of

choice.

Proof. We observe that the inclusion functor Bar — Pfd is fully faithful as the
inclusion of a full subcategory and is essentially surjective by the decomposition
theorem. Using the axiom of choice, we conclude that the inclusion functor is
an equivalence of categories: see [23, Lemma 02C3]. O

Recall from [1] that a persistence module X in Pfd is tame if there exist real

numbers 0 =t, < t; <--- < t; such that the transition function X__, is a non-

S<t
isomorphism only if s < t; < t forsomei € {1,...,k}. All the bars in the barcode

decompositon of a tame persistence module are of the form (s7,t™) = [s,t).

As a notion of size for persistence modules, we use the p-norm first introduced
in [9] and [22], also studied in [1] for tame persistence modules.

C.10 Definition. For p € [1,00], the p-norm of a persistence module with barcode

c22

decomposition X =~ @, K (a;,b;) is:
x| (B —a)P)? forpe[l,00),
P sup,{(b;—a;)} forp=oo.

By Remark C.8, the p-norm of a persistence module in Pfd involves an infi-
nite sum with at most countably many positive summands. Following [22]
(Definition 2.11) we say that a persistence module X has bounded p-norm if
X115 < oo.

Morphisms and matrices

One advantage of Bar over Pfd is that we can conveniently, and not just up
to isomorphism, represent morphisms as (possibly infinite) matrices. Let X =
@K (a;,b) and Y = @, K(c;, d;) be objects of Bar. Note that hom(X,Y)
is a vector space, possibly infinite-dimensional. Moreover, given the canonical
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isomorphisms

hom(ED K (a;,b), DK (c;,d)) = [ [@hom(K (a;,b),K (c;,d))  (C.2)

iel jeJ iel jeJ

and

K if{a;,b;) overlaps (c;,d;) above,

hom(K (a;,b,),K (¢;,d))) = { 7 (C.3)

0 otherwise,

we can then represent each morphism f € hom(X,Y) with a matrix F € K'*/,

where F i = 0if {(a;, b;) does not overlap <cj, dj) above.

C.11 Definition (Column-finite matrices). A matrix M € K"’ with rows indexed by
I and columns indexed by J is column-finite if each column only has a finite

number of nonzero coefficients. [ |

C.12 Definition (Labeled matrices). A labeled matrix is a (potentially infinite)
matrix A € K'*/ where I and J are the totally ordered indexing sets for rows
and columns, respectively, and where each row and column is labeled by an
interval of R such that, for all (i,j) €I x J, writing (a;, b,) for the row label and

(cj, dj> for the column label, A is nonzero only if (cj, dj) overlaps (a;, b;) above.

Let A € K™/ and B € K’*! be labeled, column-finite matrices where the co-
lumns of A and the rows of B have the same labels. The overlap multi-
plication of A and B, written as the usual product AB, is defined by, for all
(i,)elxL,
(AB);, =) A B, I{a;<e, <b, <f}, (C.4)
jeJ
where the label of row i in A is (a;, b;) and the label of column ¢ in Bis {e,, f;),

(R ]

and I{q; < e, < b; < f,} = 1 if the inequalities hold and 0 otherwise. u

C.13 Remark. 1. We check that overlap multiplication is associative, with the
usual identity matrix as the unit.

2. The reason we assume that F and G are column-finite is to ensure that the
sums in (C.4) are well-defined. There are other settings where the sums
are well-defined, e.g. for row-finite matrices, but we will only need the
result for column-finite matrices.
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6 — ¥ d

Cy d2 Y

Figure C.1: Representation of a morphism f: K(a;,b;) ® K(a,,b,) — K(c;,d;) ® K(c,,d,) in
Bar. An arrow between two bars K (a;,b;) and K (cj, dj) corresponds to the projection of f to

1
hom(K (a;,b.),K (c;, dj)) ; the morphism is represented by its nonzero projections.

3. When every interval indexed by L overlaps every interval indexed by I,
overlap multiplication corresponds exactly to standard matrix multipli-
cation. For example, this is the case when every interval has the same
end-point. ]

C.14 Definition (Matrix representations of bar morphisms). Let f: ® ;K (q;, bj) —
@ ;K (c;,d;) be a morphism in Bar (note the swapped indices). An ordered
matrix representation of f is a labeled matrix (F;);; ;c; where

1. foralli€landj€J, the entry F;; is the projection of the morphism f to
hom(K (a;, b.),K(c;,d;)) via the canonical isomorphisms (C.2) and (C.3),

2. Tand J are ordered in a way compatible with the product order on the
pairs (aj,bj) and (c;,d,), and

3. row iis labeled by (c;,d;) and column j is labeled by (aj, bj). [ |

C.15 Example. For example, the only ordered matrix representation of the morphism
represented in Figure C.1 is:

<a1)b1> (az’b2>

Fo (end) [ 1 1 -
1 0

Under certain conditions, the composition of morphisms can also be repre-
sented by matrices.

C.16 Proposition. Let f: X — Y and g: Y — Z be morphisms in Bar, and F and G
matrix representations of theirs. Suppose that F and G are column-finite. Then
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the overlap multiplication GF (Definition C.12) is a matrix representation of
gof.

Proof. Write X = @ ¢, K(u;,v,), Y = @;c;K(c;,d)), and Z = @, K (q;,b)).
Denote by )j.[ the restriction of f to hom(K(u[,v[),K(cj, dj)) via the isomor-
phism (C.2), and similarly for g;; and (go f),,. Note the swapped indices, which
are chosen to match matrix notations. Then, for all (i, ¢) €I x L, we have the
equality of morphisms

(8o = Zgij © fi¢-
jes

Denote by H € K'*! the matrix representation of g o f with columns in the same
order as F and rows in the same order as G. From the previous equality, the

isomorphism (C.3), and the definition of overlap multiplication, we deduce that

H, = ZGiij[H{ai <u,<b;<v,}=(GH),,
jeJ

and this concludes the proof. O

Matchings

Set-theoretic matchings are defined as partial injective functions between
sets [4], but we will use the following equivalent definition in order to more
easily generalize to multiset matchings.

C.17 Definition (Matchings). Let I and J be sets. A (set-theoretic partial) match-

ing between I and J is a subset i1 ¢ I X J such that the projections =; and 7
onto I and J, respectively, are injective. We denote by Match(Z,J) the set of
matchings between I and J. [ ]

We use the definitions of the category Mch (including composition of matchings
o), multiset representations, barcodes, and the category Barc (including
the overlap composition of matchings e) from [4]. We also define multiset
matchings:

C.18 Definition (Multiset matchings [16, Definition 2.4]). Let (S,mg) and (T, m;)

be two multisets. A (partial multiset) matching between S and T is a
multiset (M, m,,) where M =S X T and, foralls€Sandt €T,

Z m,,(s,t") <mg(s) and Z my,(s',t) <mp(t).

t'eT s'eS
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We denote by Match(S, T) the set of matchings between S and T. [ |

In particular, this definition coincides with the set-theoretic one when S and T
are sets (mg and m, bounded above by 1).

C.19 Definition (Matching costs). Let S and T be multisets of intervals of the real

C24

line, M € Match(S, T) a matching, and p € [1,00]. The p-cost of M is

1

¢p (M) :=( Y. my (s ) (57T s 1P + |t—t’|P))
((sa,tr)’<sla”tlr'))eM

In other words, <, (M) is the p-norm of the vector of lengths of intervals in the

symmetric differences of matched intervals in M. [ ]

Dualization of persistence modules and matchings

In this paper, we will mainly prove results for monomorphisms in Pfd. Anal-
ogous results hold for epimorphisms by a duality argument. Specifically, we
consider the contravariant dualization endofunctor (-)*: Pfd — Pfd defined
by [3, Section 3.4], which send a map f: X — Y to the dual map f*: Y* — X*.
In particular, this functor it sends epimorphisms to monomorphisms, and vice
versa. It also sends the bar K (a, b) to the bar K (—b,—a), where the negative
sign acts on the decorated real line E by —(t*) = (—t)".

We also define the dual of a matching as follows.

C.20 Definition. Let X and Y be persistence modules in Pfd and pz a matching in

C3

C.31

Match(%(X),%(Y)). The dual of p1 is defined as the matching p*

IJ* = {(<_d; _C>; (_b’ _a)) | ((a; b)) (C’d>) € p}
in Match(2(Y™*), 8(X™)). [ ]
Bar-to-bar morphisms and induced matchings

Bar-to-bar morphisms

C.21 Definition. A morphism f: X — Y of persistence modules in Bar is strictly

bar-to-bar if, writing X = @,,,K(a;,b) and Y = @,

(set-theoretic) matching 1 € Match(7,J) such that

f= @ fje D s D (C.5)

(i,j)ep i€l~m (1) JEI N7y (1)

K(cj, dj), there exists a
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X
jf
0 4
1 L 3 Y
2 4 0 4
X 1 3 Y
g g
0 4
2 —m 4 X ] —mm3 Y

Figure C.2: Top: example of a non bar-to-bar morphism f : X — Y. Bottom: the only valid
automorphisms @y : X — X and ¢y : Y — Y. In both cases, the image of the restriction of the
automorphism to a bar is contained within that same bar. Consequently, they do not alter the
morphism when composed.

where each f; is a nonzero morphism K (a;,b;) — K(c;,d,), each g; denotes

the zero morphism K (a;,b;,) — 0 and each hj denotes the zero morphism 0 —

K(cj

one non zero entry for each column and one non zero entry for each row.

,d;). The matrix associated to a strictly bar-to-bar morphism has at most

A morphism f: X — Y in Pfd is bar-to-bar if there exist barcode decompo-
sitions of X and Y such that the associated morphism in Bar is strictly bar-
to-bar. In other words, there exist barcode decompositions (¢, ®; K (a;,b,)),
(py, ®;K(c;,d)) of X and Y respectively and g: @,;K(a;,b) — @;K(c;,d)
strictly bar-to-bar such that the following diagram commutes:

@iK(ai,bi) <<P_x X

gl lf

©;Klc;,d) <5~ Y
Not every morphism is bar-to-bar: see Figure C.2 for an example where no

isomorphisms would make f: X — Y strictly bar-to-bar.

C.22 Proposition. The composition of two strictly bar-to-bar monomorphisms is
strictly bar-to-bar.

Proof. Consider strictly bar-to-bar morphisms f: X — Y and f': Y — Z with
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decompositions
f=@ fi® D s D h;
(i,j)en i€l~m (1) JEINT (1)
and f= @ fie D geo @ h,
G,0)en’ JeINm (") CeL~my (1)

where in particular p € Match(l,J) and y' € Match(J,L) are set-theoretic
matchings. Their composition f’ o f has the decomposition

flof= D ficfye D g D h,
(i,0)ep'opn iel~m (1) leL~m; (1)
@)em GO’

where 11'op1 is the set-theoretic matching that results from composing i and i1’ as
multiset matchings, and the j in the first sum is unique, given (i, ¢) € y' o 1. We
observe that f7, o f;; is nonzero if, and only if, (i, ¢) is in the overlap composition
i o 11 (see Remark C.4). If not, thenie I~ (' o), £ € L\, (i o 1), and
f}[ Ofij is equal to the sum of zero maps (K (a;,b;) = 0) & (0 — K(e,, f,)). Thus
we can write

fof= @ fiofje D ge D Hh,
(i,[)ep’;p i€l~m(p'op) CEL~my (p'op)
@en GO

which is an equation of the form (C.5), and this concludes the proof. O

C.23 Remark. The composition of arbitrary bar-to-bar monomorphisms is not nec-
essarily bar-to-bar. For example, consider the following composition of mor-
phisms (see Figure C.3):

1 0 1 0

0 1 11

K(1,4) e K(2,3)

K(1,4)e K(1,3)

K(0,49)e K(1,3),

where the sign decorations of the start- and end-points are not important.
Clearly the left map is bar-to-bar. The right map is bar-to-bar by doing a base
change on the middle persistence module. However, the composition is a
morphism between persistence modules with trivial automorphism groups, but
its matrix representation looks like that of the right morphism, and therefore
the composition morphism is not bar-to-bar. ]
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1] ——————4

2—3[
4
4

1——3{
3

Figure C.3: Representation of the morphisms in Bar of Remark C.23.

We can view the matching p of Definition C.21 as a matching of barcodes.
Specifically, i induces the multiset matching (M, m,,) where M = 2(X) x 2(Y)
and, for all ({a,b),{c,d)) € M,

my,((a,b),(c,d)) = #{(i,j) € u | (a;,b;) = (a,b) and (¢}, d)) = (c,d)}.

7 j°

It turns out that this matching is uniquely determined as soon as we have a
bar-to-bar morphism in Pfd:

C.24 Proposition. Let f: X — Y be a bar-to-bar morphism in Pfd, and let:

© @y X =@ K(a;,b) and ¢y Y = @ ;K (c;,d;) be barcode decompo-
sitions;

* & @ K(a;,b) — @), K(c;,d)) be a strictly bar-to-bar morphism in
Bar isomorphic to f (which exists by definition);

e 11 be a matching in Match(I,J) associated to g (see Definition C.21).

Then the multiset matching M € Match,(4(X), 2(Y)) induced by p does not
depend on @y, @, g, nor 1.

Proof. We view f as an object in the category Fun(R x {0 < 1}, Veet,). As
such a representation, the decomposition (C.5) of g becomes

o (a;,b;) (a;,b;) 0
feg @ R )@ ) S IL,""e ) S I<cj,dj)’
(i,j)ep 7 i€~ (1) JjeJ~m ()

where the indecomposables R} and I} are adapted from [18, Definition 5.2]
and defined as follows:

(a;,b;)
« R
<Cj’dj)’

nonzero morphism K (a;,b,) — K(cj, dj).

where (a;,b;) overlaps (cj,dj) above, is the representation of a

1’71
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. If)af’bi> is the representation of the zero morphism K (a;,b;) — 0.

 Similarly, I?Cj’ a) is the representation of the zero morphism 0 — K (c;, dj).
By the Krull-Remak-Schimdt-Azumaya theorem [2] (see also [5]), this decom-
position is unique up to permutation of the indecomposables. This implies
that the matching p1 is unique up to permutations of indices i, in I such that
a; = a, and b; = b, and similarly for J. In particular, the induced matching M
on barcodes is unique. The fact that M is an overlap matching is clear from its

construction, and this concludes the proof. O

C.3.2 The same-endpoint operator

We define the same-endpoint operator on direct sums of bars, and then show

that it is well-defined up to isomorphism on arbitrary persistence modules in
Pfd.

C.25 Definition (same-endpoint operator A). We define A as the operator Bar — Bar
that is the identity on objects and the projection

hom(X,Y) = [ [@hom(K (a;,b),K(c;,d)))
iel jeJ
— [ @ hom(K(a;,b)),K(c;,d)))
iel jeJ
bi=d;

< hom(X,Y)

on morphisms, where X = @;K(a;,b;,) and Y = EBJ.K(cj,d.). We call A the
same-endpoint operator. [ ]

C.26 Remark. The first isomorphism and the last inclusion are canonical. Thus the
operator A is well-defined and does not depend on any arbitrary choices. B

C.27 Example. Figure C.4 shows an example of applying the same-endpoint operator
to a monomorphism in Bar. [ ]

From the definition of A as a linear projection on hom-spaces, we immediately
get the following results.

C.28 Proposition. 1. The operator A is linear on hom-spaces. That is, for mor-
phisms f,g: X =Y, A(f+g) =Af +Ag.
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X X
A
f - of
Y 1 Y 1

Figure C.4: same-endpoint operator applied to a monomorphism f: X — Y in Bar. The
resulting monomorphism Af is obtained by setting to zero all the nonzero projections between
bars with different end points.

2. The operator A is additive. That is, for morphisms f: X - Yand g: X' —
Y', we have the equality A(f® g) = Af® AgasmorphismsX& X' > Yo V'

C.29 Proposition. The operator A is a functor.

Proof. Clearly Aid = id. For compatibility with composition, consider the

composable morphisms f: @,K(q;,b,) — ®;K(c, ]) and g: ®;K(c, ]) —
® K (s, t).). We write f; for the correspondlng morphism
@K(al, b)) —>K(al, b)) — K(c;, J) = @K( ¢;,d;)
and similarly g;, and (g o f);. Then
gof= Zgjko = Z ik o fij and (gof)lk_ Z ik o ki
=
Y b; >d >tk b; >d =t
because all other summands are 0. Moreover,
A=) f Bg=) g and Agof)= ) (gof)y
b=d; d=t; b=ty
Thus we get
Ao Mu= ), grofi= ). &rofy=0godfly,
bizéjztk bi=c]lj=tk
b=ty
which shows the compatibility with composition. O

C.30 Corollary. Let f: X — Y be a monomorphism in Bar. Then
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X2 X Xy =X+ X, X
|7 [ I
Y1 Y1
Yo v Y Ya v Y
X1 Xy X X,
y1 |1 0 y. |1 1
Yo [0 1 Yo [0 1

Figure C.5: Two representations of the same morphism f: X — Y in Pfd, as bars with arrows
and as matrices. On the left, the basis {x;, x,} makes the monomorphism strictly bar-to-bar.
This is not the case for the basis {x;, X,} chosen on the right.

1. If f is bar-to-bar, then it is isomorphic to Af.
2. If f is strictly bar-to-bar, then f = Af.

Saying that two morphisms f,g: X — Y are isomorphic means that there
exist automorphisms ¢: X — X and ¢: Y — Y such that f =ogoep.

Proof. If f is a strictly bar-to-bar monomorphism, then it is of the form
@(K(ai, bl) - K(Ci, bl)) ® @(0 - K(Cj; dj))
i j

where X = @;K(a;,b;) and Y = @, K(c;,b,) ® @jK(cj,dj). The second state-
ment then follows from the definition of A.

For the first statement, by definition, there exist automorphisms ¢, : X — X
and ¢, : Y — Y such that ¢, o f o ¢! is strictly bar-to-bar. Then

Pyofopy' =A@yofopy’)=Apyohfo Ay~
Since A is a functor, it sends isomorphisms to isomorphisms. Thus Af is iso-

morphic to f. O

C.31 Remark. The converse of the first statement is also true, but it follows from
Theorem C.35. The converse of the second statement is not true: see the right
side of Figure C.5, where f = Af but f is not strictly bar-to-bar. ]
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C.32 Proposition. Let f: X — Y be a monomorphism in Bar. Then Af is also a
monomorphism.

Proof. Write X = @;K(a;,b;)) andY = EB].K(cj,dj). Recall that Af is a direct
sum of morphisms @, _, K (a;,b;) — Eijsz(cj, d;) for all b € E. Thus it suf-
fices to prove, for all b € E, that Af restricted to X® := ®,_,K(a,b) is a

monomorphism.

Fix b € E and write g := Af | ;). There exists t € R such that t™ < b and every
bar K(a;,b) in X satisfies a; < t~. If there were an infinite number of bars
K (cj, dj) in Y such thatt € (cj, dj), then Y, would be infinite-dimensional. Since
Y is in Pfd, this is not possible, so we conclude that there are only finitely many
such bars, and therefore there exists u > t in R such that f maps bars K (a;, b,)
in X with b; = b exclusively to bars K(cj,dj) in Y with dj = b. Thus, at u, the
same-endpoint operator does not affect f| @ : in other words, g, = (f | yw),,-
In particular, g, = (f | y» ), is injective.

Next, we check that g, is injective for all s < u. Indeed, if g, sent a nonzero ele-
(x)#0
and g,(X,_,(x)) =0, contradicting the injectivity of g,. For s € (u*,b), injec-

b o
ment x € X{” to 0 € Y,, then by the transition maps we would get X__,
tivity holds because g, = (f |y ), by the same argument as before. Thus g is
pointwise injective, so it is a monomorphism. This concludes the proof. O

C.33 Proposition. Let f: X — Y be a morphism in Pfd. Let ¢ : X =~ @,;K(a;,b,)
and @y: Y = @;K(c;,d;) be barcode decompositions of X and Y. Define Af :=
Oy Ay fox @y, where we identify the morphism @y foy* in Pfd with the
one in Bar. Then, up to isomorphism, Af does not depend on the choice of ¢,
and @y.

Proof. Let 1, and 1, be other choices of isomorphisms. Then

ll’;lA(lxbyflp)_(l)lsz = ¢§1A(¢y@§l@yf§0§lﬁox¢§1)lﬁx
= Ay @y pyf Py Pxbx")

€Bar €Bar €Bar

= A(lpy(P;1)A((ny(P)_(l)A((lep)_(l)
(by functoriality in Bar)

=A@y foxh)
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= oy M@y f 3Dy O

C.34 Remark. In particular, this means that we can define the same-endpoint opera-
tor A on Pfd up to isomorphism. [ ]

C.35 Theorem. For all morphisms f in Pfd, the morphism Af is bar-to-bar.

C.36 Remark. In Pfd, the morphism Af is defined only up to isomorphism, see
Proposition C.33. Since the property of being bar-to-bar is an invariant of
isomorphism classes of morphisms (by definition), Theorem C.35 is well-
formulated. [ ]

To show Theorem C.35, we will be working with infinite (unlabeled) matrices.
In particular with infinite column-finite matrices (see Definition C.11).

In [20] the author presents a reduction algorithm for infinite row-finite ma-
trices (defined analogously to column-finite ones). We proceed similarly with
Algorithm C.1: compare with the standard algorithm of persistent homology,
see [10].

C.37 Lemma. Algorithm C.1 is well-specified: it takes as input an infinite column-
finite matrix M and returns a factorization A = UMV where U and V are upper
triangular invertible and A has at most one nonzero entry in each row and
column.

Proof. We observe that after the j step, the first j columns of V are fixed (they
will not be modified in subsequent iterations). To show that the limit matrix V
is invertible, we construct its left inverse iteratively, starting with V=! =T and
then applying V™' — (I - AE;, )V " every time we set V — V(I - AE,, )). After
the j' step, the row transformations on V! involve adding rows with index
k > j to other rows: this will never affect the first j rows, as V! is always upper

triangular.

For U, the argument is a little subtler. For all j, there exists a positive integer J
such that, in the fully reduced matrix A, for all j' > J, low(j") > low(j). Thus,
after the J™ step, the j column of U is no longer affected by the row trans-
formations that update U. To show that the limit matrix U is invertible, we
construct its right inverse iteratively, starting with U~! = I and then applying
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Algorithm C.1: Infinite column-finite (unlabeled) matrix reduction. I de-

notes the infinite identity matrix, E, ; denotes the infinite matrix with all 0’s

except a 1 in position (i,]), and low(j) :==max{i =1 | Ai’j # 0}.

Input: an infinite column-finite matrix M.

Output: a factorization A = UMV where U and V are upper triangular invertible

and A has at most one nonzero entry in each row and column.

U1
V1,
A — M;

forj=1,2,...do
while 3j' <j, low(j") =low(j)do  // reduce by columns with same

Tow

end
i —low(j);

A

1'%

end
end
return A, U,V

A= Aoy i Arowin,rs
A A=A
V —V{I-1E;);

while 3i' <i, A, ; #0 do

A=A, lA
—A
U— (I-AE, )U;

// equivalently, A—A(-2E;))

// reduce nonzero entries above low

// equivalently, A< (I—-AE, A
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ul—ulu —AE, ;) every time we set U — (I — AE, )U. After the JT step,
the only columns that get transformed are those with index > low(J), so in
particular the j* column is no longer affected by the column transformations
that update U 1.

Finally, for A, we use the same arguments as for V and U to conclude that A
converges to a well-defined limit matrix. O

Proof of Theorem C.35. It suffices to prove the result for f in Bar, so we as-
sume this. In this case, the morphism Af: X — Y is a direct sum of morphisms
between the direct summands of X and Y where all bars share a common
end-point. Af is bar-to-bar if each summand is bar-to-bar, so, without loss of
generality, we can assume that X and Y are persistence modules where all bars
share a common end-point. Following Remark C.8, we can then represent Af
as an infinite matrix M with countably many columns and rows, and where the
columns and rows correspond to bars and are sorted by start-point.

We observe that every column of M has a finite number of nonzero entries.
Indeed, if the column corresponding to a bar K (a, b) of X had an infinite number
of nonzero entries, then K (a, b) would map to an infinite sequence (K (c;, b));
of bars of Y, with c; < a for all i. Then (since we do not consider empty bars),
there exists a point t € (a,b) < (c;, b) for all i, and so Y, is infinite-dimensional,
which contradicts the definition of Bar.

Thus we can apply Algorithm C.1 and Lemma C.37 to obtain invertible upper
triangular matrices U and V such that UMV has at most one nonzero entry in
each row and column: this corresponds to a strictly bar-to-bar morphism from
X to Y. Since U and V are upper triangular, they correspond to automorphisms
of X and Y, respectively. Therefore the morphism f is isomorphic to a strictly
bar-to-bar morphism. In other words, f is bar-to-bar. O

Induced matchings

Recall that we use the the category Barc from [4]. While for their canoni-
cally induced matchings compose naturally, we need more structure on our
persistence modules to make the matchings compose in an intuitive way.

C.38 Definition (Matching operators). A matching operator is a function p that

takes a morphism f: X — Y in Bar and returns a matching (i.e., morphism)
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u(f): B(X) — %B(Y) in Barc. The second argument is sometimes omitted.
The operator 1 is

1. additive if, given morphisms fand g, u(f® g) =pu(f)Lu(g).

2. split if, for a strictly bar-to-bar morphism f, u(f) is the matching of
Definition C.21°.

3. functorial on monomorphisms (resp. epimorphisms) if, given
composable monomorphisms (resp. epimorphisms) f and g, u(ge f) =
(g e u(f). |

C.39 Remark. 1. Matching operators are well-defined. In particular, they are
equivariant under reindexing of the barcode multiset representations [4].

2. By [3, Proposition 5.10], such operators are never functorial over all
morphisms. Moreover, the canonically induced matching of that
paper is functorial on monomorphisms and epimorphisms.

3. Note that being split is equivalent to being additive and mapping mor-
phisms K (a,b) — K (c,d) between single bars nontrivially.

4. Using the axiom of choice, and viewing morphisms as objects in the ad-
ditive category Fun(R x {0 < 1}, Veet,), we can define arbitrary addi-
tive matchings by choosing a matching for each indecomposable mor-
phism. ]

We now show that being split and functorial on monomorphisms (resp. epip-

morphisms) are mutually exclusive.

C.40 Proposition. A matching operator cannot be split and functorial on monomor-
phisms (resp. epimorphisms).

Proof. We proceed by contradiction: suppose that such an operator 1 exists.
Let b >a, > a, > --- > a, be elements of E, and consider the sequence

X =K(a;,b)® K(ay,b) <> Y = K(as,b) ® K(a,,b) > Z = K(ag,b)® K(ag,b)

“more precisely, the definition’s matching is {(i,7) | ((a;, ;). D), ({c;,d;),1)) € p(f)}.
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where the two monomorphisms are represented by the labeled matrices

a, a a, ag a, a
f= % 1 1 , g= Y 0 1 , andso gf= % 1 0 )
a; [1 O as [1 O as [1 1

where the label a; corresponds to the interval (a;, b). Recall that isomorphisms
of morphisms correspond to certain left-to-right column transformations and
bottom-to-top row transformations of their matrix representations. Adding the
left column to the right column in the matrix representation of g f, we obtain
the isomorphism

a, a a, ag a, a
gf=~ Y 1 1|_a |1 O|,a |1 1] (C.6)
as |1 0 as |0 1 a; |1 0
=thy

a, a a, das a, a

a (1 1|(_ a |1 1|5 aq |O 1

a; |1 0 a; [0 1 a; [1 0
=h; =thy

The morphism h, is an isomorphism, and by splitness 11(h,) is also an isomor-
phism, so by functoriality (recall also that, by functoriality, # sends isomor-
phisms to isomorphisms), we deduce that (f) = p(h;) op1(h,) is an isomor-
phism. Applying 11 to (C.6), by functoriality, we get u(g) ou(f) == u(hy) ou(f).
As we just showed that u1(f) is invertible, we deduce that u(g) =~ u(h,). But
the only automorphisms of (Y) and %(Z) are the identity matchings, so
1(g) = p(hy). But this contradicts the assumption that p is split, since g and
h, are different strictly bar-to-bar morphisms. We conclude that there is no
induced matching representation operator that is both split and functorial on
monomorphisms. The epimorphism case holds by a dual argument. O

We can now define our induced matching.
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C.41 Definition. Given a morphism f: X — Y in Bar, we know by Theorem C.35
that Af is bar-to-bar. Specifically, Algorithm C.1 induces an overlap matching
Hp(f) € Bare(%B(X), %B(Y)). u

C.42 Remark. 1. Inthe case where X and Y have finitely many bars, this induced

matching is constructed for monomorphisms and epimorphisms in [6,

Theorems 6.11 & 6.13], where it is called an induced algebraic matching.

2. We can show that the matching operator 11, is additive. Moreover, it is

split by construction. As a consequence, it is not functorial on either
monomorphisms nor epimorphisms.

3. The matching operator 1, is not very informative on arbitrary morphisms.

Indeed, it is empty as soon as no bars of X or Y have the same end-point.

|

Instead, we may follow the strategy of [3]: given a morphism f: X — Y in Bar,
consider an epi-mono factorization of f,

XSim(f) S,

where we define im(f) as the object in Bar that isomorphic to the image of f
in Pfd, i.e. it is the sum of the bars in the barcode of the image. We would then
define the matching induced by f to be the matching

u(f) = py(m) e, (e)* (C.7)

in Bare, where —* is the dual operator for epimorphisms and matchings (see
Section C.2.4).

The issue with this construction is that the epi-mono factorization is only
unique up to isomorphism: there exist other factorizations, which are all of
the form (¢! oe,mo ) with ¢ an automorphism on im(f). Indeed, we have
the following example, which shows that the induced matching depends on the
choice of factorization.

C.43 Example. Consider the following morphism (over the field F,) along with an
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epi-mono factorization:

1 3 Xy
X X
1 2 X 4
e
I, :
f= 2] im(f)
1
I
1 2 Y,
0—=2 Yooy —= Y

where, on the right, we have named all of the bars. The image im(f) con-
sists of two bars I; and I, with identical support (1,2). We have the matrix

representations
X, X, X, X,
F= Y1 [1 o] gp- L[t o]
Y, |1 1 L, |0 1]
I, I, I, I, L5 L, I,
and M= Yl 1 0 o~ Yl 1 0 11 1 1] _ Yl 1 1
v, [1 1 Y, |1 1], 0o 1] v, |1 0

for f, e, and m, respectively (recall that we are working over the field F,). The
induced matching is

pA(m) .pA(e*)* = {(Ilsz); (12;Y1)} L4 {(lell)’ (Xzylz)}
= {(Xl,Yz);(Xz;Yl)}-

Now consider ¢: im(f) — im(f) the automorphism that permutes the two
bars, with matrix representation

L I
o= L [0 1 ] _
L [1 0
Since ®~! = ®, we compute

Xp X LI Lo L

olg= L [0 1] .ng Moo= Y2 [0 1] v, [0 1
L [1 o
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and find the induced matching

pp(mo@) e, ((p~ o)) ={(I,Y,), U,, Y1)} o {(X,1,), (X,,1;)}
= {(Xle), (XQ’YQ)}
# 1y (m) @ py (")

Thus the induced matching as defined in Equation (C.7) is not unique. [ ]

Induced matchings and automorphisms of persistence modules interact as
follows.

C.44 Proposition. In the category Bar, let f: X — Y be a morphism and ¢: X — X
and Y: Y — Y automorphisms. Then there exist automorphic matchings
0: B(X)—B(X)and t: B(Y) — B(Y) such that

pp(hofop)=tep,(f)eo.

Proof. The morphisms f and i o f o ¢ are isomorphic to each other. By Propo-
sition C.33, A(f) and A(3 o f o ) are isomorphic. By definition of 1, and the
arguments of the proof of Proposition C.24 (the induced matching is read from
the decomposition of f as a representation of R x {0 < 1}), the induced match-
ings u1, (f) and 1, (o f o ) are equal up to permutations of bars with identical
support. By the overlap condition for composition in Bare, automorphic match-
ings are exactly the bijective matchings that, at most, only permute of bars
with identical support. We conclude that there exist automorphic matchings
0: B(X)— B(X)and t: B(Y) — A(Y) such that

py(hofop)=tep,(f)eo. O

The automorphic matchings o and T depend on the morphism f, as shown by
the following example.

C.45 Example. Let f and g: X — Y be morphisms in Bar represented by the matrices

1 0 11 0 1
1 1 1 0 1 0

respectively, where the two bars of X have the same support, and the two bars
of Y have the same support (but not necessarily the same as that of X). Let ¢
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C.46 Proposition. Let f: X — Y be a morphism in Bar and write X = @
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be the automorphism on X represented by
0 1
o= .

0 1 0 1 1 0
F@z[ ]g[ ] and Gdbz[ ]
1 1 1 0 0 1

Reading the pivots of the relevant matrices, we find that 1, (f) = 1, (f) but

Then

11,(g) # 1, (g®). In other words, the automorphic matching o induced by ¢
via Proposition C.44 depends on the morphism, with which it is composed. W

Example: recovering the 22-matching

We can define an induced matching on Pfd as soon as we determine a strategy
for selecting, for a given morphism f in Pfd, an epi-mono factorization f = me.
As an example, in this section we recover the induced matchings of [15, 16] via
epi-mono factorizations.

In this section we assume that our persistence modules have count-
ably many bars. For example, this happens if we assume that they have no
ephemeral bars.

We provide a simpler method of computing the image of a morphism in Bar;
compare with [24].

jes K (aj, b))
K(c;,d.). We define the strictly bar-to-bar epimorphism

iel [}

andY =&

X = @K(aj,oo) - X
jeJ
and the strictly bar-to-bar monomorphism
Y Y= @K(—oo, d).
iel

This gives us the morphism

Let F be an ordered matrix representation of f. Then we can apply Algo-
rithm C.2 to reduce the matrix F to a matrix A with at most one nonzero
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Algorithm C.2: Infinite column-finite labeled matrix reduction. Notations
are as in Algorithm C.1.

Input: an infinite column-finite labeled matrix M where the sequence of row
labels and the sequence of column labels are totally ordered.
Output: a factorization A = UMV where U and V are upper triangular invertible
and A has at most one nonzero entry in each row and column.
U1
VI,
A — M;
forj=1,2,...do
while 3j' < j, low(j") =low(j)do  // reduce by columns with same
low
A= Aiow(i.i/ Aowin.i
A— A - 1E; );
V—VU-AE;);
end
i —low(j);
while 3i' <i, A, ; #0do // reduce nonzero entries above low
A=Ay /A
A—(I-AE; )A;
U—(I-AE, )U;

end

end
return A, U,V

coefficient in each row and column. Moreover, these pivots of A give the
barcode of im(f):
%(lm(f)) = {(aj, dl> | Al‘j #0}.

Proof. First, we observe that im(f) = im( f). Next, we recall that we have
assumed that X and Y have countably many bars. Moreover, the row labels
(resp. column labels) of ' are totally ordered, as they all share the same start-
point (resp. end-point). We can therefore apply Algorithm C.2 with F as input.
By the assumption that the row and column labels are totally ordered, we know
that all left-to-right column operations and bottom-to-top row operations on
the matrix F are valid matrix operations.
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Note that Algorithm C.2 is very similar to Algorithm C.1, the difference be-
ing that we are reducing a labeled matrix instead of an unlabeled matrix. In
particular, we use matrix multiplications, specifically overlap multiplications
(Definition C.12), to denote the column and row operations. The proof of cor-
rectness of the algorithm is analogous to Lemma C.37. Thus we can apply
Algorithm C.2 to obtain a matrix A. As in Lemma C.37, this matrix has at most
one nonzero coefficient in each row and column. In particular, we obtain the
barcode of the image of the morphism that the matrix A represents: explicitly,
this barcode is
{(a;,d;) | A;; =03}

Moreover, since A is a reduction of F, the image of A is isomorphic to im(f) =

O

im(f). This concludes the proof.

C.47 Remark. The morphism f: X — ¥ is a fringe presentation of im(f) as de-
fined in [19]. We also note that the ordered matrix representation of F is exactly
that of F, but with relabeled rows and columns. Thus Proposition C.46 provides
an effective way of computing the barcode of the image of a morphism, provided
a matrix representation of the morphism. ]

Let f: X — Y be a morphism in Bar. Denote by F the matrix representation
of f where rows are ordered (lexicographically) by end-point then start-point
and the columns by start-point then end-point. Applying Proposition C.46,
we obtain a matrix F with the same coefficients as F but different labels, and
A = UFV its reduced form, with U and V invertible upper triangular matrices.

Let R := U'A and I be the subset of indices in I such that row i of A (and R)
contains a pivot. Let E be a matrix whose columns are labeled like F and whose
rows are indexed by I. We label row i of E by the interval (a;, d;), corresponding
to the pivot (i,j) of A. We set

ij
ij =

R.. ifi=low(j)inR,
0  otherwise.

C.48 Proposition. We use the notations introduced immediately above. Let Z be the
persistence module in Bar that is isomorphic to im(f). There exists an epi-
mono factorization f = mo e where the epimorphism e: X — Z is represented
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by the matrix EV~! and the monomorphism m: Z — Y is represented by a
matrix M in row echelon form with pivots {(i,i) | i €I}.

Proof. We see that EV ™! represents an epimorphism from X to im(f).

Let us solve the equation ME = R := U 'A for the matrix M. Note that the
labeling of M is determined by this equation. By construction, E has at most
one nonzero coefficient in each column. Therefore, a given unknown M, ;, in M

appears in at most one equation:

« If there exists j € J such that i’ = low(j) in R, then Ei,,j is nonzero and

M; ; = M; , must satisfy the equation

iif

M.

i1

Eyj=Ry.

If R;; = 0, then we set M, = 0. Otherwise, we need to check that we
can set M,

must be above it). Column i' of M is labeled by (aj,di,) and row i of M

to be nonzero. We know that i < i’ (R, ; is the pivot, so R;;

is labeled by (c;,d;). We have d,, = d, because i' = i and we assume that
the (c;, d;) are ordered compatibly with the product order. We also have
a; = because R; is nonzero (and so (aj, bj) must overlap (c;,d;) above).
Thus we have checked that (aj, d,) overlaps (c;,d;) above, so we can set
M,

o Otherwise, M,

i1

to be nonzero.

has no equations to satisfy, and we choose to set M, ;, = 0.

We observe that the resulting M is in reduced row echelon form, with pivots at
the coordinates (i, i) for i in I. Each column as a pivot and the pivots’ row and
column labels have the same end-point d;, so we deduce that M represents a
monomorphism: indeed, at every time ¢t € R, M, represents an injective linear
map.

We thus obtain F = MEV ™!, giving us an epi-mono factorization f = me by the
morphisms e and m represented by EV ™! and M, respectively. O

C.49 Definition. We define the induced matching u(f) := 1, (m) e u, (e*)*. [ |

C.50 Remark. By the last observation on M, we deduce that the induced matching
1, (m) matches each bar (aj, d;) in the image to (c;,d;) in 28(Y). In other words,
we know the matching 71(f) as soon as we know 11, (e*)*, or as soon as we know

the reduced matrix A. [ ]
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In the case where X and Y are tame persistence modules (i.e., they have finite
barcodes), [16, Algorithm 1] is a matrix reduction algorithm to obtain a multiset
matching from a morphism f: X — Y, which we will call the 22-matching.

We first show the pairing uniqueness lemma [10] for tame fringe presentations,
following the reasoning and notations of the original proof. Given a matrix
AeK™" forallie{1,...,m}andj€{1,...,n}, denote by A{ the lower left
minor of A obtained by removing the first i — 1 rows and the last n — j columns.
Define

r (i,j) = rankA{ — rankA{H — rankA{_1 + rankA{;ll,

where rank A denotes the number of bars in the image of the morphism repre-
sented by A.

C.51 Lemma (Pairing uniqueness lemma). Let F € K™ " be the relabeled matrix
representation of a morphism f: X — Y as in Proposition C.46. Now consider
the reduced matrix A returned by Algorithm C.2. Then A; ; # 0 if, and only if,
re(i,j) = 1.

Proof. Note that left-to-right column operations and bottom-to-top row oper-
ations correspond to isomorphism actions on the domain and codomain of the
represented morphism. This holds for the restricted matrices Af , and therefore
rs = r,. It therefore suffices to show that A #0 if, and only if, r,(i,j) = 1,
and this follows immediately from the fact that A has at most one nonzero
coefficient in each row and column. O

C.52 Proposition. Let F be the relabeled matrix representation of a morphism
f: X — Y as in Proposition C.46. Then the reduction of the matrix F by Algo-
rithm C.2 and the reduction of the matrix F by [16, Algorithm 1] have the same
pivots.

Proof. By Lemma C.51, the order in which we do column and row operations
in Algorithm C.2 does not affect the resulting pivots. Moreover, we note that
the row operations do not affect the pivots of the matrix, and therefore we will
ignore that part of Algorithm C.2. We can therefore assume that we do column
reductions in the same order as in [16, Algorithm 1]: that is, start from the
columns with the lowest nonzero coefficient and reduce them before moving to
the columns with the next lowest nonzero coefficient, and so on.
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The only difference between the two algorithms is then how invalid matrix
coefficients are treated. In Algorithm C.2, a coefficient is set to zero if the
column label does not overlap above the row label; in our case where the
column labels all end at +oco and the row labels start at —oo, this only happens
when the column and row labels are disjoint. In [16, Algorithm 1], a coefficient
is set to zero if the column and row labels in F are disjoint. This happens
only in the following situation. There are two columns j and j' with j' < j
such that low(j) = low(j') =: i. When adding column j' to column j > j', a
nonzero coefficient on row i' > i produces an invalid nonzero coefficient at
(i',j). Denoting by la;, b)), la;, bj,), [c;,d,),and [c,,d,) thelabels of the relevant
columns and rows, we have the following inequalities. By assumption on the
order of the rows and columns, we have a; < a; and d; < d;. By the validity of
the nonzero coefficient at (i',j'), we have ¢, < a; <d, =b;. By the validity of
the nonzero coefficient at (i,j), we have ¢; < a; <d; < b;. Thus we have ¢; <q;
and d;, < b;. In order for the coefficient at (7', ) to be invalid, it is therefore
necessary that a; < d; does not hold, i.e., that a; = d;. We conclude that the
same coefficient (i',j) in F would have disjoint row and column labels, and
therefore would be canceled by the overlap multiplication.

We conclude that Algorithm C.2 and [16, Algorithm 1] return matrices with the

same pivots. O

We deduce that our induced matching p(f) is a representation of the (multiset)
Z?-matching defined in [16].

Application to Wasserstein distances

Sizes and ranks of (co)kernels

In this section we prove some results in the category Pfd. In particular, we
highlight a connection between rank functions and p-norms, which yields new
proofs of results in [1, Section 3]. We denote by rk f the rank of a linear map f.

C.53 Proposition. Let f: X — Y be a monomorphism in Pfd and consider Af the

Junctorially defined bar-to-bar morphism and f,, the bar-to-bar monomor-
phism induced by the canonical matching between X and Y (this assumes that
we fix barcodes). Then, for all s <t in [0, 00),

rk((coker f),_,) =rk((cokerAf) ) = rk((cokerf(p)sﬂ).

S<t
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We first prove a series of lemmas.

C.54 Lemma. Let f: X — Y be an arbitrary monomorphism in Pfd. For all s <t in
[0, 00),
) =rk(Y,

S

rk((coker f) <+ f)—dimX,

S<t

whereY _, +f:Y,® X,—Y,.

Proof. Consider the following diagram of vector spaces:

fs
X, ¢ > Y » (coker f)
X<t Yot \L(cokerf)sst
X, S 7 > Y, » (coker f),
t

! 4

cokerY,_, —» C

where Cis the cokernel of the map (coker f),_,. We observe (by a diagram chase,
for instance) that C is also the cokernel of themap g :=Y _,+f:V,® X, —Y,.
Thus dimC = dimY, —rkg, and we conclude the proof by observing that

rk((coker f),_,) = dim(coker f), —dimC
=dimY,-dimX, —dimY, +rkg
=rkg —dimX,. O

C.55 Lemma. Let g: X — Y be an arbitrary morphism in Pfd. Then, for all t in
[0,00),
rkg, = 1k(Ag),.

Proof. Fix barcode decompositions of X and Y. Then we can represent g, as
a (finite) matrix, where the columns and rows correspond to bars of X and Y
that are nonzero at t, and they are sorted such that the death time is increasing.
The matrix M of g, is then block upper triangular, where the blocks correspond
to bars with the same death time. The matrix M, of (Ag), is the block diagonal
part of this matrix.

Let us show that the rank of M, is smaller than the rank of M. Indeed, for
every block of M,, select a maximal set of linearly independent columns. The
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corresponding columns in M are also linearly independent, and therefore the
linear map sending each of the selected columns of M, to the corresponding
column in M is injective. This defines an injective map im M, — im M. Taking
the dimension of both sides, we get rk(Ag), <rkg,. O

C.56 Lemma. Let f: X — Y be an arbitrary monomorphism in Pfd. For all s <t in
[0, 00),
k(Y + £) =1k(Y,_, + (Af),),

whereY _,+ f,and Y

s T(BAf) 1Y@ X, =Y.

Proof. Since we are concerned with ranks, which are invariant by isomor-
phisms of morphisms, we can assume without loss of generality that X, Y, and
f are in Bar.

Consider Y [-&], the persistence module defined as Y[-8], :=Y,_5. Then
there exists a natural morphism in Pfd Y, _;_,: Y [-8] — Y. The image of this
morphism then has the same barcode as Y, except that every birth time has
been increased by &, with resulting bars with a birth time greater than the death
time being removed. Denote by t: imY,_s_, < Y the monomorphism through
which Y,_s_, factors. Then rk(Y,_, + f,) = rk(i, + f;). Moreover, ( is strictly

bar-to-bar, so by Corollary C.30 At = . By linearity of A (Proposition C.28), we
deduce that A(t + f) = t+ Af. We conclude as follows:

rk(Y,, + £) =rk(+ f),

=1k(A(+ ), (by Lemma C.55)
=rk(t, + (Af),)
= k(Y,_, + (Af),). O

C.57 Lemma. Suppose that all of the bars of X and Y have the same end-point and
there exists a monomorphism X — Y in Pfd. Then

rk((cokerfq)) )=(@kY,_,—dimX,)_,

S<t

where (=), is the positive part function.

Proof. Denote by b this common end-point. Since f,, is induced by the canoni-
cal matching, we can assume without loss of generality that X = @ ", K(a;,b),
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Y = @, K(c;,b) with m < n in NU {w}, the q; and c; are ordered in non-
decreasing order, and the canonical matching ¢ is the inclusion of {1, ...,m}
in {1,...,n}. The fact that X and Y have at most countably many bars with
end-point b is explained in Remark C.8. Then

i=1 j=m+1

Therefore m n
cokerf(p=€BK(Ci,ai)@ @D K(c,b.
i=1

j=m+1
Ift~ = b, then the result holds trivially. Now consider the case t~ < b. Since the
a; and ¢, are in nondecreasing order, there exist integers k, and k. such that

{ie{l,....m}y:aq;=t7}={1,... .k}
and {ie{l,...,n}:¢c;=<s7}={1,....k.}.

Therefore

{ie{l,...,n}:ic;=s7I~\{ie{l,....m}:q;=t7}

~ {{ka+1,...,kc} ifk, <k,

%) otherwise,
and we conclude that

rk((coker f)), ) = [{i€{1,...,m}:c;<s7,t7 <aq;}
u{je{m+1,...,n}:c,<s7}
=[ie{l,...,n}:¢;<s7I~{ie{l,...,m}:q; <t}
= (k,—k,),
= (kY, ., —dimX,)_,

where the second equality comes from the equality between the sets, and the
fourth equality comes from the fact that k, = dim X, and k, =rkY_,. O

Proof of Proposition C.53. We show the first inequality as follows:

rk((coker f),_.) = k(Y.

s

>rk(Y

S<t

<t f)—dimX, (by Lemma C.54)
+(Af),) —dim X, (by Lemma C.56)
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=rk((cokerAf) ). (by Lemma C.54)

We show the second inequality as follows. Since Af is bar-to-bar by Theo-
rem C.35, its cokernel is the direct sum of the cokernels of the maps restricted
to bars with a common end-point. Thus, without loss of generality, we can
assume that the bars of X and Y all have the same end-point. In this case, we
get

rk((cokerAf), ) = k(Y

S<t

+ (Af),) —dimX, (by Lemma C.54)

rk(Af),} —dimX,
(true for general sums of maps)

> max{rkY

sst?

=max{rkY

S<t?

dimX,} —dimX,
(since Af is a monomorphism)

= kY, —dimX)_
= rk((cokerf(p)sst). (by Lemma C.57) O

To connect rank functions to p-norms of cokernels, we define the following
measurable space.

C.58 Definition. Fix p € (1,00). We define the space Q := {(s,t) : s <t € R} c R?
and the density function 8y R? — [0, 0) given by

g,(5,0):=p(p—Dt—s|"72. ]

C.59 Proposition. For X a persistence module and p € (1,00),
/rszstgP(s,t)dsdt = IIXII?.
Q

Proof. We first consider the case where X is a single bar K (a,b). Suppose
that a and b are finite (i.e., not —oco nor +oo, see Definition C.1). Then, for all
p € (1,00), we compute

b rb
/rkK(a,b)sstgp(s,t)dsdt=/ / p(p—1)(t—5)""?dsdt
Q a Js

b
= / p(b—s)P~tds

a

=(b-a)?
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= 1K (a,b)1l5.
If a or b is not finite, then we still have the formal equality co = oo.

If X ~ @', K(a;,b,;) is a persistence module with finitely many bars, then

rk(X) = 7', kK (a;, b;) and the result follows from the case of a single bar

by linearity of the Lebesgue integral. Since ephemeral bars do not contribute
to the integral, it remains to prove the result for persistence modules X =~
2, K(a;,b;) with countably many bars (see Remark C.8). In this case, the

1

equality
/ Z rkK (a;, bi)sstgp (s,t)dsdt = Z / rkK (a;, bi)sstgp (s,t)dsdt
Qi=1 i=17/Q
follows from the Monotone Convergence Theorem [13, Thm. 2.14]. O

C.60 Remark. When p =1, as observed for example in [7], the 1-norm [|X ||, of a per-
sistence module coincides with the integral [, dim X,dt of its Hilbert function
(dimX)(¢) :=dimX,. [ ]

C.61 Theorem. Let f: X — Y be a monomorphism in Pfd and fo the bar-to-bar
monomorphism induced by the canonical matching between X and Y. Then,
forallpe[l,00],

Il coker fll, = |l coker Afll, = || coker f, Il ,.

Proof. For p € (1,00), we combine Propositions C.53 and C.59, along with the
fact that the function h — [ hg, is increasing.

For p =1 and p = oo, we conclude by continuity of p-norms with respect to
. O

C.62 Remark. When p = 1, the inequalities of Theorem C.61 are equalities:
Il coker f1l; = |l coker Afll; = |l coker f, I
To see this, recall Remark C.60 and observe that for all t € R,
dim(coker f), = dim(cokerAf), = dim(cokerf(p)t =dimY, -dimX,.

For all p > 1, it is easy to find a monomorphism f: X — Y such that the inequal-
ities of Theorem C.61 are strict. ]
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Dually, we obtain the following result.

C.63 Theorem. Let f: X — Y be an epimorphism in Pfd and f, the bar-to-bar

C4.2

epimorphism induced by the canonical matching between X and Y. Then, for
all p€[1,00],
liker fll,, = [[ker(Af*)*Il,, = liker f, Il ,.

Recovering isometry result for Wasserstein distances

We now provide alternate proofs of the construction of algebraic p-Wasserstein
distances and of the isometry result for p-Wasserstein distances [22]. We define
algebraic p-Wasserstein distances by defining a noise system [21]: see [1] for
the details to this approach in the context of tame persistence modules. In
particular, we need to show the following result.

C.64 Proposition. Let 0 —» X — Y — Z — 0 be a short exact sequence in Pfd. Then,

forallpe[1,00],

o IX1, =Y, and Nz, =11y, (“easy” axiom);
2. [IYI, < IXI, +11Z1, (“hard” axiom).

To prove the “easy” axiom of noise systems we can proceed as follows, showing
a stronger statement.

C.65 Proposition. For every short exact sequence 0 — X —Y — Z — 0 it holds that

rk(Y) = rk(X) +rk(2).

Proof. Let s <t in R and consider the appropriate diagram with two exact
rows as in the snake lemma. We have

rkX,_, —1kY

S<t

+1kX,_, = —dimkerX

S<t

+dimkerY _, —dimkerZ_, <0,

where the equality follows from rkX _, = dimX, — dimkerX__, and similar
identities for Y and Z, together with the identity dim X, —dimY, + dimZ, =0
by exactness of 0 — X, — Y, — Z, — 0; the inequality above follows from the
exact sequence 0 — kerX,_, — kerY,_, LN kerZ _, — cokerg — O (easy part of

the snake lemma) again by Euler characteristic. O

By Proposition C.59 and monotonicity of the integral, we have the following
consequence of Proposition C.65.
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C.66 Corollary ([22, Remark 7.32]). If p€ [1,00) and 0 —» X — Y — Z — 0 is a short
exact sequence, then

1
(nxus+1z18)? <1y,

The “easy” axiom of noise systems, which states that ||X|| » = IIYll, and [IZ1], =
Y|l v follows immediately. The case p = oo follows by taking the limit.

We now prove the “hard” axiom of noise systems. This proof is the same as [1,
Lemma 4.15]; the novelty is proving the result for Pfd.

C.67 Proposition. For every short exact sequence 0 — X — Y — Z — 0 it holds that
NY'il, < IX1, +[1Z1l,.

Proof. Denote by f: X — Y the monomorphism in the short exact sequence.
Then we have Z = coker f.

First, let us consider the case where f is bar-to-bar. By definition (see Defi-
K(a;,b) and Y =~

13

nition C.21), there exist barcode decompositions X =~ @
D, K, dj) and a matching g € Match(7,J) such that

i€l

cokerf=~ € coker(K(a;,b;) — K(c;,d)) e &) K(c;,dp,
(i,j)€n JeI~m (1)

where, for (i,j) in g1, b; = d;. The p-norm of this persistence module is unaffected
by ephemeral summands, so without loss of generality we assume that there
are no ephemeral summands (for countability reasons). The p-norm of coker f

is then equal to the p-norm of the countably long sequence (¢;),.,; where, for
alljeJ,
(b; - dj) g if there exists (i,j) in p,
G={"" =0
dj -G otherwise.

Since f is a monomorphism, every i € [ appears in this sequence. We also
have [1X1, = II(b; — a)ll, and 1Y I, = 11(d; — ¢;) 1l ,, and thus we obtain
the desired inequality as the triangular inequality for the p-norm on infinite
sequences of numbers.

Now let f be an arbitrary monomorphism, and let f, be the bar-to-bar monomor-
phism induced by the canonical matching between X and Y. By Theorem C.61,
we conclude with

IY 1L, < X1, + Il coker £, I1, < IXIL, + Il coker fIl, = IXII, +IZ1l,. O
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We provide an alternate (for one direction at least) proof to [22, Theorems 7.27-
7.28], the isometry result between algebraic and combinatorial p-Wasserstein
distances.

C.68 Theorem. For any X and Y in Pfd, we have df,’ (X,Y)= Wp(ng(X), Dgm(Y)).

Proof. Let ¢: Dgm(X) — Dgm(Y) be a matching. We want to construct a
span with a smaller or equal cost. Following [22, Theorem 7.28], define

7 = &b K (max(a,c), max(b,d))
((a,b),(c,d))Ep
and construct the natural span X < Z — Y. We can check that the cost of this
span is exactly the cost of ¢.

Let X el Z% Ybea span. We want to construct a matching with a smaller
or equal cost. First, factor the span as X —imf « Z - img — Y and replace
each morphism with the morphism induced by canonical matchings. By Theo-
rems C.61 and C.63, the cost of the new span X i 72 v is smaller than the
cost of the original span.

The (strictly bar-to-bar) morphisms f, and g, induce matchings ¢, : Dgm(X) —
Dgm(Z) and ¢y : Dgm(Y) — Dgm(Z), respectively. Define

YARS &b K(max(a,c),max(b,d)).
(a,b)eDgm(X)
(c,d)eDgm(Y)
px(a,b)=@y(c,d)

Observe that f; and g, factor through Z'. This defines a new span (of strictly
bar-to-bar morphisms) X — Z' — Y with a smaller cost than the previous span:
essentially, for each bar (e, f) in Z, we consider its matched bars (a, b) and (c, d)
in X and Y, respectively, and we move the end-points of (e, f) as far left as
possible while keeping f; and g, well-defined. This makes the cokernels and
kernels of these two morphisms smaller.

By the discussion for the case, the cost of this span is equal to the cost of
the matching ¢ = ¢, o @;*. Thus ¢: Dgm(X) — Dgm(Y) is a matching whose
cost is smaller than the original span. This concludes the proof. O
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Introduction

A Morse theory for distance functions

Distance functions have been the object of extensive study over the years,
classically in differential geometry [42, 52, 34, 54, 16, 13, 48, 20], and more
recently in computational algebraic geometry [45, 23, 21, 12] and computational
topology [15, 8, 46, 51, 3]. Various interesting properties of geometric objects
in R" (e.g. the Euclidean Distance Degree, bottlenecks) are defined in terms
of Euclidean distance and arise as some type of “critical points”, meaning that
they are defined as set of solutions of algebraic systems of equations resembling
the equations for critical points of a smooth function. Our goal here is to put
these ideas into a general systematic framework, explaining how to recover all
these notions at once using the language of Lipschitz geometry, and giving a
topological interpretation of them.

Studying critical points of functions has many applications ranging from data
analysis tasks such as the characterization of the texture of porous materials in
[51] to machine learning where for example critical points of objective functions
over Linear Convolutional Neural Networks are studied to understand their
optimization [37, 38]. Low rank approximation problems for tensors as the
one in Example D.1 are also relevant in machine learning as well as in signal
processing and data compression [39, 17]. Furthermore bottlenecks can be
used to produce provably dense samples of algebraic varieties, capturing the
homology of data spaces naturally encoded by algebraic equations [22].

Given two real algebraic subsets X,Y < R", in this paper we will explain how
to construct a version of Morse theory for the function

disty|y: X = R,

where disty () = min, .y [ly — z|| denotes the distance function from Y and
disty |, denotes its restriction to X. For the applications we have in mind, both
X and Y will be smooth algebraic hypersurfaces, but some of the results we will
formulate are valid under weaker assumptions (e.g. in the definable' world or
in the smooth world under some transversality conditions).

'In this paper, “definable” means definable in some o-minimal structure, for instance in the
structure of globally subanalytic sets.
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Compared to the classical theory, the key point here is that, even under the
assumption that X and Y are smooth and algebraic, in general the function dist,
is not differentiable, and similarly neither is dist, | ,. What is then the definition
of a critical point for functions of this type? If X and Y are semialgebraic, it is
true that disty |, is semialgebraic, and one can at least set up a notion of “critical
value” for it (see Section D.2.5), but this seems unsatisfactory: in particular, lit-
tle of the geometry of distance functions is used. Instead, we base our approach
on the notion of critical points of Lipschitz functions introduced by Clarke [19]
and apply the more general Morse theory of continuous selections, as discussed
in [1]. The applicability of this theory to the context of our interest requires
some nondegeneracy conditions to be verified (as is the case for classical Morse
theory!) and the technical part of the paper proves that these conditions are
generically verified in the case of algebraic hypersurfaces (see Section D.4).

Our framework is flexible enough to include the two cases of interest for com-
putational algebraic geometry: when X is R" and Y is a smooth algebraic set,
the critical points of dist, | « (as defined below) leads to the notion of bottleneck
Degree [23]; when Y reduces to a point and X is an algebraic set, they lead to
the notion of Euclidean Distance Degree [24], see Section D.1.5 below.

In our exposition we focus on the case when either X or Y (or both) are smooth
real algebraic hypersurfaces, and genericity is considered with respect to the
defining polynomials. We also treat the case when X is R™ and Y is a finite set
of points, which is relevant for applications.

Example. Given a point cloud in the space of tensors, what is the closest rank-
one tensor to this point cloud? This problem can be formulated as finding
the critical point with smallest value of disty |, where Y = {y,,...,y,,} is the
point cloud in the space of tensors R™ ® ---® R and X is the set of rank-one
tensors. ]

We expect that most of the results extend to the case of complete intersec-
tions, but we leave this to future work. Instead, we provide a technical toolset
(most notably a multijet parametric transversality theorem for polynomials,
see Section D.4.1) which the reader will easily be able to apply in their case of
interest.
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T X

Yo Y1

Figure D.1: Example of the subdifferential of f = disty |, at a critical point x. The subdifferential

0, f is the interval between the projections of the vectors ﬁ and II)):_;,IH onto T, X.
0 1

D.1.2 Critical points of distance functions

Let us first explain how to define “critical points” in our context. The key
observation is that the function disty |, is Lipschitz. Following Clarke [19], for
such functions, one can define the notion of subdifferential. This is done for
a general locally Lipschitz function f: X — R as follows (see Definition D.11).

Denoting by Q(f) < X the set of points where f is differentiable (of full measure
by Rademacher’s Theorem), the subdifferential of f at x € X, denoted by
0..f, is the convex body

d.f:=co lim D the limit exists } < (T, X)*.
Xf { xk—'x,lxkEQ(f) xkf it e } <( x )

It is often practical to assume that X < R" is a Riemannian manifold with
the metric induced by the Euclidean metric of R", so that one can identify
T X =~ (T, X)" and view the subdifferential as a convex body in T X.

D.2 Definition (Critical points, Definition D.12). A critical point of f is a point
x € X such that the subdifferential 0, f contains the zero vector. u
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The set of critical points of f is denoted by C (f). A regular point is a point that is
not critical. The definitions of critical value and regular value are the usual ones.
Minima and maxima are critical points; moreover, at a point of differentiability,
one recovers the classical definitions. Going back to our functions of interest, if
Y cR"is aclosed set and x € R" \'Y, then the subdifferential of dist, at x can
be easily described, see Corollary D.20:

X
0, (dist,) = co{”x—j:|| ‘y € B(x,disty (x)) mY}, (D.1)
where B(x,dist, (x)) is the closed ball of radius dist, (x) centered in x. If X and
Y are in general position (see Proposition D.21) The subdifferential of dist, |,

at x € X is just the projection of 0, (dist,) on the tangent space T X, see Figure
D.1

Various statements from classical analysis extend to the Lipschitz framework of
distance functions. For instance, under the only assumption that Y is definable,
the set of critical values of disty |, is definable* and of measure zero (this is
called the “Sard property”, see Section D.2.3). Another example of a classical
result that extends to this framework is the Deformation Lemma, whose proof is
based on Clarke’s Implicit Function Theorem [19]. In order to state the lemma,
we define for all t € R the sublevel set

X5 = {xeX

dist, (x) < t} .

D.3 Proposition (Deformation Lemma, Lemma D.27). If the interval [a,b] € R

D.1.3

contains no critical values of disty |, then the set X} deformation retracts to
the set Xy.

Nondegenerate critical points

In the definable framework one can even prove that the cohomology of X,
changes in a controlled manner when passing a critical value (Proposition D.28)
but, as in the classical theory, in order to be able to say more, one needs to
introduce the notion of nondegenerate critical points. This is done using the
theory of continuous selections as follows.

*Definability is needed, see Remark D.26.
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Following [1], we say that f: X — R is a continuous selection of the finite list
(fy, .--»f,,) of €* functions if f is continuous and if for every x € X there exists
i € {0,...,m} such that f(x) = f,(x). In this case we write f € CS(f, ..., f,,)-
For f € CS(fy, ..., f,) and i€ {0,...,m}, we denote by S; X the set

S; = {xeX‘f(x)=fi(x)}.

Given x € X, the effective index set of f € CS(f, ..., f,,) at x € X is defined as

I(x):= {ie{O,...,m}‘xeint(Si)}.

Note that continuous selections are locally Lipschitz, so we can talk about their
critical points using the language introduced above. We can think of these
functions as “piecewise €2 functions”.

Now comes the crucial definition.

D.4 Definition (Nondegenerate critical points, Definition D.31). For a continuous
selection f € CS(;, ..., f,,), a critical point x € C(f) is said to be nondegener-
ate if the following conditions are satisfied:

(i) For every i € I(x) the set of differentials {D,, ]5 | j€I(x)~\{i}}islinearly
independent.

(i) Denote by (4,);c;(,, the unique list of numbers such that

Y. A4=1 and ) AD.fi=0
i€l (x) i€l (x)
and by Af: X — R the function defined by Af(2) = ¥/, A:£;(2). Then
the second differential of Af is nondegenerate on

V()= ) ker(D,f). u

i€l(x)

When f € CS(f,), fis€ 2 and the above definition reduces to the usual definition
of nondegenerate critical point, in the sense of Morse theory.

Compared to what happens with classical Morse functions, we see that a non-
degenerate critical point of a continuous selection in general comes with two
indices:
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- the number k(x) := #I(x) — 1, which we call the piecewise linear in-
dex;

- the number ((x) of negative eigenvalues of the restriction of the second
differential of Af to V (x), which we call the quadratic index.

Continuous selections have normal forms near their nondegenerate critical
points, in a fashion similar to the Morse Lemma [44, Lemma 2.2], see Re-
mark D.33. Therefore, as for the classical Morse theory, for a continuous
selection f the cohomology of the sublevel sets {f <t} changes in a controlled
way when passing a critical value with only nondegenerate critical points (see
[1] and Proposition D.34), and this change can be bounded by the two numbers
k and ( only. For instance, in our context, we have the following result.

D.5 Proposition (Corollary D.41). If disty | is a continuous selection at x € X and x

is a nondegenerate critical point for it such that C (distY| ) N (disty | X)_1 ()=
{x}, then for all ¢ > 0 small enough,

H*(X;+£,X;_E) ~ H* (Sk(x)-H(x))‘

Critical points and bottlenecks

In the statement of Proposition D.5, the assumption that dist, |, is a continuous
selection is essential. Indeed, in general, distance functions might not fall in
this class, even under seemingly nice assumptions, see Example D.37. We show,
however, that this is generically the case in Corollary D.63.

Note that, due to the description (D.1), in order to satisfy the condition (i) from
Definition D.4 we need in particular that, at each critical point x € C(dist, | s
the function m,: R" — R, defined by

my () := #( B(x, dist, ()) N Y),

should be bounded by n+1. In this direction, Yomdin proved in [54, Proposition
3] that this is true for a generic embedding i: Y — R", when Y is a compact
smooth manifold. Here we prove the following result, which is an analogue of
Yomdin’s result in the algebraic framework (but does not follow from it). For
d € N, we denote by 2, the set of polynomials on R" of degree at most d.
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D.6 Theorem (Theorem D.56). For generic q € 22, with d = 2, writing Y = Z(q),
and for every x € R", the set B(x,dist, (x)) NY is a nondegenerate simplex
with at most n+ 1 points. In particular, my, <n+1.

Now let Y < R" be an algebraic set. Following [21], one says that a critical
point x € C(dist,) is a geometric (k + 1)-bottleneck, also called bottleneck
of order k, if x is a convex combination of k + 1 affinely independent points
in B(x,dist,(x)) NY and is not a convex combination of a smaller number
of points in B(x,dist,(x)) NY. In particular, a geometric (k + 1)-bottleneck
x satisfies my(x) = k + 1. Under the assumption that dist, is a continuous
selection with only nondegenerate critical points (this is generically true, see
Theorem D.69), geometric (k + 1)-bottlenecks are precisely critical points of
dist, with piecewise linear index equal to k (see Definition D.4) and an analogue
of the cellular decomposition theorem is Corollary D.41.

Motivated by the connection between the order of geometric bottlenecks and
the piecewise linear index, we introduce the following general definition, which,
in the nondegenerate case, partitions the critical points according to their
piecewise linear index.

D.7 Definition (k-critical points, Definition D.57). Let X < R" be a smooth man-
ifold and Y < R" be a closed definable set. For all k = 0, we define the k-
critical points of disty|, as the critical points x € X of disty|, such that
B(x,dist, )NY = {y,,...,¥;}. Wedenoteby C; , (disty|,) the set of k-critical
points? of disty |, notin Y.

Note that if X NY # @, then every point in this intersection is critical for dist |,
in fact these are precisely the global minima.

In the nondegenerate case (so that the quadratic and piecewise linear indices
are defined), k-critical points have piecewise linear index k. We denote by
Gy (disty|y) = G, , (disty|5) the set of nondegenerate critical points of dist, |
with piecewise linear index k and quadratic index . For instance, a geometric
(k + 1)-bottleneck that is nondegenerate with quadratic index ¢ is contained in
Cy., (disty). ]

3At these critical points the quadratic index might not be defined, as they are not necessarily
nondegenerate.
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In the generic algebraic case, by Theorem D.6, every critical point is a k-critical
point for some k € {0, ...,n}. In fact, a stronger result is true. The next theorem
collects various statements from Section D.4 and shows that, in the generic case,
all of the ideas that we have introduced so far combine to give a Morse theory
for the function dist, |, in the case X, Y are smooth algebraic hypersurfaces.

D.8 Theorem. Let p € Py, andqe Py, be generic polynomials, and let X = Z (p)
and Y = Z(q) be their zero sets. Then, depending on the values of d, = deg(X)
and d, = deg(Y) the following is true:

- ifd, = 3 and d, = 4, then the function dist | is a continuous selection
near each of its critical points (Corollary D.63);

- ifd,,d, = 4, then every critical point of disty |, not in Y is nondegenerate
(Theorem D.69); in particular Proposition D.5 can be applied;

- ifd,,d, = 3, then for every k € {1, ...,n}, the number of k-critical points
of disty |, not in Y can be bounded by

#C,., (disty | ) < c(k,n)deg(X)"deg(Y)"*+D, (D.2)
for some c(k,n) > 0 depending on n and k only (Theorem D.60).

D.9 Remark. In the case of (X,Y) = (R",Y), which is not covered by the above
theorem, the result still applies, see Remark D.70. The fact that, for every
k € {1,...,n}, there are generically finitely many k-critical points not in Y
follows from [21, Theorem 4.14] (which holds for non-quadratic complete
intersections). However, [21, Theorem 4.14] does not prove that this number
is zero for k = n+1 (i.e. it doesn’t rule out the possibility of critical points with
m, arbitrarily large), which is instead a consequence of Theorem D.6. [ |

D.10 Remark (A duality formula). The partition of nondegenerate critical points
according to the sum of their piecewise linear and quadratic index provides
an interesting duality formula (see Corollary D.44), that for the generic pair
(X,Y),if X and Y are compact, reads as

XN+ ) CDM#C (X, Y) = x(X) + ) (-DF"#C (Y, X).
k,t=0 k,.=0

For example, when Y = {y} with y ¢ X, this formula gives back the Euler
Characteristic of X as the alternating sum of the number of critical points of
quadratic index t. ]
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Related works on Morse theory of distance functions

Prior to our work there have been several contributions to build a framework
for the Morse theory of distance functions: most notably [16], that deals with
distance-from-a-point functions on Riemannian manifolds, and [8], which
treats the case of point clouds.

We note that, in [8], the piecewise linear index k is identified as an analogue
of the classical Morse index in the case of distance functions from a finite set
of points Y = {y,, ..., ¥,,}, and in [21, Remark 4.2] it is compared to the order
of the geometric bottlenecks in the context of more general distance functions
(with a shift in index). However, as we explained above, in the general case
the piecewise linear index k is not the correct analogue of the classical Morse
index. It is true that, for the distance from a finite set of points, the piecewise
linear index correctly describes the changes in topology, but this is because
the quadratic index in this case is always zero. In general, as demonstrated
by Proposition D.5, changes in topology take into account both the piecewise
linear index and the quadratic index.

More recently, the authors of [51] developed the Morse theory of signed distance
functions from a hypersurface in Euclidean space. Via an argument based on
transversality theory, they prove that, for a generic embedding of a smooth
compact surface in R3, the associated signed distance function has finitely
many critical points that are all nondegenerate. The Morse theory for distance
functions we present in Section D.2 is similar to the treatment in [51, Sect. 3].
The main difference between the two approaches is that the authors of [51]
build on the theory of Min-type functions [31] which, like continuous selec-
tions, admit normal forms at nondegenerate critical points. For applications to
Euclidean distance functions, the generalized Morse theory built on the theory
of Min-type functions is equivalent to that built on continuous selections, as
we observe in Remark D.35.

The bottleneck Degree, the Euclidean Distance Degree and related notions

Let us go back to the study of geometric (k + 1)-bottlenecks in details. As we
have seen, they are in particular critical points of dist, with at least k+1 closest
points in Y; in the nondegenerate case, this means critical points with piecewise
linear index k. When X is R" and Y is an algebraic hypersurface, the above
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result can still be applied (see Remark D.70 and Remark 1.4.4), and the bound
(D.2) becomes
#C,., (disty) < c(k,n) (deg(¥Y))"*+D.

When k = 1, geometric 2-bottlenecks are simply called “bottlenecks”. These
bottlenecks are easier to study, because of the structure of their equations
(roughly speaking, they do not involve quantifier elimination). The bottleneck
degree of a smooth variety Y defined over R, denoted by BND(Y'), was defined
in [23] as the number of complex solutions of this system of equations for
generic Y. The motivation for the study in [23] was to control the number of
bottlenecks of (the real part of) a real variety Y, and this can be done passing to
the complexification and using the bound

#C, ,(dist,) < BND(Y).

In [23], the authors compute various bottleneck degrees (planar and space
curves, space surfaces, and threefolds) and deduce a bound that, for these
examples, is of the form #C) 4 (dist,) < &(1, n)d?". In this sense, our bound
(D.2) generalizes this for all dimensions and for bottlenecks of all orders.

A similar discussion holds for the notion of Euclidean distance degree of
a smooth real algebraic variety X, denoted by EDD(X). This was defined in
[24] as the number of complex solutions of the equations describing the critical
points of the distance function from a generic point y € R".

If one is only interested in the real solutions to the critical points equations,
using our language, one could define the following notion. For generic pairs
(X,Y) of real algebraic sets in R", we define the Real Euclidean Distance
Degree of X relative to Y as the number

EDDg (X,Y) := #C(disty| ;).

In the special cases (X,Y) = (R",Y) and (X,Y) = (X,{y}), one could refine
this definition and obtain the quantities

BNDg (Y) := EDDR (R",Y) and EDDg(X):=EDDg(X, {y}).

In the generic case, as we have seen, both these numbers are actually the number
of critical points of an appropriate function (the function dist, |,) and can be
bounded by (D.2).
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Note that, unlike analogue complex notions, this number depends on the pair
(X,Y). Itis clear from this discussion, for instance, that EDDg (X) < EDD(X).
However, we leave the study of this notion of “relative EDD” from the complex
point of view to future investigations. The definition of the complex solutions
of the system defining our critical points requires some care, because convexity
is used, but the constructions from Section D.4 also work over the complex
numbers.

A natural question for the experts is: after it is defined, how to compute the
(complex) Euclidean Distance Degree of X relative to Y using polar classes?

Tools for genericity

Our proof uses real techniques as opposed to, for example, the techniques
from [23], which come from complex algebraic geometry and use the notion
of polar classes. However, the technical results from the current paper (in
particular, those from Section D.4.1) extend easily to the complex world, with
the same proofs. In fact, we propose these techniques as easy-to-use substitute
tools to verify that codimensions are the expected ones in the generic case. For
example, the proof of finiteness of the number of (k + 1)-bottlenecks for non-
quadratic complete intersections from [21, Theorem 4.14] uses the Alexander-
Hirschowitz Theorem, that here is substituted with the parametric multijet
theorem (Theorem D.54).
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Morse theory for distance functions

Let Y < R" be a closed definable subset and X < R" a smooth manifold. In
this section we will explain how to construct a version of Morse theory for the
function

disty|,: X = R,

where dist, (2) = minyey lly —zl|l and disty|  denotes the restriction of dist,, to
X. Except for some special cases (e.g. when Y = { y} is a point which is not in
X), the function dist, |, is not differentiable and not convex. To formulate basic
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statements about the change of the topology of its sublevel sets, one needs to
introduce first appropriate notions of critical points and critical values. This
will be done, first for the function dist, and then for dist |, following a general
theory for locally Lipschitz functions.

Critical points

An appropriate notion of critical points for dist, is introduced as follows. First
we observe that dist, is Lipschitz, and therefore differentiable almost every-
where by Rademacher’s Theorem. Following Clarke [19], one can therefore
define the subdifferential of dist, at a point x € R".

Definition (Subdifferential). Let (X, g) be a Riemannian manifold and f: X —
Rbe alocally Lipschitz function. (In the framework we have in mind X c R"isa
submanifold with the induced Riemannian metric from the ambient Euclidean
space.) We denote by Q(f) < X the set of differentiability points of f (of full
measure by Rademacher’s Theorem). The subdifferential of f at x € X,
denoted by 0, f, is the convex body defined by

0,f=co { lim " Vf(x,) | the limit exists} cT X.

X=X, X, EQ

Note that at a strictly differentiable point, the subdifferential reduces to a
singleton 0,.f = {Vf(x)}. [ |

D.12 Definition (Critical points). We say that x € X is a critical point of a locally

Lipschitz function f: X — R if 0 belongs to 0, f. We denote by C(f) c X the set
of critical points of f.

A point x € X is said to be a regular point of f if it is not critical; a critical
value of f is a real number ¢ € R such that f~1(¢) N C(f) # @ and a regular
value of f is a real number ¢ € R which is not critical. ]

D.13 Remark. For example, local maxima and local minima are critical points of

locally Lipschitz functions [49]. [ |

D.14 Definition (Medial axis). Let Y < R" be a closed set. We introduce the function

my: R" — RU {co}, defined for z € R" by

my (2) = # (B(z,dist,(2)) NY),
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where B(z,dist,(z)) denotes the closed ball of radius dist, (x) centered in x,
and the set M, c R", called the medial axis of Y, defined by

M, = {zeR"

my(z)ZZ}. [ ]

D.15 Remark. [54, Prop. 3] proves that m, is finite if Y = i(W) is the image of a
compact smooth manifold W by a generic embedding i: M — R". An analogue
result in the algebraic setting is shown by Theorem D.56. [ ]

D.16 Lemma. Let Y  R" be a closed definable set. The set My, is also definable, of
codimension at least one, and the function dist, is continuously differentiable
on R"\ (Y UM,).

Proof. The fact that M, is definable is obvious. The fact that it has codimension
at least one follows from the strict convexity of the norm and the fact that dist,,
is continuously differentiable on R" \ (Y UM_Y)) is the content of [28, Theorem
4.8(5)]. O

D.17 Example (Critical points of the distance function from a finite set). Let Y =
{¥¢>--+»¥,} be afinite set of points in R", and let X = R".

The work of Bobrowski and Adler [8] explains the Morse theory for the function
disty; it turns out that this is a special case of the Morse theory from this paper.

To each y; € Y one can associate the Voronoicell V(y,) := {x eR" | [lx—y,|l =
llx — y;ll, ¥y; € Y}. Voronoi cells are convex polyhedra, and any two different
Voronoi cells have disjoint interiors. The collection of Voronoi cells and their
faces constitute a polyhedral complex [55] called the Voronoi diagram of Y,
see e.g. [9], which covers the whole space R".

In the interior of a Voronoi cell V(y,), the distance function dist, coincides
with dist{yi} and its only critical point is y;. The medial axis M, is union of
the boundaries of all Voronoi cells, and it contains all remaining critical points
of dist; (cf. Lemma D.16). If no subset of n + 2 points of Y lie on a common
hypersphere, then for each x € R" the value my (x) coincides with n + 1 minus
the lowest dimension of a Voronoi face containing x.

AsetY ={y,,...,y, in R" is in general position if every subset of up to
n+1 points of Y is affinely independent. If Y is in general position, then one can
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find the critical points of dist,, via the following procedure: for each subset Y' of
k+1 points in Y, with k < n, let x denote the center of the unique (k —1)-sphere
containing Y' and check whether

(i) xe€co(Y"),and
(ii) thereis no point y € Y \Y' such that ||x — y|| < disty, (x).

The point x is critical if, and only if, the conditions (i) and (ii) are verified.
Under the general position assumption on Y, the procedure we described gives
an upper bound of Y-} _, (,”',) on the number of critical points of dist,.

(We continue the discussion of this example below, after we have introduced
the notion of nondegenerate critical points, see Example D.47.) [ ]

Subdifferentials of distance functions via Danskin’s theorem

We now describe the Clarke subdifferential of the distance function in a more
direct way. The key point is that the squared distance from a closed set can be
written as the minimum of a family of smooth functions. This allows one to
apply Danskin’s theorem and obtain an explicit formula for the subdifferential,
both in the ambient space and after restriction to a smooth submanifold.

We first recall the version of Danskin’s theorem that we need.

D.18 Proposition (Danskin's theorem). Let W < R™ be compact, andlet p: R"XW —

R be continuous. Assume that for every w € W the function ¢(—,w): R" - R
is differentiable, and that for every x € R" the map

w—V_ d(x,w)
is continuous on W. Define
f(x) :=maxg(x,w).
wew

Then
0. f=co{V, p(x,2)|z€Z(x)},
where

W(x):= {w S W‘ ¢ (x,w) =1$1€a1}/<¢(x,w)} .

Proof. Thisis [7, Prop. B.22(b)]. O
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We begin with the ambient case.

D.19 Proposition. Let Y < R" be closed, and define

1 . 5
ny(x) = > dist, ()=
Then, for every x € R",

0, (ny) =co{x—y|ye€B(x,dist,(x))NY}.

Proof. Fixx, €R". Since Y is closed, for every x € R" the set B(x, dist, (x))NY
is nonempty and compact.

We claim that there exist a neighborhood U of x, and R > 0 such that, for every
xeu,
B(x,dist,(x))NY < B(O,R).

Indeed, choose U bounded. Since dist, is 1-Lipschitz, it is bounded on U, and
therefore

R :=sup Ix|| + supdist, (x)
xeU xeU

is finite. If x € U and y € B(x, dist, (x)) NY, then
Iyl < lly —xIl + lIx|l = dist, (x) + lIx]| < R.

This proves the claim.

Set

2 2
= iyl

W =Y NB(0,R), b, y) =(x,y)— 2 5

For x € U, one has
1
i Sy — 12
ny(x)—l}lel}lzllx iz,

or equivalently

-1y (x) = r;lggcﬁ(x,y).

Moreover, W is compact, ¢ is continuous, for every y € W the function ¢ (-, y)
is smooth, and

vxd)(x:y) =y—X

depends continuously on y. Hence Proposition D.18 applies and yields

0, (-ny) =co{y—x|yew)},
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where, as above,
W(x) = {y EW ‘ ¢ (x, ) =max(x,w) } .

By construction, the maximizing points are exactly the nearest points to x in Y,
that is,
W (x) = B(x,dist,(x))NY.

Therefore
ax(_rlY) =CO {y —-X | Yy S B(X, disty(x)) n Y} )

and multiplying by —1 gives

. (ny) =co{x—y|yeB(x,dist,(x))NY}. O

D.20 Corollary. Let Y < R" be closed and let x e R" \Y. Then

0, (disty) =
\ (disty) CO{ =l

‘ Y € B(x,dist; (x)) DY} .
Proof. Since x ¢ Y, one has dist, (x) > 0. Moreover,
1
=3 distZ,
hence at every differentiability point of dist, one has
Vn,, = dist, Vdist, .

Passing to the Clarke subdifferential at x, this gives

0, (ny) = dist, (x) 0, (dist,).
Using Proposition D.19, we obtain

0, (disty) = co{x—y|yeB(x,dist,(x))NY}.

1
disty (x)
Since ||x — y |l = dist, (x) for every y € B(x,dist,(x)) NY, this becomes

X
0, (dist,) =co {

¥ € B(x,dist, (x))NY }. O
llx—=yll



244 PAPER D. MORSE THEORY OF EUCLIDEAN DISTANCE FUNCTIONS

We now turn to the restriction of the distance function to a smooth submanifold.

D.21 Proposition. Let Y < R" be closed and let X < R" be a smooth manifold. Then,

forevery x e X \Y,
0, (disty[5) = proj; x(0, (dist,)),
where proj; : R" — T, X denotes the orthogonal projection. More explicitly,

projy x(x—y)

0, (dist =
. (disty ;) CO{ 0

‘ ¥y € B(x,dist,(x))N Y} .

Proof. Fix x, € X \Y, and choose a smooth chart
l,[): Uc RdimX =X

such that 1(0) = x,,.

As in the proof of Proposition D.19, after shrinking U if necessary there exists
R > 0 such that

B(p(w),dist,(xp(u)))NY < B(O,R) for every u e U.

Set
W:=YnNB(O,R)
and define 1
F(u) == disty | (P ().
Then
F(u) = ye%(cb(u,y),
where ) )
I I Iyl
O, y) = (), ) — MT”) -

The function @ is continuous, for every y € Z the function ®(—, y) is smooth,
and
V,@(w,y) =Dyp(w) " (y — (W)

depends continuously on y. Therefore Proposition D.18 applies and gives

9,F = co{DY(0) " (y —x,) | ¥ € B(x,,dist, (x,))NY}. (D.3)
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Moreover, by the chain rule, we have
T 1o 2
0F =Dy(0)' 0, (—Edlsty|x) . (D.4)

Identifying T, X with the image of D (0), Equations (D.3) and (D.4) give the
following equality between projections onto T, X:

1
proijo dy, (—5disty|§) =co {projTXOX(y —X,) | ¥ € B(x,,dist, (x,)) N Y} .

The subdifferential 0, (— 3dist, | ff) is already in T, X by construction, so we
can omit the projection on the lefthand side. Taking the opposite sign, we get

1
Oy, (Edisty|§) =co {projT (o= ¥) ‘ ¥ € B(x,,disty (x,))N Y} )
x0

Since x, ¢ Y, one has disty | (x,) = dist, (x,) > 0, and therefore

9, (dist,|,) = L (ld't|2)
xo Mty lx ~disty | (xg) 0\ 2 Syl J-

Using that [|x, — y |l = dist, (x,) for every y € B(x,,dist, (x,)) NY, we conclude
that

projTXO x(xo—»)

[1xq =¥l

axO (disty |,) =co { ¥ € B(x,,disty (x)) N Y} .

By Corollary D.20, this is exactly
0, (disty[y) = projTXO x(0,, (disty)),

because orthogonal projection is linear. O

D.22 Corollary. Let Y < R" be closed and let X < R" be a smooth manifold.

1. If x € XNY, then x is critical for disty | .
2. Ifx € X \Y, then x is critical for dist, |, if and only if

a,(dist,) NN _X # @,

where N X = (T, X)*.
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Proof. For the first statement, assume that x € X NY. If 0, (dist,|,) did not
include 0, then we could apply Clarke’s inverse function theorem for locally Lip-
schitz functions [18, Theorem 1] and deduce that the function dist, | x changes
signs around x, which is impossible as it is always nonnegative. We deduce
that 0 € 0, (disty|,), i.e., x is critical.

Now let x € X \ Y. By Proposition D.21,
0, (disty|,) = proj;_y(0,(disty)).
Therefore x is critical for dist, |, if and only if
0 € proj; x(0, (disty)).

Since 0, (dist,,) is convex and proj;. y is linear, this is equivalent to the existence
of some v € 0, (dist,) such that

proijX (v)=0.

The latter equality is equivalent to v € N X, and the second statement follows.
O

D.23 Remark. In Propositions D.19 and D.21 and Corollaries D.20 and D.22, the only

assumptions are that Y is closed and that X is smooth. In particular, definability
and transversality are not used here. [ ]

D.24 Example. As an example, see Figure D.2, where X is a sphere and Y = {y,,y,}

D.2.3

consists of two points in R?. X intersects M, in a circle, and for every point x of
this intersection, the subdifferential of dist, at x is the segment [ﬁ, ﬁ 1.
However, only when x is x,, or x; does the normal space N, X intersect the
subdifferential: thus, of all the points of X on the medial axis, only x, and
x, are critical. Of course, these are not the only critical points; the points
minimizing dist, |, are also critical points, and they do not lie on the medial

axis. [ |

The Sard property

If X < R" is smooth, the fact that the set of critical values of dist, |, has zero
measure follows from a result of Rifford [48], which generalizes the Morse-Sard
theorem for smooth functions to the case of distance functions. In the definable
context we can actually use the following result.
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X1=Y1
llxg =yl

~——">

e

X1=Yo
llx3=yoll

Figure D.2: Example in R® of the characterization of critical points using normal spaces. X is a
sphere and Y = {y,,y,} consists of two points. The plane represents the medial axis M, ; the
small arrows represent normal vectors from various points of X; NXIX (the horizontal dashed

line) is the normal space of X at x;.

D.25 Proposition ([10, Theorem 7]). Let f: X — R be a locally Lipschitz and defin-

able function. Then f is constant on each component of the set of its critical
points and therefore the set of critical values of f is finite. In particular, if
X,Y c R" are definable sets with X smooth, the set of critical values of disty |
is finite.

D.26 Remark. The requirement that Y is a definable set seems necessary to avoid

D.2.4

pathological examples. For instance, as stated in [48, Remark 1.1], while the set
of all critical values of the distance function from a compact subset in R? is of
measure zero [30], counterexamples exist in higher dimensions [29, Example

3] (see also [53]). ]

The deformation lemma

Given f: X — Rand t € R, we denote by X' := {x € X | f(x) <t} and in the

special case f = dist, |, we set

Xy = {x € X | disty(x) < t}.
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We are interested in understanding how the topology changes letting t € R vary.
This can be measured by the relative cohomology groups H* (X, X;~), for
€ > 0 sufficiently small. In this article, cohomology groups have coefficients
in an arbitrary fixed field. If {c,,...,c;} are the critical values of the distance
function, then no topology change happens for the set Xy when a € (¢;, ¢;,4).

j
This is a consequence of the deformation lemma for locally Lipschitz functions.

D.27 Lemma. Let f: X — R be a proper, locally Lipschitz function. Assume that the

D.2.5

interval [a, b] contains no critical values of f. Then X® deformation retracts
to X°. Moreover, if f is definable, then X" deformation retracts to X® even if a

is a critical value, as soon as there are no other critical values in (a,b].

Proof. The first part of the statement follows from Clarke’s implicit function
theorem [18, Theorem 1], see [1, Proposition 1.2]. The second part follows from
the first part and the definable triviality [25, Chapter 9, Theorem 1.2]. O

Passing a critical value: general case

Observe first that, if X,Y are definable with X smooth, when t € R passes a
critical value, the topology of X;, changes in a controlled way. This follows again
from the definable triviality and is an application of the next result.

D.28 Proposition. Let X,Y be definable with X smooth and let f: X — R be a Lips-

chitz, definable function. For every critical value c € R there exists a definable
set K(c) such that for all € > 0 small enough

H*(Xy™, Xy %) = H*(K ().

Proof. This is clear, since for ¢ > 0 small enough all the pairs (Xy, X7 %)
are homotopy equivalent (by definable triviality) and therefore one can define
K(c) :=Xy**/Xy¢. Since definable functions can be triangulated, then up to a
definable homeomorphism, X7 ¢ is a subcomplex of Xf,” and therefore K (¢) is
definable. O

D.29 Remark. More generally, an analogue of the previous proposition still holds

true for a proper definable function f: X — R (without the assumption that it
is locally Lipschitz). In fact, by definable triviality [25, Chapter 9, Theorem 1.2],
one can partition R into finitely many points and intervals such that on each
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interval f is a trivial fibration. The sublevel sets X" of f can only change when
we pass the points — we don’t call these critical points (because f might not be
locally Lipschitz), but the relative cohomology is still that of a definable set. B

Passing a critical value: nondegenerate case

In order to say something more on the change in topology of X, when t passes
a critical value, in a way that is similar to Morse theory, we need to introduce
the notion of nondegenerate critical points. This notion can be introduced
at least for a special class of locally Lipschitz functions called continuous
selections.

D.30 Definition (Continuous selection). Let X be a smooth manifold and {f, ..., f,,}

D.31

a finite subset of €%(X,R). We say that f: X — R is a continuous selection
from {f;, ..., f,,} if f is continuous and for every x € X there exists i € {0, ...,m}
such that f(x) = f,(x). In this case we will write f € CS(f,, ..., f,)- [ |

If f € CS(f,y, ..., f,), fori € {0,...,m} we denote by S; c X the set

S = {xeX‘f(x)=fi(x)}.

Given x € X the effective index set of f € CS(f;, ..., f,) at x € X is defined by

I(x):= {ie{O,...,m}‘xeint(Si)}.

Note that continuous selections are locally Lipschitz [1], so we can talk about
their critical points using the definitions above. Again, below we assume that X
is endowed with some Riemannian structure, so as to identify its tangent and
cotangent bundles.

Definition (Nondegenerate critical points of continuous selections). Let f €
CS(fy, ..., f,). A critical point x € C(f) is said to be nondegenerate (with
respect to fy, ..., f,,) if the following conditions are satisfied:

1. For every i € I(x) the set of differentials {D, )5 | j €I(x)\{i}}is linearly
independent.

2. Denote by (4,);;(, the unique list of nonnegative real numbers such that

i€l(x

Y. A=1 and ) AD.f=0

i€l (x) i€l(x)
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(a) nondegenerate critical point (b) degenerate critical point for the first  (c) degenerate critical point for the

condition second condition

Figure D.3: Examples of critical points of f = dist and their degeneracy. (a) and (b): X is the
plane R? and Y is a finite set of points in the plane. (¢): X and Y are lines.

X X X
Yie Y1
Yie Xx Y,y X

(a) indices (1,0) (b) indices (0,0) (c) indices (0,1)

Figure D.4: Examples of dist and x € X with different piecewise linear and quadratic indices,
written as (k(x),((x)). (a) and (b): X is a line and Y is a set of points. (c¢): X is a line, Yis a
circle, and y, is the closest point of Y to x.

and by Af: X — R the function defined by Af(2) := L;¢;(,, 4./, (2). Then
the second differential of Af is nondegenerate on

V()= ) ker(D,f).
i€l (x)
We denote by k(x) := #I(x) — 1 and call this number the piecewise linear
index, and by ((x) the negative inertia index of the restriction of the second
differential of A f to V(x). We call ((x) the quadratic index. See Figure D.3
for an illustration of nondegenerate and degenerate critical points of dist, |,
and Figure D.4 for an illustration of different indices for dist, | .

Clearly, in the case X is endowed with a Riemannian metric, the above condi-
tions can be rephrased using the gradients of the f, instead of their differential.
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Moreover, the nondegeneracy of the second differential of Af on V (x) is equiv-
alent to the nondegeneracy of the restriction of the corresponding quadratic
form on it. ]

D.32 Remark. An important remark concerns the reformulation of these conditions
in the case X is a submanifold of another manifold N and we are considering
the restriction of a continuous selection f = g |, where g € CS(g,,...,g,,) with
g; € 6*(N,R), so that

J;=gj|X, j=0,...,m.

Suppose that X is given as the zero set of a regular equation p = 0, withp: N - R
a smooth function (in Section D.4 we are interested in the case N = R" and p is
a polynomial). Then, for all j =0,...,m,

Dxf;' = nglexX = ngj Iker(Dxp)‘

Rewriting the above conditions with this notation, we see that x € X is a nonde-
generate critical point of f = g | if and only if

1. forevery i € I(x) the set of differentials {D, g; [ e,p ) | J€I(X) \{i}} is
linearly independent;

2. denote by {1, (4));¢/(x
nonnegative, g # 0,

) the unique list of numbers such that the A, are

Y. A=1, and pD,p+ ). AD.g; =0,

i€l (x) i€l(x)

and by Af: X — R the function defined by Af (2) := L/, A;£;(2). Then
the second differential of Af is nondegenerate on

V)= ) ker(D,f; lyercp,py) =ker(Dxp)ﬂ( () ker(D, fl.)).
i€l (x) i€l(x)

In order to compute the second differential of Af on V (x) using the original
functions, we proceed as follows. We consider the function

Ag=up+ Z Ag:N—R

i€l (x)

Observe that, since X = {p = 0}, then Ag| x = Af. Moreover, Ag has a critical
point at x € N and therefore the second differential of its restriction to X equals



252 PAPER D. MORSE THEORY OF EUCLIDEAN DISTANCE FUNCTIONS

the restriction of its second differential to T, X. This means that the condition
that the second differential of A f is nondegenerate on V (x) is equivalent to the
condition that

pD2p+ ) A;DZg, isnondegenerate on V(x). |
€100

D.33 Remark. Continuous selections have normal forms at their critical points, in a
fashion similar to the Morse Lemma [44, Lemma 2.2]. More precisely, if x is a
nondegenerate critical point of f € CS(f, ..., f,,) with piecewise linear index
k = k(x) and quadratic index = ((x), then there exists a neighborhood U of x
and a locally Lipschitz homeomorphism : R* x R** — U such that

k+t n
FQ Uty st tiygs s t)) = FO) + L0ty st ) = ) 24+ ) 7, (D.5)
j=k+1 j=kti+1

where ¢(t) € CS(t,, ..., t;, —(t; +---+t;)), see [36, Theorem 3.3]. Note in partic-
ular that nondegenerate critical points of continuous selections are isolated. ®

In the special case of a continuous selection of the form f = min{f, ..., [}, if
x is a nondegenerate critical point with indices k = k(x) and = ((x), then the
piecewise linear continuous selection ¢ in the normal form (D.5) is

O(ty,....,t,) =min{t, ..., t;,—(t; +---+ 1)},

see [36, Theorem 3.3]. In particular, in this case, if f is also definable, then by
[1, Sect. 4] it follows the set K (c) defined in Proposition D.28 depends only on
k and t.

D.34 Proposition. Let f = min{f;, ..., f,,} be a continuous definable selection. As-
sume that all the critical points of f at level c € R are nondegenerate and
denote them by {x,,...,x,}. Then the set K (c) from Proposition D.28 equals

v
K(c) = Llsk(xj)""(xj)_
j=1

Proof. This follows from [1, Sect. 4], analyzing the conditions of [1, Theorem
4.2] case by case. O

We will see in Proposition D.36 a sufficient condition for the distance function
dist,, being of the form min{J, ..., f,,} in a neighborhood of a point x.
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D.35 Remark. Let x be a nondegenerate critical point with indices k = k(x) and

D.2.7

t = 1(x) of a continuous selection f = min{fy,..., f,,}. Then f is topologically
equivalent to a quadratic form [36, Corollary 3.4]: there exists a neighborhood
U of x and a homeomorphism ¢: R" — U such that

k+t n
fQplty st ) = f) =) 24 3 2
j=1 Jj=k+i+1

(Note that the conclusions of Proposition D.34 can also be derived from this
statement, following the standard argument from Morse theory.) We observe
that a normal form of f of this type can be also obtained using the theory of
Min-type functions, see [31, Sect. 3.2]. [ |

Nondegenerate critical points of distance functions

In order to use the notion of nondegenerate critical point for dist, |, introduced
above, we need to make this function a continuous selection of finitely many
2 functions, at least nearby a critical point. In the case Y is smooth, this is
done as follows.

Denote by ¢p: NY — R" the restriction of the exponential map of R" to the
normal bundle of Y. Note that we can think of elements in NY as pairs (y,v) €
R*" with y €Yandv €N, Y and ¢(y,v) =y +v.

D.36 Proposition. Suppose that Y is smooth and let x € R" be a regular value of

@: NY - R". Then
1. B(x,dist, (x)) NYis a finite set {yy, ..., Y}
and for all € > 0 small enough, there exists § > 0 such that

2. foreveryi€{0,...,k}, the function f, = disty(, ,,ny is €% on B(x,8),
3. the function disty | g, ) is a continuous selection of the f;: specifically,
dist, | B(x.8) = min, f.

Proof. Lety € B(x,disty(x))NY. Then (y,x—y) € NY and ¢(y,x —y) = x.
Since x is a regular value of ¢, no point (y',v') near (y,x — y) can have image x
by . In particular, this means that y is an isolated point in B(x,dist, (x)) NY.
Since the set B(x, dist, (x)) NY is compact, we deduce that B(x,dist, (x)) NY
is a finite set, which we write as {y,, ..., ¥, }. This proves (1).
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Since x is a regular value of ¢, we have, forall i € {0, ..., k}, neighborhoods U; of
xinR", V;of y;in Y, and W, of x—y; in R" 4™ ~ N, Ysuchthat V; xW; c NY
(up to trivialization) and @; := @y, V; X W; — U, is a diffeomorphism. In
particular, we can choose these neighborhoods such that every point of U, is
a regular value of ¢ and such that f = min, dist, on U :=(;U;. We define
the function ¥,: U; — V, by ,(2) := proj, (¢; ' (2)). In particular, $,(x) = y,.
Note that 1, isa %2 function. Then, for all z in U, distvi (2) = lIp;(2) —zll, and
so the function dist,, is also €.

For the choice of V;, we can choose a ball around y; with radius ¢; > 0, and set
€ = min, ¢;. This restricts the choice of the U,, but we can always take § such
that B(x,8) ¢ U. Then the functions f, := dist,, satisfy (2) and (3). O

Related results to Proposition D.36 can be found in [51, Sect. 3].

D.37 Example. The conclusions of Proposition D.36 are not valid if we drop the as-

D.2.8

sumption that x is a regular value of the normal exponential map. For instance,
in the case of a smooth parabola Y = {x, = x3} in R?, the set M, equals the
half line {(0,t),t > 1}. The point x = (0,1) € Vy has a unique closest point
in Y (the origin), but it is not a regular value of the normal exponential map.
Moreover every point x' of the form x’ = (0,t) with t > 1 has two closest points
in Y and so the function dist, is not differentiable at x, and therefore it cannot
be 62, contradicting Proposition D.36(2). [ |

Morse theory of distance functions

Let us go back now to the problem of understanding the contribution of a
nondegenerate critical point of dist, |, to the homology of X. To start with, we
recall the following result from semialgebraic geometry, see [41, Theorem 1.42].
The result shows that compact definable sets have definable mapping cylinder
neighborhoods (the proof therein works in the definable framework).

D.38 Theorem. Let S be a compact definable set and f: S — [0, 00) be a continuous

definable function. Denote by Z := f~1(0) the zero set of f. Then there exists
g >0 such that for every ¢ € (0, €f) the set {f < €} is a mapping cylinder
neighborhood of Z in S. In particular, the inclusions Z — {f < e} — {f < ¢}
are homotopy equivalences.
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Going back to our setting, note that X NY is always critical and we have the
following corollary.

D.39 Corollary. Let Y be closed and definable and X smooth and definable in R".
Then, for all R > 0, there exists £ > 0 such that, for all t € (0,¢), X;; N B(0,R)
deformation retracts to X{,’ NB(O,R).

Proof. Given R > 0 consider the compact definable set S := XNB(0, R) together
with the continuous definable function f: S — [0,00) given by « := disty, |.
Then the conclusion follows from the definable version of Theorem D.38. [

The following definition is useful.

D.40 Definition. Let Y < R" be closed and definable and X be a smooth manifold.
We say that a point x of X is a nondegenerate critical point of dist, |, if
disty |, is a continuous selection at x and x is a nondegenerate critical point
for the continuous selection. For every k,( € N we denote by Ck,[(X ,Y) the set
of nondegenerate critical points of dist, |, with piecewise linear index k and
quadratic index ( and which are not on X NY. ]

The next result is a specialization of Propositions D.28 and D.34 for nondegen-
erate critical points of distance functions.

D.41 Corollary. Let Y  R" be closed and definable and X < R" be a smooth mani-
fold. Let ¢ # 0 be a critical value of disty |, such that the set

C(disty|) N (disty | )71 (0) = {x,...,x,}

consists only of nondegenerate critical points. For every j =1, ...,v denote by
(k;, ;) the pair of numbers such that x; € ij,lj (X,Y). Then for € > 0 sufficiently
small,
H*(X;+€,X;_€) ~ ég* (Skj+lj).
j=1
D.42 Definition (Nondegenerate pairs). We say that a pair (X,Y) is a nondegener-
ate pair if all critical points of dist, |, not on X NY are nondegenerate. [ ]

For a pair of spaces Z' ¢ Z, let b;(Z) denote the dimension of H 1(Z) as a vector
space over the fixed field of coefficients, and let b;(Z,Z") denote the dimension
of H'(Z,Z"). In our setting, strong Morse inequalities can be stated as follows.
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D.43 Proposition (strong Morse inequalities). Let Y < R" be a closed and definable
set and X < R" be a smooth, compact and definable manifold such that (X,Y)
is a nondegenerate pair. Then, for any integer A = 0,

A A
Y (=D))< ) (- (bi(XﬂY)+ . #Ck,l(X,Y)).
i=0 i=0

k+i=i

Proof. Let0=c,<c; <-: <c,, denote the critical values of dist,|,, which are
finitely many by Proposition D.25. Choose real numbers {dj}].":{)1 with d, < c,,
¢, <d

me1» and ¢ < dj <¢; forall j € {1,...,m}. Proceeding exactly as in [44,

Sect. 5] one obtains, for every integer A = 0, the inequality

A m A
3 (—D)b, (X < Y D) (X, X))
i=0 j=01i=0
On the left-hand side, we observe that b, (Xg'““) = b;(X). On the right-hand
side, we can rearrange the sum as

A . m d. d,
Z(_1)1+A (Z bi(ijJrl,ij))

i=0 j=0

d; d;
and observe that 172 b, Xy X)) =b;,(XNY) + Ly i #C,. (X,Y) by Corol-
lary D.41, noting that the term b, (X NY) comes from crossing the 0™ critical
value. O

The weak Morse inequalities

b,(X)=b,(XNY)+ ) #C (X,Y)
k+i=A
are obtained from Proposition D.43 by adding the strong inequalities for A
and A —1. Writing y (Z) := Zizo(—l)ibi (Z), we obtain the following interesting
result that relates the Euler characteristics of X and Y to the critical points of
the corresponding relative distance functions.

D.44 Corollary. Let Y < R" be a closed and definable set and X < R" be a smooth,
compact, and definable manifold such that (X,Y) is a nondegenerate pair.
Then

XXNY)+ ) (—D#C (X, Y) = x(X).
k, (=0
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Furthermore, if Y is smooth, X is closed and definable, and (Y, X) is a nonde-
generate pair, we get the following equation:

XN+ ) DM (X, Y) = x(X) + ) (-D*"#C, (Y, X).  (D.6)
k, (=0 k,i=0

Proof. As in the classical case, the first equality follows from Proposition D.43
by comparing the strong Morse inequalities for large enough values A and A + 1.
The second equality follows from the first one applied to the pairs (X,Y) and
(Y, Xx). O

D.45 Remark. The conclusions of Proposition D.43 are still valid if X = R" and Y is
compact, since this guarantees that the distance function from Y is proper. ®

D.46 Example. Let Y = {y} with y & X. Then the piecewise linear index of dist, |,
at each critical point is zero, and the quadratic index is the standard Morse
index, and so the left-hand side of (D.6) equals 1+ Z[(—l)‘#CO’[ (dist{y} [ ).
On the other hand, dist, | o is a constant function, with critical point {y} of
total index zero, and so the right hand side equals y (X) + 1. In this case, this
formula gives back the Euler Characteristic of X as the alternating sum of the
number of critical points of quadratic index . [ ]

D.47 Example (Distance function from a finite set, continuation of Example D.17).
In this example we provide further details on nondegenerate critical points of
disty,, withY = {y,,...,¥,,} = R", and review abstract and geometric complexes
capturing the topology of sublevels sets of dist, .

For the generic choice of the points {y,,...,y,,}, all critical points of dist,
are nondegenerate and the critical points can be found with the procedure
described in Example D.17. In view of Definition D.31 and Section D.1.5, we
see that the piecewise linear index k of a critical point is not an analogue in
the context of distance functions of the classical Morse index; in this case,
however, as the quadratic index ¢ is always zero, the piecewise linear index is
what determines the contribution to the topology change. More precisely, using
Corollary D.41, we see that if ¢ # 0 is a critical value of dist; such that C (dist,) N
distY|;(1 (¢) = {x;,...,x,} consists only of nondegenerate critical points, then
for £ > 0 sufficiently small,
H (RMH, (RS = DT (5.
j=1
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The critical points of dist, can be characterized via the interplay of the Voronoi
diagram and the Delaunay tessellation, see e.g. [14]. The Delaunay tessel-
lation of a finite set Y < R" is the dual of the Voronoi diagram of Y. It is a
polytopal complex (i.e., a polyhedral complex such that all cells are bounded)
embedded in R" and covering the convex hull of Y. If Y is in general position,
it is furthemore a (geometric) simplicial complex. The set of vertices of the
Delaunay tessellation is Y. An n-dimensional Delaunay cell is the convex hull of
n+ 1 or more points in Y if the intersection of their corresponding Voronoi cells
is a vertex of the Voronoi diagram. Delaunay cells and their faces constitute the
Delaunay tessellation. If x is a nondegenerate critical point of dist,, then the
convex hull co(B(x,dist,) NY) is the Delaunay face dual to the lowest dimen-
sional Voronoi face containing x. In the rest of this example, let us assume Y to
be in general position and all critical points of dist, to be nondegenerate. Then,
the critical points of dist,, are exactly the intersection between the Voronoi faces
and their dual Delaunay faces [14].

For n = 2, the topology of the sublevels sets of the distance function is described
in details in [50]. For an arbitrary n, some abstract and geometric complexes
are known to have the same homotopy type of the sublevel sets of dist.

The Cech complex of Y at scale t, denoted by (Vlt(Y), is the abstract simplicial
compchecklex defined as the nerve of the collection of balls {B(y,, t)}?lo in R™,
By the nerve lemma [11, 6], C,(Y) is homotopy equivalent to the sublevel set
(RM, =U,B(y;,t) of disty.

The subcomplex Del, (Y) of Ct (Y) given by the nerve of the collection {B(y;,t)N
V (¥, of balls intersected with the respective Voronoi cells is called a-shape
or Delaunay complex of Y at scale t [26]. If Y is in general position, Del,(Y)
is embedded in R" as a subcomplex of the Delaunay tessellation, which is a
simplicial complex in R" in this case. The Cech and Delaunay complexes at
scale t are homotopy equivalent [26], and the latter can be obtained from the

former via a sequence of simplicial collapses [5].

The flow complex of Y [32, 14] is a polytopal complex in R" defined using the
critical points of dist,. A vector field on R" can be defined using Voronoi faces
and their dual Delaunay faces. The critical points of dist, are exactly the fixed
points of a flow associated with the vector field. The stable manifolds of the
critical points of dist, with respect to the flow define the flow complex, see [14,
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Sect. 3]; note that here we consider an immediate adaptation of the definition,
using the function dist, instead of dist?. The flow complex has exactly one cell
for each critical point of dist, .

Polytopal subcomplexes of the flow complex can be defined for each scale t. The
underlying spaces of these complexes are called flow shapes of Y at scale ¢,
denoted F,(Y), and are obtained by applying the flow complex construction only
to critical points x such that dist, (x) < t. The flow shape F,(Y) is homotopy
equivalent [14] to the sublevel set (R")}, = moB(y;,t) of disty, hence also to
C,(Y) and Del,(Y). Considering all scales t, by Corollary D.41 we know that
the filtration of flow shapes {F,(Y)},., realizes the minimum number of cells
necessary to have these homotopy equivalences at each scale. [ ]

Examples

Distance from a hypersurface

Let Y be a smooth compact hypersurface in R", and let x € R" \ Y be a non-
degenerate critical point of dist,. Let us suppose that x is a regular value of
the normal exponential map ¢: NY — R", so that we are in the situation of
Proposition D.36, and let {y,,...,y,} be the set B(x,dist, (x)) NY of closest
points to x on Y.

For £ > 0 small enough as in Proposition D.36, let 8y = distB(y.’ ony- Then, ina
neighborhood of x the function dist, is a continuous selection of ¢ functions,

Y _ X7
llx =yl disty(x)’

vi=Vg, ()= (D.7)

we denote by (4,);o... &, the unique list of nonnegative numbers (see Defini-
tion D.31) such that =¥ j A, =1 and &  4,v, =0.

i=0""1"1

We describe some properties of the Hessian matrices H(g, ) at x, using [2,
Theorem 3.2] (see also [43, Section 3]). For every fixed i € {0, ...,k}, there
exists an orthonormal basis {ej1-r€int of R" such that N, Y = R{e; .} in
which the matrix H(g, ) (x) is diagonal. The eigenvalue j; , corresponding to
the eigenvector e; , is zero, while the remaining eigenvalues g, |, ..., B; ,_, are
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nonzero since x is nondegenerate, and are given by the formula

= j=1,...,n—1, D.8
'Bl’] 1—dist, (X)Ki’j J (D-8)

where «; ; are the principal curvatures at y,, i.e. the eigenvalues of the shape
operator at y; €Y, see [40, Chapter 8], defined using the inner unit normal at

Yi-

We now study the quadratic index 1 (x) of dist, at x, which is the negative inertia
index of the convex combination ©¥ jA,H (g,,) (with coefficients A; defined as
above) restricted to the (n—k)-dimensional subspace V (x) = Span{v,j, ..., vk}l
of R", see Definition D.31. As a consequence of the properties we just discussed,
one can state sufficient conditions for determining the quadratic index ((x)
based on the simple fact that a convex combination of positive (respectively,

negative) semidefinite matrices is positive (resp., negative) semidefinite.

D.48 Corollary. In the situation we are considering in Section D.3.1,

D.3.2

- ifﬁi’j>0foralli€{0,...,k} andje{l,...,n—1}, then ((x) =0;
- ifﬁi’j<0forallie{0,...,k} and j € {1,...,n— 1}, then ((x) takes the
maximum value n — k.

If not all the eigenvalues ﬂi,j have the same sign, determining ((x) is more
complicated. A general expression for ((x) in terms of the eigenvalues j; ; is
out of reach, since in general the matrices H (gyi)(x) cannot be diagonalized in
a common basis. However, this is possible in the case of Y  R2, which we now
describe more in detail.

Distance from a curve in the plane

We now focus on the case n = 2, with Y a smooth compact curve in R%. As in
Section D.3.1, let x € R%\ Y be a nondegenerate critical point of dist, which
is a regular value of the normal exponential map. By nondegeneracy of x, the
number of its closest points on Y is 2 < #(B(x, dist, (x))NY) < 3.

If B(x,dist, (x))NY ={y,,¥;, Y5}, then the piecewise linear index is k(x) = 2
and the quadratic index is ((x) = 0 since V (x) = Span{v,, vl,vz}L =0. Let us
consider the case where B(x,dist, (x)) NY = {y,, y,}, which means k(x) = 1.
As described in Section D.3.1, for each i € {0, 1} the exists an orthonormal basis
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{e;1,€;,} of R? such that N ,,Y =R{e;,} inwhich H(g, ) (x) is diagonal. In this
case, consider v, and v, defined as in Equation (D.7), and observe that they
are parallel since x = %(yo +¥,). We have NyOY = Nle = Span{v,,v;} =R,
and Ton = Tle =V (x) = Span{v,, vl}l. We can diagonalize H(gyo)(x) and
H (gyo) (x) in the same basis, obtaining the matrices

(e ()

Since %vo + %vl = 0, the quadratic index ((x) is the negative inertia index of the
convex combination 3D, + 4 D; restricted to V (x), which is determined by the
sign of B, + B 1:

0 ifBy,+B;,>0
t(x) = ’ ’
1 ifBy;+pB1<0.

Note that this refines Corollary D.48. The case B ; + B, ; = 0 does not happen,
as it would violate the nondegeneracy of x.

Via an easy calculation, one can see how the principal curvatures determine the
sign of B, ; +p, ;, and hence ((x). To simplify notations, here we drop the index
J, denoting B; := p; ; and k; :=k; ; fori € {0,1}. We also denote d := disty (x).

First we observe that, by [44, §6], k; < %, for i € {0, 1}, which is equivalent to
1—dxk; > 0. As we saw, ((x) is determined by the sign of

—K, -k 2dKgK —Ko— Ky

= . D.
1—d1<0+1—d1<1 (1-dky)(1—dx,) (D-9)

ﬂo+:31 =

The first equality immediately shows that ((x) = 0if x,x; <0, and that((x) =1
if y, &, > 0. Since the denominator of the right-hand side is positive, the sign
of B, + B, is the same as the sign of the numerator

1 1 1
h(xy, k) = 2dKryk; — Ky —K; = 2d [(Ko - Zj) (Kl - Zj) - ﬁ] ,
which is easy to study.

The following statement summarizes the possible values of k(x) and ¢(x).

D.49 Corollary. Let Y < R? be a smooth compact curve, and let x € R2\Y be a
nondegenerate critical point of dist, which is a regular value of the normal
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exponential map ¢ : NY — R?. Then, the piecewise linear index k(x) and the
quadratic index ((x) (see Definition D.31) can be determined as follows:

- if B(x,dist, ) NY ={yy,¥1,¥5}, then k(x) =2 and 1(x) = 0;
- if B(x,dist, (X)) NY ={y,,y,}, then k(x) =1, and 1(x) is determined by
the principal curvatures x; of Y at y;, for i € {0,1}:

l(x)={0 if(KO_ﬁ)(Kl_ﬁ)>4%2
1 U‘(Ko_ﬁ)(lcl—%)<471lz'

D.3.3 The index of a critical point for the distance from a point

In this section we are going to prove the following result, which is useful when
one wants to compute the index of a critical point for the function dist, |, when
Y = {y} ¢ X (in this case the piecewise linear index is zero, and we are back to
the standard setting of Morse theory).

D.50 Proposition. Let X = Z(p) be a smooth hypersurfaceandY = {y} € R" be a
generic point. Let also x € X be a critical point of disty |, (nondegenerate by
genericity of y). Denote by Q, € Sym(n —1,R) the matrix representing the
second fundamental form of X — R" in the direction of y — x with respect to
an orthonormal basis of T, X. Then

1
((x)=# {eigenvalues of Q, that are strictly larger than =l } .

Proof. We are going to use the discussion from Remark D.32, which we recall
in this context. We have a manifold X described by the regular equation p =0
and we want to find the critical points of the function f :=dist, , |y, together
with their quadratic index. Notice that in this case f is smooth (because we are
assuming y ¢ X) and the critical points are found using the Lagrange multipliers
rule: x € X is critical if and only if there exists A # 0 such that

X
Vp(x)+A4 =0.
[lx—=yll

Given such A (which is unique), the quadratic index of f at x is given by the

negative inertia index of

(H(p)(x) + AH(dist{y})(x))

T.X

X
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Notice that we have the degree of freedom of choosing —p instead of p as a
defining polynomial for X and we choose the sign in such a way that Vp(x) has
the same orientation as y — x. Then A = ||[Vp(x)|l.

Moreover, the Hessian of dist , can be computed easily: denoting by w :=

XZY
llx=ylI?

. 1
H(dlSt{y})(X) = m Id—WWT.

In particular, since w L T, X, as quadratic forms,

T X

(H(p)(x)+/1H(diSt{y})(X)) llx—yll

X TXX

Recall now that the second fundamental form g, of Z(p) at x in the direction
of Vp(x), as a quadratic form, is related to the Hessian of p as follows (this is
proved in Lemma D.64 below):

H(p)(x) =-=IIVp()llq,,

and therefore, denoting by i* (A) and i~ (A) the number of positive and negative
eigenvalues of a symmetric matrix A,

. IVp GOl . VPOl
i (H(P)(XHP—Id) =i (—IIVp(x)Iqu+p—Id)
llx =yl T X llx =yl T.X
. 1
=1_(—qx+ Id)
llx—=yll T .X
1
=i+(qx— Id) .
llx—yll T .X
From this last identity the conclusion follows. O

Genericity in the algebraic setting

Throughout this section, we consider two real n-variable polynomials p and g
and two algebraic sets X :=Z(p) and Y :=Z(q). We assume n = 1.

A multijet parametric transversality theorem

In this section we prove a useful technical tool, Theorem D.54. We first recall
the following classic result, which we adapt from [35, Chapter 3, Theorem 2.7]:
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D.51 Theorem (Parametric transversality). Let M, N, P be smooth manifolds, W ¢ N
a submanifold of N, and F: P x M — N a smooth map. For all p in P, we denote
by F, the map F(p,—): M — N.

If F is transverse to W, then the set {p € P | F(p,—) h W} is residual in P. In
other words, for generic p € P, the map F, is transverse to W.

As an immediate consequence we have the following corollary.

D.52 Corollary. Let F: P X M — N be a submersion and W < N a submanifold. If
codimy W = dim M, then for generic p € P we have dim(F(p,M)NW) =0. If
codimy W > dim M, then for generic p € Pwe have F(p, M)NW = @.

We will be applying these transversality results to jet spaces.

D.53 Definition (jets and multijets). Let n,m,r = 0 be integers. The space of jets of
order r from R™ to R" is

J'R™RM:=R"e P(Z,,)",
=0
where &, | is the space of homogeneous polynomials of degree ¢ in m variables.

Let f: R™ — R" be a smooth function and x € R™. The jet of order r of f at
X is

alalf
O :=( — (x)) €J (R™,R")
X
aeN™ |a|<r

0 0"
= (x,f(x),...,%(x),..., f ,)

orx.

i i
The identification with polynomial spaces comes from identifying the partial
. . lal . . . .
derivative aaTaf (x) with the coefficient in front of the monomial x“.

Let k = 1 be an integer. The space of k-multijets of order r is just k copies of
the space of jets of order r:

JT(R™ R = J"(R™, RHE.

Similarly, let f: R™ — R" be a smooth function and X := x,, ..., x, distinct
points in R™ (we write ¥ € R™ \ A). The k-multijet of order r of f at
Xq,..e, X 1S

WG =G0 i ke u

.....
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We study jets through parametric jet maps of the form
e [ Pax (R™\A) — J(R,R)
(p,X) = ().

The next result is a key technical ingredient for the rest of the paper.

D.54 Theorem. Let 2, be the space of real polynomials of degree d in R". There
exists a function d(n,k,r) such that, for all d = d(n,k,r), the map F: 2, X
(R™ < A) — " (R",R) is a submersion.

Proof. Fix d a polynomial degree, p € 2, a polynomial, and X := (x,...,x,) €
(R™ < A) points in R". The differential of F at (p, x) is a linear map

T,:Zy X R™ —  Tepan RLRB)
(%, ..o, O +Vp(x) %4y ..
s, VP + V2p(x) T X, .0).

DF_.: N

P (p,x) —
where T, ;2 X R™ = 2, x R™ and Ty, ) ,.J (R",R) =R* & @)_ (2, ).
Let (f/, U) = (fl, ﬁ(l), ey fz(r)) eR%* o EB;:l((O)’[’n)k. For F to be a submersion
at (p,X), it suffices to find (p, ;c) such that DF,; (p, ;c) = (;/, U). This is linear in
the coefficients of p and in monomials in %. We find that % = ;'/, and then there
are k Y),_ () equations in the coefficients of p. Since the x; are pairwise distinct
points in R", these equations are independent. For there to be a solution in
general, it suffices that

n+d . (n
dim2, = =k .
won=(15) =5 ()
We set d(n, k,r) to be the smallest d satisfying this inequality. O

D.55 Example. If k <n+1 and r = 1, then we can take d(n, k,r) = 3. Indeed, for all
nz1, (") zm+12 2= k() + ().

If k <n+1andr =2, then we can take d(n, k,r) = 4. Indeed, we compute
. r n . r n
dlm,@d—kz Zdlmg’d—(rH-l)Z
= \f =\l

() rende) G
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_ (n+1)(n+2)(n+3)(n+4)_(n+1)(1+n+n(n—l)
24 2
n+1 5
=7((n+2)(n+3)(n+4)—12(n +n+2)
—n+1(3—32+14) (D.10)
=z n n n). .10

We determine the sign of (D.10) by looking at the derivative of the last factor:
3n% — 6n + 14 has discriminant 36 —4-3-14 < 0 and value 14 > 0 at n = 0, so
the derivative is always positive. At n = 1, we have n® —3n? + 14n = 12, so for
all n =1, (D.10) is positive. [ |

Finite number of closest points

In this section we prove an analogue of [54, Proposition 3], showing that gener-
ically the function m,, is bounded by n + 1.

D.56 Theorem (cf. [54, Proposition 3]). For the generic q € 2, with d = 2, writing

Y =Z(q), for every x € R" the set B(x, dist, (x))NY is a nondegenerate simplex
with at most n + 1 points.

Proof. Forall k €{0,...,n+ 1}, define the parameterized jet map
5. | ZaxRX R"ED A — /P (R, R?)
k (q,x,3) = (s QYD I =y 112, 00)

induced by the function y — (q(¥), llx—y||?). Its differential at a point (g, x, ¥)
is

'@d % R™ x Rn(k+1) N Rn(k+1) % Rk+1 X Rk+1
DFk,(q,x,y): (q x ‘)_)/) (}’,,Q(J’l)‘FVq(yl)Tyl,,
Y 2=y )T =), ).
Let

. Vie{0,...,k}, 5, =0,
W, :={(z,s,t)€k+1J°(R",R2) tet b }

Vie{l,... k}, t;=t,

be a subspace of ;,;J°(R",R?) and let us prove that F, is transverse to W,. Let
(¢,x,y) be a point in 2, x R" x (R"+D { A) such that F.(q,x,y) € W,, and
(@) R, R?). We are looking for (¢, %,y) €
Tigeg) (P X R" x (R"®D S A)) and (#,0,0) € Ty, W, such that

(2,5,t) atangent vector in TFk
1(@,%,5)

(gg s_.: t) = DFk,(q,X,}?) (q’ X’J_;) + (1;/3 0’ 0)
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=+ Wy, ) VG Ve 200 =y T (X =), ).

Firstly, we observe that x is different from all the y,. Indeed, if not, then we
would have ||x—y; II?=0foralli e {0,...,k}, which contradicts the fact that the
y; are distinct. So we can set X = 0 and solve the equations 2(x — yl-)T (x—y)=
t; to obtain the y,. Next, since d = 2, we can find ¢ solving the equations
q(y) +Vq(y) Ty, =3, Indeed, we have k + 1 equations in the coefficients of

>

gand dim®, = ("3 = ("3?) = @20 > 4 1. Finally, we choose w =2y

and conclude that F, is transverse to W,.

By the parametric transversality theorem (Theorem D.51), for generic q, F,.(q, —)
istransverse to W,.. Fix such a g, let x € R", and take k+1 points y,, ..., y, from
B(x,dist,(x))NY. Then F,(q,x,y) € W,, so we can write the transversality

property:

. _ 0 2
im(DF, (g, _)x,y) + TFk(q,x,y)Wk = TFk(q,x,y)k+1J (R™",R?),

or more explicitly,
im(DF,(q, =), 5) + R D 5 0 R(1,...,1) = R*MD 5 RF x R
Using the expression of DF, above, we know that
DF (g, ) 5% (6,00 = (s, V) Vo, 200 =y )T (X = ), ..0).

In particular, when the terms Vq(y,) "y, equal 0, then we also have (x—y )"y, =
0 because x — y; and Vq(y;) are collinear. Thus we need ((x — yi)TJ'c)i to span
a supplementary space to R(1,...,1) (by a dimension argument). For this last
part to be satisfied, we need the vectors

{c=y) = Ce=yo)licy, k= Wi=Yoliz1,. k

to be linearly independent. This is equivalent to y,, ..., y, forming a nondegen-
erate simplex in R".

Finally, we pick q transverse to every W, for k € {1, ...,n+1}: this is a generic
choice. By the above arguments, any distinct set of at most n + 2 points in
B(x,dist,(x)) NY forms a nondegenerate simplex. We conclude that the set
B(x,dist,(x)) NY has at most n + 1 points (any more would lead to a con-
tradiction with nondegeneracy) and that these points form a nondegenerate
simplex. O
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D.4.3 Finite number of critical points

In this section we study the structure of critical points for the function dist, |,
for generic X =Z(p) and Y =Z(q).

D.57 Definition (k-critical points). Let X be a subset of R" and Y a closed definable
subset of R". For all k = 0, we define the k-critical points of disty |, as the
critical points x € X of distY|X such that B(x,dist,(x))NY = {y,,...,y}. We
denote by C , (disty|,) the set of k-critical points of dist, |, that are not in
Y. |

Note that, by Theorem D.56, every critical point is a k-critical point for some
ke{0,...,n}.

D.58 Definition (Algebraic critical points). Letd =0, p,q € 2,, and k = 0. We define
the algebraic set

x=pVp() + LK Ay,

xR, T Ak=1,

YooYk ERMED 1 p(x) =0,

Agros A €ERFFL i€ {0,...,k}, q(y,) =0,
m,reR Vi€ {0,....k}, llx—y > =12,

vie{0,...,k}, rank(x —y;,Vq(y)) <1

We then define the algebraic k-critical points w.r.t. p and q as the set of
points x € R" in the projection of C,(p,q) on the first component. [ |

D.59 Lemma. For generic p € Py, and q € Py, every critical point x of dist |, not
in Y is an algebraic k-critical point for some k € {0, ..., n}.

Proof. Let x be an element of X \'Y. By Corollary D.20 and Proposition D.21,
we have

. X—y .
axf=pr03TxX (co{ =yl ‘yeB(x,dlstY(x))ﬁY}).

Recall that x is a critical point if 0 belongs to this set. By Theorem D.56, for
generic p and g, the set B(x, dist, (x)) NY is finite with at most n + 1 elements.
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Moreover, for each point y in B(x,dist,(x)) NY, the function y — ||x — y||
reaches a local minimum at x, so x — y is parallel to Vg(y).

Therefore, if x is a critical point of dist|,, then there exist k € {0,...,n},
Yos--YeinY, pin R, and A, ..., A, in [0, 1] such that

k
Y 4 (x—y) =puVp(x), (D.11)

i=0
Vie{l,...,k}, llx =yl =llx=y,ll,
vie{0,...,k}, rank(x - y;,Vq(y;)) <1,

and so we conclude that (x,y, Z, p,dist, (x)) € C.(p,q) and x is an algebraic
k-critical point. O

D.60 Theorem (Finite critical points). For d;,d, =3 and p € #; and q € 2, let
X =Z(p) andY =Z(q). Then, for the generic choice of p and q, there are only
a finite number of critical points of dist, | . Moreover, for every k € {0, ...,n},
the number of k-critical points of dist, |, not on X NY is bounded by

#Ck’* (diStY|X) <c(k, n)dild;l(k+1)’

for some c(k,n) > 0 depending on n and k only.

Proof. Consider the map

Py X Py, X R

1 n 1 n L
(Rn(k+l) \A) % RL J (R :R) X k+1J (R ,R) X R

Fl:
(x,p(x),Vp(x),

(piq;x).)_;yzypyr) land - > Sy
Y,q(¥),Vq(y), A, p,1),

where A is the fat diagonal and L = k + 3. Consider the following subspace of
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JIRMR) X, JH(R",R) x R":

X =pu+ oA
(x,s,u) € JH(RY,R), oA =1,
(7,69 € /' RLR), | 5=0,
AeRKT, Vie{0,...,k}, t; =0,
mreR Vie{0,...,k}, llx—y > =r?,
vVie{0,...,k}, rank(x -y, v) <1

We observe that the projection of im F*(p, g, —) "W onto the component x con-
tains the set of algebraic k-critical points w.r.t. p and q. Checking the equations
in the definition of W from the bottom up, we see that they are independent,
so W1 has codimension

codimW!=(k+1D)(n-D+*k+D+(k+1D+1+1+n
=nk+2n+k+3
=dim(R" x (R"c*D {A) x RD).

By Theorem D.54 and Example D.55, for d;,d, = 3, the map F' is a submersion.
By Corollary D.52, for generic p, q the set of algebraic k-critical points is an
algebraic set of dimension 0, so it is finite. By Lemma D.59, we conclude that
the number of critical points is finite.

In order to estimate the cardinality of Crx (disty| ) under the assumptions of the
statement, we observe that this set is the projection on the x-coordinate of the
set A,  R" x R*®*D x R¥1 x R consisting of the points (x, ¥, 1, 11) solving the
system (D.11) withx € Z(p), y; € Z(q) foralli € {0, ..., k}. Since Ck,* (dist,, |X) is
finite, its cardinality equals the number of its connected components; moreover
each component of A projects to a component of C; , (disty|,) and we have

#Cp (disty |,) = bO(Ck,*(distY| ) = by (M) =b(A),

where b(A;) denotes the sum of the Betti numbers of A;. In order to control
this we use [4, Theorem 2.6] which states that the sum of the Betti numbers of
an algebraic set V. < R™*""*"a defined by ¢ polynomials p;(xy,...,x,) of degree
d; in the variable x; € R" can be bounded by

b(V) <O(1)M* Hlag3 Mt dpt ... dye.
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In our case a =4, ii = (n,n(k +1),k+1,1) and d = (deg(p),deg(q),1,1), so
that
b(A) =clk,n) deg(p)"deg(q)"*+D. .

D.61 Remark. The same proof works also in the case (X,Y) = (R",Z(q)) (see also
Remark D.70), in which case (following the above notation) d= (1,deg(q),1,1).
The statement in this case is the following. For the generic polynomial g € 22,
the function dist,,, has only finitely many critical points, all these critical
points are algebraic and the number of algebraic k-critical points is bounded by

#G , (disty ) < €k, n)d" D,

In particular this recovers and generalizes to all dimensions the bound #C, , <
c(n)d?" that one can obtain by combining [27, Corollary 4.5] with the EDD
estimate [24, Corollary 2.10]. [ |

D.4.4 Continuous selections

D.62 Proposition. Let x € R". For d, =3 and d, = 4 and generic p € Py, and q €
Py, the critical points of dist, |, are regular values of the normal exponential
map of Y.

Proof. The normal exponential map of Y is

. NY~YXR — R"
Xp:
P (y,t) —  y+tVq(y).

Its differential at a point (y,t) € NY is

TNYcR'"XR — TR"=R"

Dexpey { (7,6 —  y+tH(Q)(y)y +tVq(y).

Thus a point x in R" is a critical value of exp if, and only if, it is equal to y +
tVq(y) for some (y,t) in NY such that the block matrix [Id +tH (q) (), Vq(y)]
restricted to Vq(y)* x R has rank strictly less than n. Consider the map

Py X Py, X R'X

1 n 2 n L
(Rn(k+1) \A) > RL - J (R ;R) X k+1J (R ,R) X R

F2:
(x,p(x),Vp(x),

(p:q,x,}_;,/-{,ll,r) = - - - >y 7
Y,4(),Vq(y),H(@)(¥), A, 1,1),
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and let

w2 ;={ (x,8,u,¥,0,V,H,A,p,r) €J'(R",R) X ., J>(R",R) xR": }

-

> > > 1
¢,s,u,y,t,v,A,u,r) ew

where W! is defined in the proof of Theorem D.60. We define the subspace of
J'RMRB) X, J*(R",R) x R

_— O, s,u, 3,69, H, A, pi,r) € W2
vie{o,...,k}, rank[(Id-{-rHi)(Id—viviT),vi] <n |~

crit *

This space is defined by the same equations as W! and additional equations
that involve the H;. These new equations are independent of those defining W?2.
Indeed, given (x,s,u,¥,t,7,H,A,1,r) in W2 and i € {0, ..., k}, we can assume
H; =0, which gives us rank[(Id—v,v),v;] = n.

We deduce that Wczrit has codimension > nk +2n+ k + 3, which is the dimension
of R" x (R"**D \ A) x RE. By Theorem D.54 and Example D.55, for d; = 3 and
d, =4, themap F 2 is a submersion. By Corollary D.52, for generic p and g, the

critical points of dist, |, miss Wczrit. We conclude that, for generic p and g, the
critical points of disty |, are regular values for the normal exponential map of

Y. O

D.63 Corollary. For generic p € Py, andq € 2y, of respective degrees d, = 3 and

D.4.5

d, = 4, denoting by X = Z(p) and Y = Z(q) the function dist, |, is a continuous
selection of 6 functions around its critical points.

Proof. By Proposition D.62, for generic p and g, the critical points of disty |,
are regular values of the normal exponential map of Y. By Proposition D.36,
we deduce that dist, |, is a ¢ selection around its critical points. a

Nondegeneracy of critical points

Now we aim to describe the degeneracy of critical points algebraically. To do
this, we need to describe the Hessian of disty |, at x in terms of the derivatives
of pand q.

D.64 Lemma. LetY = Z(q) and y, €Y. Then the second fundamental form of Y at

Yo, IS
i, { T,YXT,Y — N, Y=RVq(y,)
0

Vq(ye)
v, w) — —%VTH(C])(YO)W-
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Proof. Letv,,w, € T},OYbe tangent vectors and write a == [[Vq(y,)Il. Define
the tangent vector field
1
. 2 T
viy = — (VAP = (5 Vg )Va())

in a neighborhood around y,. Note that v(y) € T, Y for all y and v(y,) = v,.
By one definition of the second fundamental form [40, Chapter 8], we have

vq(.)’())

I, (v, Wo) = Vq(yp) T (Y)W,

(i.e. the projection onto N, Y of the differential of v in the direction w), where
J(v) is the Jacobian of v.

Recall that J (v) is the matrix (—ng )1<i j<n> where V; is the i component of v( y).
jooT e
Forallie{1,...,k}, we have

a
@, () = v, VG = (T Vg 5~ ().

Then, for all j € {1,...,n}, we have

av; ov ov 0
@S () =, 29T 2 = (W S | )
x; : 0x; 0x; 0x;
’q

.
-V :
(vo Va(y)) axixj(y)

Thus we can write

ovg
. )

X;

0
@2V, =200, Va0 H@ M- OFH@ 0)) 5 (1)~ Va(r))
and
a2I (V) () =2vyVg() TH(Q) (y) = Vq(y)vg H(Q) (¥) — (vg Vg(y)H () ().

Finally, we get
Vq(yo)

I, (vo,wp) = Vq(yo) I (M (¥pIw,

Vaq(y,)
(13
~Vq(ye) " (vg Vq(yo)))H (@ yoIw,

Va(yo)
- qay 0Ly TH (@) () wo,

(20940 v Ve ()T = Va(ye) TVa(ye)vy

using the fact that v Vq(y,) = 0. O
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For all y in Y, we define g, = dist(, .\, and f, =g |y for y € Y. We also
introduce the following notation: for a symmetric matrix H € Sym(n,R) and a
subspace V ¢ R", we denote by H |, a matrix representing the restriction of the
quadratic form h(x) =x "Hxto V. If L = [vy,..vl € R™ is a matrix whose
columns form a basis for V, then one can take

H|,=L"HL.

D.65 Definition (Algebraic degenerate k-critical points). The set of algebraic de-
generate k-critical points w.r.t. p and q is the projection of the set

Dk (P, Q) =
0,7, A,1,1) € C(p,q): (D.12)
det (1H(p)(0) |5 o +7 T g AH (g, ) ()1 1 ) =0
onto the first component x. ]
The use of the adjective “algebraic” is justified by the following lemma.
D.66 Lemma. Forall k € {1,...,n}, the set D, (p,q) is algebraic.
Proof. Let (x,fl,z,r) € D, (p,q). Foralli € {0,...,k}, write v; := ngg‘:;“ the

unit normal vector from Y at y;. By Lemma D.64, we have the second funda-
mental form I, of Y at y;, defined as a bilinear form from T,YtoN, Y. Taking
the scalar product with v, gives a quadratic form represented by the matrix
—H(@Q)(y)/1IVq(y)Il. We extend the matrix representation of this form to
N, Yas follows:

—-H _
Q;==Id-vp) —“H@G)

i (1d-vp),
IVg(y)Il

with Id the identity matrix (note that the orientation of v; does not matter).
By [33, Lemma 14.17], for each i € {0, ...,k}, the Hessian of gy, and Q; are
diagonalizable in the same basis (one consisting of the directions of principal
curvature of Y and of a normal vector, see also Section D.3.1), and the eigenval-
ues of H (gyi) are the image of those of Q, via the function x — We

deduce that

K
1-llx—y;lix”

-Q
H(g, ()= T vno. =y Q"
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Letv:= ”xgi;” and V = [v,,...,v,] € R"***2 be the matrix of normal vec-

tors. We want to project H(p) (x) and the H(gy.)(x) onto axfl NVp(x)* and
then take the convex combination. Since we end up with an n X n matrix, the

equation in (D.12) becomes

k
rank (uLTH(p)(x)L +r Z/liLTH(gyi)(x)L) <n—-k-3,
i=0

where L =Id—V (VTV)~!VT, and this equation is algebraic. O

D.67 Lemma. For generic p € #; and q € #; withd, = 3 and d, = 4, every de-
generate critical point of disty |, not in Y is an algebraic degenerate k-critical
point for some k € {1,...,n}.

Proof. We pick generic p and q such that, for all x in X, the set B(x, dist, (x))NY
is a nondegenerate simplex (Theorem D.56) and that dist, |, is a 2 selection
around each of its critical points (Corollary D.63). In this context, a critical
point is degenerate if, and only if, condition (2) of Definition D.31 holds.

Explicitly, let x be a critical point of dist, | not in Y and write {y,, ...,y } =
B(x,dist,(x))NY. Forall i € {0, ..., k}, the differential offy at x is the projec-
tion of Vg, (x) on T, X: explicitly, there exists p; € R such that

nyi x)= ngi () —11,Vp(x) (D.13)
X—=Y;
= S pVp). (D.14)
l1x = y;ll

Since, by definition of critical points, there exist A; such that 4, = 1 and
Z)tinyi (x) =0, we get

k
X = Z(Aiyi + A llx =y IVp ().
i—0

Let p:= Y, A llx — y,; || = disty, () I, A;11;. We deduce that (x,_f/,i,p,disty(x))
is an element of C, (p, q).

We can write disty |, as the continuous selection of ¢ functions

.....
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Therefore, using Remark D.32, we see that the critical point x is degenerate if,

and only if, the matrix

k
> GH (g, )0 g g+ A H (D)) g 1)
i=0

1

k
= T, 00 TP ot ;AiH(gyi)(x) o fis

is singular. So we conclude that if x is a degenerate critical point of disty |,
then (x, 37,71,;1, dist, (x)) is an element of D, (p,q), and so x is an algebraic
degenerate k-critical point for k < n. O

D.68 Remark. The Morse index of a nondegenerate critical point of dist, |, in the
case X =Z(p) and Y = {y} with y ¢ X can be computed using the Lagrange’s
multipliers rule, as follows. First, a critical point of dist, |, is a point x € X
where

AVp(x)+y—x=0

for some A # 0. Now, assuming that x is a nondegenerate critical point, the
matrix representing the Hessian of disty |, at x in the basis {v;,...,v,_;} for
T, X can be written as

LT (AH(p)(x)—1d) L,

where L = [v,,...,v,_;]. |

D.69 Theorem (Genericity of nondegeneracy). For generic p € 2, and q € 2,
with d,,d, = 4, all critical points of disty |, not in Y are nondegenerate.

Proof. Consider the map

.@dl X ,O}’dz x R™x

2 n 2 n L
3 R A xRE J2(R",R) X ;1 J2(R",R) xR
F°:
(x,p(x),Vp(x),H (p)(x),

( 3 7x7_):i; ;r) - - - - 3
il Y,4(¥),Vq(y),H(@) (¥),A,1,1),

and let

- :2{ x,5,u,G, 5,5, %,H,A,1,r) € (R, R) X ,;J*(R", R) X RL: }

-

(x,s,u,y,t,v,A,1,r) € W?
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where W! is defined in the proof of Theorem D.60.

Let us find a system equations of equations such that, for generic p and g,
elements of F3({ p} x {q} x D,(p,q)) satisfy these equations. We define the
subspace of J2(R",R) X ;.1 J*(R",R) X R

Wgeg = {(x,s,u, G,y,?,f/’,ﬁ,z,p,r) ew?
Vie{0,...,k}, v, = m €R",
Vie{0,...,k}, Q= (Id-vw])
Vi€ {0,...,k}, H, = 1:?;2i e R, |
V= [k, vg, oo, v € R, '
L:=1d-vVTv)"lvT e R?*",
rank (pL"GL+r T AL AL) <n—k—3

H;
[l

(Id-vp]) eR™",

We need to check that the last inequality is independent of the other equations
defining W3. It suffices to find an element of W3 such that this rank is n — k — 2.
Since the equations defining W* do not involve G nor H, we can choose these
terms freely. Let (x,s,u, 7,%,7,H, 1, 11,r) be an element of W3. Without loss of
generality, we assume A, # 0 and we set G = H; = --- = H, = 0. Up to scaling,
we can assume that  # 1, and up to orthogonal transformation of H,,, we can
assume v, is e,, the last element of the canonical basis of R". In this case,
llvell =1, so Q, = diag(1,...,1,0) and H, = - Q,. Note that A; = Re, = Ry,
so the rank of A,L"H,L is maximal; that is, its rank is n —k — 2.

We deduce that Wg’eg has codimension > nk +2n+k + 3, which is the dimension
of R" x (R"®*1 { A) x R, By Theorem D.54 and Example D.55, for d,,d, = 4,
the map F? is a submersion. By Corollary D.52, for generic p and g, the image
imF*(p,q,~) misses W3, . In particular, the image of D, (p,q) by F*(p,q,~)
misses Wgeg. By Lemmas D.66 and D.67, we conclude that, for generic p and g,
the critical points of dist, |, not in Y are nondegenerate. O

D.70 Remark. The proofs throughout Section D.4 do not work as-is for the case
X =R" because we require p to be of degree at least 3. However, the results are
still true, as can be verified by running through the proofs of Theorems D.60
and D.69 and Proposition D.62 with the parameters p, 1, s, u, and G removed
from the definition of W, W2, and W2, and noting that Theorem D.54 can still
be applied. [ ]
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Abstract
We extend the results of Guidolin, Lerario, Ren, and Scolamiero (arXiv:2402.08639)
to show that the distance function between generic real complete intersections, viewed
as a continuous selection of locally Lipschitz functions, is nondegenerate in a Morse-
theoretic sense. We also give an upper bound for the number of critical points of such
distance functions.

Introduction

Distance functions and critical points

This paper extends the results of [11] to distance functions

disty|,: X = R

between two real algebraic varieties X and Y in R". The original paper considers
distance functions as locally Lipschitz continuous selections of differentiable
functions [13], defines critical points following [7], and studies the Morse theory
for these functions presented in [1]. We direct the reader to the introduction of

[11] for a more detailed history of the study of distance functions.

'KTH Royal Institute of Technology
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In this paper, we focus on the theory of distance functions between algebraic
varieties. These functions, and in particular their critical points, have been
studied previously in specific cases. The Euclidean distance degree, introduced
in [9], is the number of complex critical points of the distance function from
a generic point in ambient space, restricted to a real algebraic variety. The
bottleneck degree, introduced in [8], is the number of complex critical points of
the distance function on a real algebraic variety, and can be seen as the number
of complex lines orthogonal to two or more points of the variety. Our results
generalize these two notions in the real setting.

Outside of the algebraic context, we would like to highlight the following works.
[16], an earlier study on properties of critical points of distance functions from
generically embedded manifolds, was the basis for Theorem E.17. [6] studies
the distance function from a Riemannian manifold to a single point, while [4]
considers the distance function from R" to a finite set of points. More recently,
[15] defines a Morse theory (slightly different from ours) for distance functions
from a smooth bounded surface, and [2] show that the number of critical points
of the distance function from a generically embedded manifold is finite.

Main results

In order to develop a Morse theory for distance functions, we first need a notion
of differential. This is provided by Clarke’s subdifferential (Definition E.1),
which we define more generally for locally Lipschitz functions as the convex hull
of all limits of gradients when converging to a point. This allows us to define
critical points as points where the subdifferential contains 0 (Definition E.3).
In order to talk about nondegenerate critical points, we restrict our functions
to continuous selections of 42 functions (Definition E.4): a continuous
selection from a finite set {f;,...,f,} < %2(X,R) functions is a continuous
function f: X — R that is equal to one (or more) of the f; at each point x € X.
With this, we can finally define nondegenerate critical points for continuous
selections (Definition E.5).

Given these definitions, we show that, generically, the distance function dist, |,
between two complete intersections has no degenerate critical points, and that
it has a finite number of (nondegenerate) critical points. To properly state
this, we first need to show that dist, |, is a continuous selection. Moreover, to
make sense of the genericity claim, we consider complete intersections: for
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allm e {1,...,n} and d = 0, we denote by 2, the space of real polynomials of
degree at most d and € the open subset of (2,)™ whose elements generate
complete intersections (see Definition E.16). As in [11], we collect our main
results into one theorem:

Theorem. Fix ¢,me{1,...,n} and d;,d, =0. Let p € Cgfl and g € Cg";, and let
X =V (p) and Y =V (q) be the defined varieties. Then, generically,

1. ifd, = 2, then for every z € R" the set B(z,dist,(2)) NY of closest points
in Y to z forms a nondegenerate simplex: in particular, there are at most
n+ 1 closest points (Theorem E.17);

2. ifd;,d, = 3, then dist, | has a finite number of critical points (Theo-
rem E.21); in particular, for allk € {1, ...,n}, denoting by Crx (disty|4)
the set of critical points in X \ Y with exactly k + 1 closest points (Defini-
tion E.18), we have

#Cp , (disty | ) < c(k, €, m,n)djdy <Y,

for some constant c(k,¢,m,n) > 0 depending on k, ¢, m, and n only;

3. ifd; =3 and d, = 4, then the function disty |, is a continuous selection
near each of its critical points (Corollary E.24);

4. ifd,,d, = 4, then every critical point of disty | is nondegenerate (Theo-
rem E.29).

Analogous results hold when X = R": see Remarks E.22 and E.30. In summary,
the distance function between complete intersections is generically nonde-
generate (i.e., its critical points are all nondegenerate) in a Morse-theoretic
sense.

Structure of the paper

In Section E.2 we recall useful results from [11]. In Section E.3 we prove the
main results, closely following the structure of [11, Section 4]. This paper, in
particular Section E.3, is quite notation-heavy; Appendix E.A provides a broad
overview of the notation conventions used throughout the text.
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E.2 Preliminaries

E.2.1 Critical points for locally Lipschitz functions

In this section we recall the notions that will allow us to study distance functions
in a Morse-theoretic way: subdifferentials, critical points, and nondegeneracy.
The definitions and results of this section come from [11].

E.1 Definition (Subdifferential). Let X be a Riemannian manifold and f: X — Ra
locally Lipschitz function. The subdifferential of f at x € X, denoted by d_.f,
is the convex body defined by

d,f :=conv { lim )V f(x;) | the limit exists} cT.X.

X=X, X, EQ(f

Note that at a strictly differentiable point, the subdifferential reduces to a
singleton d,.f = {Vf(x)}. [ |

E.2 Proposition ([11]). Let Y < R" be closed and X < R" a smooth manifold. Then,
forevery x e X \Y,

0, (disty|) = proj; 4 (conv { ’ Y €B(x,dist, (x))N Y}) ,

llx =i

where proijX: R" — T, X denotes the orthogonal projection.

E.3 Definition (Critical points). We say that x € X is a critical point of a locally
Lipschitz function f: X — R if 0 belongs to 0, f. We denote by C(f) < X the set
of critical points of f.

A point x € X is said to be a regular point of f if it is not critical; a critical
value of f is a real number ¢ € R such that f_1 {c}NC(f) # & and a regular
value of f is a real number ¢ € R which is not critical. [ |

E.4 Definition (Continuous selections). Let X be a smooth manifold and {f, ..., f,,}
a finite subset of €2(X,R). We will say that f: X — R is a continuous se-
lection from {f;, ..., f,,} if f is continuous and for every x € X there exists
i €{0,...,m} such that f(x) = f;(x). In this case we will write f € CS(f, ..., f,,).

[ |

If f € CS(f,, ..., f,), fori € {0,...,m} we denote by S; c X the set

S;i={xeX | f)=£)}.
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Then, given x € X, the effective index set of f € CS(f),...,f,,) atx € X is
defined to be
I(x) = {ie{o,...,m} | xeint(Si)}.

Note that continuous selections (of continuously differentiable functions) are
locally Lipschitz [13], so we can talk about their critical points using the defini-
tions above. Again, below we assume that X is endowed with some Riemannian
structure, so as to identify its tangent and cotangent bundles.

E.5 Definition (Nondegenerate critical points of continuous selections). Let f €
CS(fy, ..., f,). A critical point x € C(f) is said to be nondegenerate (with
respect to f;, ..., f,,) if the following conditions are satisfied:

1. For everyi € I(x) the set of differentials {D, fJ | jeI(x)~{i}}islinearly
independent.

2. Denote by (4,);;(, the unique list of nonnegative real numbers such that

Y. A=1 and ) AD.f=0,
iel(x) i€l(x)
and by Af: X — R the function defined by Af(2) := £/, A;£;(2). Then
the second differential of Af is nondegenerate on the subspace

T(x):= () ker(D,f).
iel(x)
We denote by k(x) := #I(x) — 1 and call this number the piecewise linear
index, and by ((x) the negative inertia index of the restriction of the second
differential of Af to T (x). We call ((x) the quadratic index.

Clearly, in the case X is endowed with a Riemannian metric, the above condi-
tions can be rephrased using the gradients of the f; instead of their differential.
Moreover, the nondegeneracy of the second differential of Af on T (x) is equiv-
alent to the nondegeneracy of the restriction of the corresponding quadratic
form on it. ]

E.6 Remark. An important remark concerns the reformulation of these conditions
in the case X is a submanifold of another manifold N and we are considering
the restriction of a continuous selection f = g |, where g € CS(g,,,...,g;) with
g; € 6*(N,R), so that

fi=gly, 1=0,... k.
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Suppose that X is given as the zero set of a set of transversally intersecting
regular equations p; = 0, with p;: N — R a smooth function (in Section E.3 we
are interested in the case N = R" and the p; are polynomials). Then, for all
ie{o,...,k},

D, f,=D,&l r.x = Dy&;il Njker(D,p;)*

Rewriting the above conditions with this notation, we see that x € X is a non-
degenerate critical point of f = g| if and only if the following conditions are
satisfied:

1. Forevery i, € I(x) the set of differentials {D, g; | () ker(D,p)) [ ieI(x)N{iy}}
is linearly independent;

2. Denote by (4;);¢(,, and (p;); the unique list of numbers such that the 4;
are nonnegative,

‘
Y A4=1, and ) 1;D,.p; + Y A:D.g =0, (E.1)
i€l (x) j=1 iel(x)
and by Af: X — R the function defined by 1f(2) = £,y A,£;(2). Then
the second differential of Af is nondegenerate on the subspace

l
TG = () ker(D, £ ercp,py)) = (ler(Dxpj))ﬂ( N ker(Dxfi)).
J=

iel(x) i€l(x)

In order to compute the second differential of Af on T (x) using the original
functions, we proceed as follows. We consider the function

¢
Agi=) mp;+ ). Ag:N—R
j=1 iel(x)
Observe that, since X = {p; =~0,j =1,...,¢3}, then )Uglx = Af. Moreover, by
the second equation of (E.1), Ag has a critical point at x € N and therefore the
second differential of its restriction to X equals the restriction of its second
differential to T, X. This means that the condition that the second differential
of Af is nondegenerate on T (x) is equivalent to the condition that

4
Y mDip;+ ) ADlg
j=1

i€l(x)

is nondegenerate on T (x). [ ]
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Denote by ¢: NY — R" the restriction of the exponential map of R" to the
normal bundle of Y. Note that we can think of elements in NY as pairs (y,v) €
R*" with y €YandveN, Y and (y,) =y +v.

E.7 Proposition ([11]). Suppose that Y is smooth and let x € R" be a regular value
of : NY — R". Then

1. B(x,dist,(x))NY is a finite set {y,,..., ¥;}»
and for all € > 0 small enough, there exists § > 0 such that

2. for every i €{0,...,k}, the function f; := dist(, .y IS €* on B(x,8);
3. the function disty | g, 5) is a continuous selection of the f;: specifically,
disty | Bxe.S) = min, f.

E.8 Definition. Let Y < R" be closed and definable and X be a smooth manifold.
We say that a point x of X is a nondegenerate critical point of dist, | if
disty |, is a continuous selection at x and x is a nondegenerate critical point
for the continuous selection. For every k, ¢ € N we denote by C; ,(X,Y) the set
of nondegenerate critical points of dist, |, with piecewise linear index k and
quadratic index ( and which are not in Y. [ ]

E.2.2 Multijet parametric transversality

In this section we prove a useful technical tool, Corollary E.13, which is the only
new statement compared to [11, Section 4.1], and is only added for convenience.
We first recall the following classic result, which we adapt from [12, Chapter 3,
Theorem 2.7]:

E.9 Theorem (Parametric transversality). Let M, N, P be smooth manifolds, W < N
a submanifold of N, and F: P x M — N a smooth map. For all p in P, we denote
by F, the map F(p,—): M — N.

If F is transverse to W, then the set {p € P | F(p,—) h W} is residual in P. In
other words, for generic p € P, the map F » Is transverse to W.

We immediately have the following corollary.

E.10 Corollary. Let F: P x M — N be a submersion and W c N a submanifold. If
codimy W = dim M, then for generic p € P we have dim(F (p, M) NW) =0. If
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codimy W > dim M, then for generic p € Pwe have F(p, M)NW = @.
We will be applying these transversality results to jet spaces.

Definition (jets and multijets). Let n,m,r = 0 be integers. The space of jets of
order r from R" to R" is

J'(R™R") :=R" & [E_B()(%,m)",

where 2, | is the space of homogeneous polynomials of degree £ in m variables.
Let f: R™ — R" be a smooth function and x € R™. The jet of order r of f at
X is

alalf
J () 1=( e (X)) €J" (R™,R")
aeN™ |a|<r

0 0"
= (x,f(x),...,a—){(x),..., f ,)

o"x;

The identification with polynomial spaces comes from identifying the partial
lel .
derivative aaTaf (x) with the coefficient in front of the monomial x¢.

Let k = 1 be an integer. The space of k-multijets of order r is just k copies of
the space of jets of order r:

WJT(R™ R = JT(R™, RDE.

Similarly, let f: R™ — R" be a smooth function and X := x,, ..., x, distinct
points in R™ (we write ¥ € R“™ \ A, where A is the fat diagonal of R™, con-
sisting of all tuples with duplicate points). The k-multijet of order r of f at
Xqp,-e0s X i8S

k]r(J_C)) = (jr(f)(xi))i=1 """ k* |
We study jets through parametric jet maps of the form

2 xR™* - J(R.R
F:{ d w/ (RR) (E.2)

¥ = .

The next result is a key technical ingredient for the rest of the paper.
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E.12 Theorem. Let 2, be the space of real polynomials of degree d in R". There
exists a function d(n,k,r) such that, for all d = d(n,k,r), the map F: 2,
R* — «J (R, R) is a submersion.

Proof. Fix d a polynomial degree, p € 2, a polynomial, and X := (x,,...,x;) €
R™ points in R". The differential of F at (p, ¥) is the linear map

T, (P xR™)  — ) ey (/" (R",R))
(%, ., X)) +Vp(x) X, ..
s, VP + V2p(x) X, .0,

DF_.: N
px (p,x) —

where T, (2, xR™) = 2, xR™ and Ty, , (.J"(R",R)) = R"™ & &_, (2, ).

Let 2,0) = (z,27,....0") e R* & D), ((@&n)k. For F to be a submersion at

(p,X), it suffices to find (p, ;c) such that Dij (p, }_'C)) = (;;:, U). This is linear in the
coefficients of p and in monomials in %. We find that % = zi and then there are
kY;_, () equations in the coefficients of p. Since the x; are pairwise distinct
points in R", these equations are independent. For there to be a solution in
general, it suffices that

n+d " (n
1 = _k .
ama,= (") =+ £ ()

We set d(n, k,r) to be the smallest d satisfying this inequality. O

E.13 Corollary. Let r; and r, be jet orders, and L = 0 an integer. For all d, =
d(n,k,r,) and d, = d(n,k,r,), the map

€' x €T x R" x

1 2

F: (Rn(k+1) \A) % RL
(3,4, x,y,K) = (" ()X, 1 i (@ (N, K)

— J1(R",RY) x J2(R,R™) x R

is a submersion.

Proof. We follow the same reasoning as in the proof of Theorem E.12: we want
to solve an equation of the form
%1, W, V, i)

DF,(p,q,%,,K) =
P@%y T,J7°(R,RY) o T, J?2(R,R™ & TR
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where o = (p,q,x,y,K) is a point of the codomain and (f), (71,)%,5/, %) are the
unknowns. As before, we first find x = ¢ and 5/ = W. Moreover, we have
% =t. The remaining equations each only depend on the coefficients of a single
polynomial p; or ¢;, and are identical to those of Theorem E.12. Therefore,
since we assume d; = d(n,k,r;) and d, = d(n, k,r,), we know that we can solve

for p and §. We conclude that F is a submersion. O

E.14 Example. If k <n+1 and r = 1, then we can take d(n,k,r) = 3. Indeed, for all

nz1, (") =z m+ 122 k(§)+ ().

If k <n+1andr =2, then we can take d(n, k,r) = 4. Indeed, we compute

dim#,—k) (n) =dim2,—(n+1)) (n)
=o\¢ ¢

=0

B n+4 1 n n n

=4 )T ) 1))
=(n+1)(n+2)(n+3)(n+4)—(n+1)(1+n+n(n_1)

24

n+1 )
=W((n+2)(n+3)(n+4)—12(n +n+2)
—n+1(3—32+14) (E.3)
=z n n n). .3

We determine the sign of (E.3) by looking at the derivative of the last factor:
3n® —6n + 14 has discriminant 36 —4-3-14 < 0 and value 14 >0 at n =0, so
the derivative is always positive. At n = 1, we have n® —3n2+ 14n = 12, so for
all n = 1, (E.3) is positive. [ |

E.3 Genericity in the algebraic setting

Throughout this section, we assume n = 1. We consider ¢ + m real n-variable
polynomials p,,...,p,,q;,...,q,, and two algebraic sets X :=V(p,,...,p,) and
Y =V(q,..-,q,,)-

E.3.1 Setup and preliminary genericities

E.15 Notation. For d € N, we denote by £, the set of polynomials on R" of degree
at most d.
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We will be handling many tuples of functions and vectors. Given functions
p=p;,...,p, and vectors X = x,, ..., x;, we denote by p(x) the tuple

(P (x1), -0, P (), Py (X)), oo, Py (X )5 oo, Pp (X)), o, P (X))

We will also encounter doubly indexed lists of numbers; these are notated with
uppercase symbols, e.g. E = (§;;). We also encounter double indexed lists of
matrices; these are notated with the blackboard font, e.g. H = (H;)). [ |

E.16 Definition. Let m € {1,...,n} and d = 0. We consider the set of complete

E.3.2

intersections in R" of codimension m whose defining polynomials all have
degree at most d. Denote by € the open subset of (22,)™ whose elements
generate such complete intersections.

To prove results for generic complete intersections, it then suffices to prove the
result for a generic element of 67", for all m and d. [ ]

Finite number of closest points

In this section we prove an analogue of [16, Proposition 3], showing that gener-
ically the function m, is bounded by n + 1.

E.17 Theorem (cf.[16, Proposition 3]). For the generic g € (22,)™ withd = 2, writing

Y =V (q), for every x € R" the set B(x, disty (x))NY is a nondegenerate simplex
with at most n+ 1 points.

Proof. For all k €{0,...,n+ 1}, define the parameterized jet map

- ('@d)m % R™ x (Rn(k+1) \A) N k+1J0 (Rn,Rm+1)
“ @ x,3) = (3,43 lIx=y1I%)

induced by the function y — (4 (y), llx—y|?). Its differential at a point (g, x, y)
is

(gd)m % Rn X Rn(k+1) N Rn(k+1) % R(k+1)m % Rk+1
DFy Gx3)" ((-i % 5;) . (}7,---,qj(yi)+qu(yl-)TJ'/i,---,
> 20—y ) TG =), ).
Let

W, =
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- Vie{0,...,k}, Vj€{l,...,m}, 5. =0,
{(Z,S,t)€k+1Jo(Rn,Rm+1) L { } ] { m} Sl] }

Vie{l,...,k}, t;=t,

be a subspace of ;,;J°(R",R™*!) and let us prove that F, is transverse to W,.
Let (§,x,y) be a point in (2,)™ x R" x (R"**D \ A) such that F, (4, x,y) € W,,
and (2,$,1) a tangent vector in T, g7 ke1)’ (R™, R™1). We are looking for
(4,%,7) € T(g 57 (ZP™ X R x (R"®*D \4)) and (w,0,0) € Ty, (5, Wy such
that

(2,5,8) = DF, (4. 3, (4, %, 3) + (1#,0,0)
=+ Wsee, G + VG Vs n 20—y ) T =3, 00).

Firstly, we observe that x is different from all the y,. Indeed, if not, then we
would have [|x -y, II?=0forallie{0,...,k}, which contradicts the fact that
the y, are distinct. So we can set X = 0 and solve the equations 2 (x — yl-)T (x—
¥;) = t; to obtain the y,. Next, since d = 2, we can find each q; by solving the
equations ¢;(y;) + Vg;( Yy = $;- Indeed, we have k + 1 linear equations
in the coefficients of ¢; and dim 2, = (";%) = (";%) = 2D > k41,50
solution exists. Finally, we choose w = 2z — y and conclude that F, is transverse
to W,.

By the parametric transversality theorem (Theorem E.9), for generic g, F, (¢, —)
istransverse to W,.. Fix generic G, let x € R", and take k+1 points y,,, ..., y, from
B(x,dist,(x)) NY. Then F, (4, x,y) € W,, so we can write the transversality

property:
IM(DF (G, )y 1)+ Tr ooy Wi = Tr @y iend (RLR™D,
or more explicitly,
im(DF, (4, =), 5) + RV x 0D 5 R(1, ..., 1) = RMEFD x RETD™ 5 REHL,
Using the expression of DF, above, we know that
DF (G, )yt (6,00 = (s, VG () o 200 = y) T GE = 3, .00,

In particular, when the terms Vg;( ¥) Ty, equal 0, then we also have (x —
yl.)T ¥; = 0because x—y, and qu( y;) are collinear. Thus we need ((x— yi)T)'c)i
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to span a supplementary space to R(1,...,1) (by a dimension argument). For
this last part to be satisfied, we need the vectors

{Oe=y) ==y sy k= {Vi=Yoliz1,.. k

to be linearly independent. This is equivalent to y,, ..., y, forming a nondegen-
erate simplex in R".

Finally, we pick g transverse to every W, for k € {1,...,n+1}: this is a generic
choice. By the above arguments, any distinct set of at most n + 2 points in
B(x,dist,(x)) NY forms a nondegenerate simplex. We conclude that the set
B(x,disty(x)) NY has at most n + 1 points (any more would lead to a con-
tradiction with nondegeneracy) and that these points form a nondegenerate
simplex. O

Finite number of critical points

In this section we study the structure of critical points for the function dist|.
First, we define an indexing for the critical points of dist, |, without explicitly
assuming that the function is a continuous selection, nor that the critical points
are nondegenerate, which was the case in Definition E.8.

E.18 Definition (k-critical points). Let X be a subset of R" and Y a closed definable

subset of R". For all k = 0, we define the k-critical points of dist,|, as the
critical points x in X \Y of distY|  such that #(B(x,dist, (x))NY) =k +1. We
denote by C, , (disty|,) the set of k-critical points of dist, . ]

As in Definition E.8, we exclude the case x € X NY. By Theorem E.17, every
critical point not in Y is a k-critical point for some k € {0, ...,n}. Moreover,
when x is a nondegenerate critical point, in the sense of Definition E.8, then k
is equal to the piecewise linear index k (x) of x.

E.19 Definition (Algebraic critical points). Let d = 0, p € (@d)é, g€ (@)™, and
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k = 1. We define the algebraic set

C.(B, Q) =

x €R", X=X 1Vp 000 + T Ay,
Yor--s Y ERMEFD TR =1,
) Agrors i ERML IV E{L,.., 0}, p;(x) =0,

fy,-. 0, €RY, VieA0,...,k}, Vje{l,...,m}, q;(y)) =0,
Egroor & €RTD L yi€ (0, K}, llx -y, 12 =12,
reR Vie{Oo,...,k}, ijlgijvqj(yi)zx_yi

We then define the algebraic k-critical points w.r.t. p and g as the set of
points x € R" in the projection of C, (p, ) on the first component. [ |

E.20 Lemma. For generic p € Cgfl and g € Cg'z, every critical point x of disty |, not
in Y is an algebraic k-critical point for some k € {0, ..., n}.

Proof. Let x be an element of X \ Y. By Proposition E.2, we have

d..f =projr x (conv{ ’ Yy € B(x,dist, (x)) ﬂY}) .

[lx = yll
Recall that x is a critical point if 0 belongs to this set. By Theorem E.17, for
generic p and g in the open subsets %fl < (Zy, )¢ and ‘6&’: < (24,)"™, respectively,
the set B(x, dist, (x)) NY is finite with at most n + 1 elements. Moreover, for
each point y in B(x,dist,(x)) NY, the function y — ||x — y|| reaches a local
minimum at x, so x — y belongs to the subspace spanned by the Vaq;(y).

Therefore, if x is a critical point of dist,| > then there exist k € {0,...,n},
Yor--s Y Y, A, ..., 4 in [0,1], 1y, ..., 1, in R, and B = (§;)) o=i=k in RK+Dxm

1<jsm
such that

A =1,

1

M-

Il
o

13

k ¢
Zli(x —y)= Zpivpi(x)’
iz0 = (E.4)

Viefl,... k}, llx =yl =llx—y,ll,

m
vie {0"",k}> Zgl]vqj(yl) =X—yi,
=1
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and so we conclude that (x, }7,1, i, B, dist, (x)) € C.(P, @) and x is an algebraic
k-critical point. O

E.21 Theorem (Finite critical points). For d,,d, =3 and p € Cgfl and g € <€C’l’;, let
X =V(p) and Y = V(q). Then, for the generic choice of p and q, there are
only a finite number of critical points of disty |, not in Y. Moreover, for every
k €{0,...,n}, the number of k-critical points of disty | is bounded by

#Cp, (disty | ) < c(k, €, m,n)djd; <Y,
for some c(k,¢,m,n) > 0 depending on k, ¢, m, and n only.
Proof. Consider the map

€' x €T x R" X

1 2

Fl: (Rn(k+1) \A) X RL
(3,4, %,5,A0,81)  —  (x,p0x),Vp(x),¥,4(¥),V4(¥), A, [, E,1),

JIRLRY) %, JIRL,R™) x RE

where L = (k+1)+ ¢+ (k+1)m+1=k+¢+m+km+2. Consider the following
subspace of J!(R",R’) x ,,,J'(R",R™) x R%:

wli=

2= 1 n pt
(x,s,u) e J (R",R"), x:Z;zlpjuj-FZif:OAiyi’

GT.V) € RERM, | £ =1,
ZGRk+1, Vje{L._"g}, si=0’
\ ferR’, Vi€ {0,...,k}, Vje{l,...,m}, t; =0,
EGR(k+1)><m’ Vie{o,... k), ||x—yl~II2 =12
reRZi: Vie{0,...,k}, T, §;vy; = x— Y,

We observe that the projection of im F!(p,g,—) N W! onto the component x
contains the set of algebraic k-critical points w.r.t. p and 4. Checking the equa-
tions in the definition of W from the bottom up, we see that each new equation
introduces a new variable. Thus the equations are independent, and so W' has
codimension

codimWl=(k+Dn+k+1D+k+1Dm+€+1+n
=k+l+m+2n+km+kn+2
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=2n+kn+1L
=dim(R" x (R"**D (A) x RD).

By Corollary E.13 and Example E.14, for d,,d, = 3, the first two summands are
submersions, and so F! is as well. By Corollary E.10, for generic p, j the set of
algebraic k-critical points is an algebraic set of dimension 0, so it is finite. By
Lemma E.20, we conclude that the number of critical points is finite. In fact,
we have shown that the set of algebraic critical points C, (p, q) is finite.

In order to estimate the cardinality of Ck,* (dist,, | ) under the assumptions of the
statement, we observe that this set is the projection on the x-coordinate of the
set A, € R R"®HD x RF1 5 RY x R™*+D consisting of the points (x, 7, 4, /i, &)
solving the system (E.4) with x e V(p), y; € V(q) for all i € {0, ..., k}. Since
C., (disty |, ) is finite (recall that we are excluding the critical points in X NY),
its cardinality equals the number of its connected components; moreover each
component of A; projects to a component of C; , (disty|,) and we have

#C. (disty [ ) = by (Cy , (disty ) < by(A) < b(AY),

where b(A,) denotes the sum of the Betti numbers of A;. In order to control this
number, we use [3, Theorem 2.6], which states that the sum of the Betti numbers
of an algebraic set V. < R"*" " defined by some polynomials p;(x;, ..., x,) of
degree at most ;" in the variable x; € R" can be bounded by

b(V) < O(1)n1+---+naa3(n1+---+na) C?l "'CZG.

In our case, the defining polynomials are p, ¢, ¥ A, —1, © A, (x—y,) — X p1,Vp; (),
llx = ;112 = llx = yolI?, and 7%, §,:Vq;(y) = (x — y,). We therefore have 7i =
(n,n(k+1),k+1,¢,m(k+1)) and ¢ = (d;,d,,1,1,1), so that

b(Ak) < O(1)n+n(k+1)+(k+l)+[+m(k+l)d'fd;l(kﬂ)

< c(k, €,m,n)drdy* D, O

E.22 Remark. The same proof works in the case (X,Y) = (R",V(q)) (see also Re-
mark E.30), with ¢ = (1,d,1,1,1): for generic polynomials § € €7, the function

'In the original statement, the authors require c; = 2. Since the ¢;’s are upper bounds, we
implicitly replace our ¢; = 1 with ¢; = 2, which then gets included into the constant factor.
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dist, ) has only finitely many critical points, all these critical points are alge-
braic and the number of algebraic k-critical points is bounded by

#G , (dist, o)) < E(k,n)d"*+D.

In particular this recovers and generalizes to all dimensions the bound #C, , <
c(n)d*" that one can obtain by combining [10, Corollary 4.5] with the EDD
estimate [9, Corollary 2.10]. [ |

E.3.4 Continuous selections

E.23 Proposition. Letx € R". Ford, =3 andd, = 4 and genericp € ‘gfl andg e %g;,
the critical points of disty |, are regular values of the normal exponential map

of Y.
Proof. The normal exponential map of Y'is

. {NYngRm - R"
Xp:
b S ISR RS oA N e))

Its differential at a point (y,t) € NY is

Dexp { TNY cR"xR" — TR" =~ R"
X : . . . :
00 0,0 = Y+ I GH @@ (DY +EVg(0)).

Thus a point x in R" is a critical value of exp if, and only if, it can be writ-
ten as x = y + ¥;t;Vq;(y) for some (y,t) in NY such that the block matrix
(L, +Z;;H (g (), VG (y)] restricted to T,Y x R™ has rank strictly less than n.
Consider the map

€t x €T x R" %
1 2

1 4 2 L
(RED ) x RE -  J'RLR) X, JPRLR™) xR

F2:
(x, P(x),Vp(x),

(ﬁ,(_j,x,)_;,z,ﬁ,E,r) = > 5. > > SNy N 7 D
Y,4(), V4, H(@Q (), A, B, B, 1),
and let

JH, AL E, 1) € LR, R) X, J2(R™,R) X R :
LG, ER) e w? ’
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where W' is defined in the proof of Theorem E.21. We define the subspace of
JURY,RY) X, J2R,R™) x RE

W2~ = (x>§7ﬁ1.)_;;T:V;H’Zaﬁ’EJr)EWZ:
et Vi€ {0,...,k}, rank[(I, +r ;H)U, = V,V), V1 <n

This space is defined by the same equations as W! and additional equations
that involve the H;. These new equations are independent of those defining
W2, Indeed, given (x,3,4, ¥, T,V,H, A, L Er) in W2 and i € {0, ..., k}, we can
assume H,; = 0, which gives us rank[ (I, - V;V;"),V;] = n.

We deduce that W2,
equal to the dimension of R" x (R"**1 \ A) x RE. By Corollary E.13 and Exam-
ple E.14, for d, = 3 and d, = 4, the map F? is a submersion. By Corollary E.10,
We conclude that, for

generic p and g, the critical points of dist, |, are regular values for the normal

has codimension strictly greater than that of W!, which is

for generic p and g, the critical points of disty | , miss W2

crit*

exponential map of Y. O

E.24 Corollary. For generic p € ‘to”fl and g4 € ‘6&’; of respective degrees d; = 3 and

E.3.5

d, = 4, denoting by X =V (p) and Y =V (§) the function disty | is a continuous
selection of €2 functions around its critical points.

Proof. By Proposition E.23, for generic p and g, the critical points of dist, |
are regular values of the normal exponential map of Y. By Proposition E.7, we
deduce that dist, |, is a 6> selection around its critical points. O

Nondegeneracy of critical points

Now we describe the degeneracy of points algebraically. To do this, we need to
describe the Hessian of disty |, at x in terms of the derivatives of p and q.

For all y in Y, we define g, = disty(, .\, and f, :=g |y for y € Y. We also
introduce the following notation: for a symmetric matrix H € Sym(n,R) and a
subspace V < R", we denote by H |, a matrix representing the restriction of the
quadratic form h(x) =x "Hxto V. If U = vy,...,v,] € R™* is a matrix whose
columns form a basis for V, then U(U'U)"!U" is the orthogonal projection
matrix onto V, and so one can take

Hl,=WW'm'vhHUU L 'UN.
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E.25 Definition (Algebraic degenerate k-critical points). The set of algebraic de-
generate k-critical points w.r.t. p and { is the projection of the set

D (3.9 = (E.5)

{(Liiﬁﬁﬂeq@ﬁ%

E.6
det( L, mHP) () |5 g +7 TR LH(, )0y 1) =0 } (E.6)

onto the first component x, where C, (P, §) is defined in Definition E.19. ®
The use of the adjective “algebraic” is justified by the following lemma.

E.26 Lemma. Forall k € {1,...,n}, the set D, (B,q) is algebraic.

Proof. Let x be an element of R" \ Y and y a closest point in Y at distance r =
dist(x, y). We can decompose R" as T, Y & R(x—y)® S, where Sis the subspace
of N, Y orthogonal to R(x — y). By the discussion after [14, Proposition 3.3], for
all s € (0,r], the Hessian of g, atsx+ (r —s)y is diagonalizable in a common
basis, with an eigenvalue 0 corresponding to the eigenvector v :=x —y, (m—1)
eigenvalues % corresponding to the eigenvectors in S, and n —m eigenvalues
B1(s),...,B,_,,(s) corresponding to eigenvectors in T,Y. Moreover, the B,(s)
are bounded and satisfy the differential equation

Bi(s) =—B;(s)?,

which we solve as f;(s) = %, where ,(0) is the limit of B(s) at 0. Note that

B;(0) is (up to sign) the curvature of Y at y in the direction of the associated
eigenvalue. Therefore, denoting by H the Hessian of the g | ;  at y, the Hessian
Y

ofgy at x is

H 1
H(g,)(x) = (In+rH) |TyyeB ;In|sea Olrce-y)-

Next, we observe that the Hessian H is nothing but the second fundamental
form of Y at y in the direction (x—y) € N, Y. Since Y is a complete intersection,
following [5, §6.2], we have

m

1
H=-) §H(q),
riq

where the &; are given by (x —y) =X, §,Vq,.
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Finally, since Y is a complete intersection, the columns of the matrix V :=
(V4;(¥))1<i<p form a basis of N, Y. Therefore Q := V(VTV)"1VT is the orthog-
onal projection matrix onto N,Y. Thus we get

H
I +rH

H(gy)(X)lTyy=(In—Q) U, - Q.

We restrict to T, Y because this is the only relevant part for (E.5).

Now let (x, 7,4, 11, E,1) € D, (P, q). Generically, by transversality of the defining
hypersurfaces of X and Y, the columns of the matrix U := (Vp(x),Vg(¥)) are
linearly independent. We are interested in the projection of the Hessians
H(pj) (x) and H(gyi)(x) onto T, XN (ﬂz.‘zo Tin). This projection is L := (I, —
UWTU)'U). The equation in (E.5) then becomes

¢ k " EH(@)(W)
k LTH(p)GOL+ry ALT——=> 070
ran (ng: "1_1 (p])(x) r; i rln + 2—71:1 SJH(q])(yl) )

<n—¢—(k+1)m.
This equation is algebraic, and this concludes the proof. O

E.27 Remark. By the above reasoning, the degeneracy condition of (E.5) never holds
if £+ (k +1)m < n. Indeed, in this case, condition 2 of Remark E.6 holds
automatically because the subspace T (x) is trivial, and therefore (generically)
all critical points are nondegenerate. [ ]

E.28 Lemma. For generic p € 3551 andg e %éz with d, = 3 and d, = 4, every degen-
erate critical point of dist, |, not in Y is an algebraic degenerate k-critical
point for some k € {0, ...,n}.

Proof. We pick generic p and g such that, for all x in X, the set B(x, dist, (x))NY
is a nondegenerate simplex (Theorem E.17) and that disty |, is a €2 selection
around each of its critical points (Corollary E.24). In this context, a critical
point is degenerate if, and only if, condition 2 of Remark E.6 holds.

Let x be a critical point of dist, | . As in the proof of Lemma E.20, there exist k €
{0,...,n}, ¥g,.., ¥, inY, Ay,..., A4, in [0,1], p1y,...,1, in R, and E = (fij)osisk

1<j=m

in REFDXm gych that (x,jl,z,ﬁ, &, dist, (x)) is an element of C, (p, q).
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We can write disty |, as the continuous selection of ¢ functions

,,,,,

Using Remark E.6, we see that the critical point x is degenerate if, and only if,
the matrix

4

k 4
(AiH(gyi)(x) |axfl +Ai Zﬂin(pj)(X) |axfi)

-0 =1
4

k
=— H(p.)(x +) AH X s
dist, (x) ];pl (p;) (x) |3fo ; i (g.Vi)( ) lafo
is singular. We conclude that if x is a degenerate critical point of disty |, then
(x,¥, Z, f, B, disty (x)) is an element of D, (P, ), and so x is an algebraic degen-
erate k-critical point with k < n. O

E.29 Theorem (Genericity of nondegeneracy). For generic p € %fl andq € <€(’1721 with
d,,d, = 4, all critical points of dist, |, that are not in Y are nondegenerate.

Proof. Consider the map

€' x €T xR" X
1 2

2 2 L
(Rn(k+1) \A) % RL - J (Rn; R) X k+1J (Rn,R) X R

FB: - - -
I (x,p(x),Vp(x),H(p)(x),
(P:q;x,y’/l’ll’-:‘;r) > 5.5 > BN e
Y,q4(),Vqa(y),H(@Q (), A, 1,E,1),
and let
w3i=

(x,3,4,G,57,T,V,H,A, 1,57 € 2R, R x ., J2(R",R™) xR :
(x,3,4,y,T,V,A,1,E, ) €W! ’
where W' is defined in the proof of Theorem E.21.

Let us find a system equations of equations such that, for generic p and g,
elements of F3({p} x {g} x D, (P,q)) satisfy these equations. We define the
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subspace of J2(R",RY) X, J2(R",R™) x R
(,3,4,G,7,T,V,H,A0LEr) e W3:
U= (ﬁ,V) c Rnx([+(k+1)m)’

L=I -UWUTU)'UT e R,

d £ Liti §Hy
rank | ) pLTGL+r) ALT —— L
A iz0 rl, + 2L, §H;;

<n—-f¢—(k+1)m

3
W, =

If /+(k+1)m = n, then thislast condition is never satisfied, which means that all
critical points are nondegenerate, which concludes the proof (see Remark E.27).

We now assume that ¢ + (k + 1)m < n. We need to check that the last inequal-
ity is independent of the other equations defining W3. It suffices to find an
element of W3 such that this rank is n — £ — (k + 1)m. Since the equations
defining W? do not involve G nor H, we can choose these terms freely. Let
(x,3,u,y,T,V,H, i, ii,=,7) be an element of W3. Without loss of generality, we
assume A, # 0 and &, # 0, and we set G;=0 forallje{1,...,¢}, H;=0 for all
(i,j) # (0,0), and Hy, = I,. Up to scaling, we can assume that r # —&,. In this
case, we are considering the rank of the matrix

§o

—L,
Or+&,
which is n — ¢ — (k + 1)m by transversality of the polynomials p and g.

We deduce that W3, , has codimension strictly greater than that of W, which
is equal to the dimension of R" x (R"**1 \ A) x R, By Corollary E.13 and
Example E.14, for d,,d, = 4, the map F? is a submersion. By Corollary E.10, for
generic p and G, the image im F3(p, §, —) misses Wgeg. In particular, the image
of D, (B, by F*(p,q, ) misses W,
that, for generic p and g, the critical points of dist, |, are nondegenerate. [

By Lemmas E.26 and E.28, we conclude

E.30 Remark. The proofs throughout Section E.3 do not work as-is for the case
X = R" because we require p to be of degree at least 3. However, the results are
still true, as can be verified by running through the proofs of Theorems E.21
and E.29 and Proposition E.23 with the parameters p, i, s, @i, and G removed
from the definition of W', W2, and W3, and noting that Corollary E.13 can still
be applied. [ ]
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Summary of notations for variables

The following conventions are used for variables in this paper (exceptions may

occur):
Symbol | Description
X,Y subset of R"
X,y (real vector) element of X, Y resp.
Z (real vector) element of R"
f, g real-valued function
D q real-valued polynomial function
d (integer) polynomial degree
i,j (integer) index
k, ¢, m,n | (integer) size of tuple, (co)dimension
K, A, 1, & | (real number) linear coefficient
r (real number) distance, (integer) jet order
s, t (real number) 0™ order derivative
u, v (real vector) 1% order derivative
G H (real matrix) 2™ order derivative
uv (real matrix) basis of normal space
LQ (real matrix) projection matrix

As explained in Notation E.15, for every symbol a, we can write a tuple as

d := (ay,...,a;). For alower case symbol a, we write a doubly indexed set

as A = (aij)

;3 for an upper case symbol A, we write a double indexed set as

A= (Aij)ij. In addition, given an element a of a manifold, we denote an element

of the tangent space at a by a.
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Index

(C,,0),9
04,9
Fun(C,D), 12
hom(—,-), 11
p-norm, 34, 132, 189
X_.,6
Bar, 188
kg, 15
kX, 12
Match, 18, 192
Pfd, 186
Set, 11
Vecty, 11
B(V), 16
Z-matching, 36, 209
T, see parameterization functor
& -matching (induced matching), 35,
146
A
see fat diagonal
see same-endpoint operator
e-close, 34, 149
in p-norm, 149

e-interleaving, 20
e-shift, 20
Q), 22

acyclic (collection of functors), 47, 82
additive matching, 204

Alexandrov topology, 15

amplitude, 33, 130

antichain, 92

associativity, 10

bar (module), 15, 128
bar-to-bar morphism, 50, 135, 194
strictly, 193
barcode, 16, 188
barcode decomposition, 16, 128, 188
Betti diagram, 32, 86
relative (27-), 47, 83
Betti number, 41
birth (time), 16
bottleneck, 45, 234
bottleneck degree (BND), 45, 237, 286
boundary, 9
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boundary map, 9

category, 10
of functors, 12
opposite, 14
chain, 9
simplicial, 9
chain complex, 8
filtered, 10
simplicial, 9
see also Koszul complex, local
chain-(super)modularity, 60
codimension (of a variety), 44
complete intersection, 44, 295
complex
see chain complex
see simplicial complex
composition
of barcode matchings, 192
of morphisms, 10
continuous selection, 42, 249, 288
cost (of a matching), 19, 193
cover
minimal, 31, 82
projective, 31, 86
relative (22-), 82
cover (in a poset), 86
critical point, 39, 239, 288
k-indexed, 268, 297
algebraic, 268, 298
degenerate, 39
for continuous selections, 42
nondegenerate, 39, 255, 291
for continuous selections, 42,
249, 289
critical value, 39, 239, 288
cycle, 9

death (time), 16, 23

INDEX

dimension (of a variety), 44
distance, 19
bottleneck, 19
interleaving, 21, 132
Wasserstein, 19
algebraic, 155
combinatorial, 157
dualization, 193

end-point, 16, 128, 187
enough projectives, 82
ephemeral module, 188
epi-mono factorization, 36
epimorphism, 23
relative (2-), 82
equivalence of categories, 12
Euclidean distance degree (EDD), 45,
286
real, 237
exact sequence, 30
relative (22-), 81
extension (of persistence modules), 62

face, 7
fat diagonal, 269, 292
filtered space, 6
filtration, 6, 7
Cech, 8
Vietoris-Rips, 8
filtration (functor), 89
flat, see parameterization functor
free functor, 84
relative (22-), 47, 81
free persistence module, 27
at a poset element, 24
fringe presentation, 211
functor, 11
functorial matching, 204

generating set, 23, 128
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generalized, 24

p.fd., 25
generator, 86, 128
generic property, 54
grade, 23

Hessian, 39
hierarchical stabilization, 51, 131
homology

chain, 9

simplicial, 9
homomorphism, 11

independent (collection of functors),
81
index (of a critical point), 39
piecewise linear, 42, 250, 289
quadratic, 42, 250, 289
interval, 15

interval module, 15

jet, 264, 292
join, 86

Koszul complex, global, 92
Koszul complex, local, 32, 86—-87

labeled matrix, 26, 190
linear independence, 23
lower hook (module), 112

matching operator, 203
matching, partial, 18, 192
for multisets, 192
see 2-matching
see & -matching
matrix representation, 26
ordered, 26, 191
medial axis, 240
meet, 32, 86

3N

metric algebraic geometry, 44, 57
monomorphism, 22
morphism, 10
of chain complexes, 9
of generalized persistence
modules, 14
of persistence modules, 13, 127
of simplicial complexes, 7
Morse function, 40
Morse lemmas, 40
Morse theory, 4
multijet, 264, 292
multiplicity (for multisets), 16, 188
multiset, 16, 188

natural isomorphism, 12
natural transformation, 11
noise system, 33, 130
normal form, 40, 252

object, 10
overlap above/below, 25, 187
overlap multiplication, 26, 190

pair degree, 64

parameterization functor, 94
flat, 97
thin, 48, 96

parent, 32, 86

persistence basis, 24
p.fd., 25

persistence diagram, 18, 157

persistence measure, 18

persistence module, 13
generalized, 14
multiparameter, 14
one-dimensional, 15
over [0,00), 127
pointwise finite-dimensional

(p.f.d.), 16,186



312

tame, 16, 127
persistence vector, 23
generalized, 24
p.f.d, 24
persistent algebra, 5, 57
persistent homology, 6, 12
projective module, 31
relative (27-), 82
pseudometric
for persistence diagrams, 19
for persistence modules, 21, 131

rank additivity, 114
rank function, 22, 128
rectangle module, 115
regular point, 239, 288
regular value, 239, 288
relative homological algebra, 47, 81
resolution

projective, 31, 86

minimal, 31
relative (27-), 82

minimal, 83

same-endpoint operator, 197
simplex, 7
simplicial complex, 7

Cech, 7, 258

full, 7

INDEX

Vietoris-Rips, 7
span, 34, 149
split matching, 204
spread module, 108

single-source, 110
stability, 20
stable rank, 132

Wasserstein, 164
start-point, 16, 128, 187
subdifferential, 42, 239, 288
sublevel set, 6

of a filtered simplicial complex, 7
support

of a bar, 128

of a functor, 91

of a persistence vector, 24

tameness, see persistence module,
tame

thin, see parameterization functor

topological data analysis (TDA), 4

transition map, 13

upper semilattice, 32, 86
upset, 15, 91

variety, real algebraic, 44
see also complete intersection

vertex, 7
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